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417 . 

ON THE LOCUS OF THE FOCI OF THE CONICS WHICH PASS 
THROUGH FOUR GIYEN POINTS. 


[From the Philosophical Magazine, vol. xxxii. (1866), pp. 362—365.] 


The curve which is the locus of the foci of the conics which pass through four 
given points is, as appears from a general theorem of M. Chasles, a sextic curve 
h<aving a double point at each of the circular points at infinity ; and Professor 
Sylvester, in his “Supplemental Note on the Analogues in Space to the Cartesian Ovals 
m piano” (Phil. Mag., May 1866), has further remarked that the lines (eight in all) 
joining tho circular points at infinity with any one of the four points are all of them 
double tangents of the cmwe; whence each of these points is a focus (more accurately 
a quadruple focus) of the curve. It is to be added that, besides the circular points 
at infinity, tho curve has 6 double points (3 of these are the centres of the quadrangles 
fonncd by the 4 points), in all 8 double points; the class is therefore =14. Hence 
also the number of tangents to the curve from a circular point at infinity is = 10 ; 
viz. these ai’e the 4 double tangents each reckoned twice, and 2 single tangents; and 
the theoretical number of foci is = 100 ; viz. we have 


16 quadruple foci, or intersections of a double 
tangent by a double tangent . 

16 double foci, or intersections of a double 
tangent by a single tangent 

4 single foci, or intersections of a single tan- 
gent by a single tangent . 


16x4 = 64 

16x2 = 32 

4x1= 4 
100 


To verify the foregoing results, consider any two given points I, J, and the series 
of conics which pass through four given points A, B, C, D; we have thus a curve 
c. vn. 1 
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the locus of the intersections of the tangents from I and the tangents from J to any 
conic of the series; which curve, if I, J are the circular points at infinity, is the 
required curve of foci. Taking TJ + XF = 0 for the equation of a conic of the series, 
the pair of tangents from I is given by an equation of the form 

(X, !)=(«, y, = 

and the pair of tangents from J by an equation of the like form 

(X, iy(a;, y, z'f = 0] 

and by eliminating X from these equations, we obtain the equation of the required 
curve. This in the first instance presents itself as an equation of the eighth order; 
but it is to be observed that in the series of conics there are two conics each of them 
touching the line IJ, and that, considering the tangents drawn to either of these 
conics, the line IJ presents itself as part of the locus; that is, the line IJ twice 

repeated is part of the locus; and the residual curve is thus of the order 8 — 2, = 6; 

that is, the required curve is of the order 6. The consideration of the same two 
conies shows that each of the points /, J is a double point on the curve. Moreover, 
by taking for the conic any one of the line-pairs through the four points, it appears 
that each of the points (AB.CD), (AC.BD), (AD. BO) is a double point on the curve: 
this establishes the existence of five double points. The two conics of the series which 
touch the line lA are a single conic taken twice, and the consideration of this conic 
shows that the line I A is a double tangent to the curve; similarly each of the 
eight lines 7 (A, B, G, D) and J (A, B, 0, Z>) is a double tangent to the curve. 
Instead of seeking to establish directly the existence of the remaining three double 
points, the easier course is to show that, besides the four double tangents from 7, the 
number of tangents from 7 to the curve is =2; for, this being so, the total number 

of tangents from 7 to the curve will be (2x4 + 2=) 10; that is, 7 being a double 

point, the class of the curve is = 14 ; and assuming that the depression (6 x 5 — 14 =) 16 
in the class of the curve is caused by double points, the number of double points 
will be =8. But observing that in the series of conics there is one conic which 
passes through J, so that the tangents from J to this conic are the tangent at J 
twice repeated, then it is easy to see that the tangents from 7 to this conic, at the 
points where they meet the tangent at J, touch the required curve, and that these 
two tangents are in fact (besides the double tangents) the only tangents from 7 to 
the curve; that is, the number of tangents from 7 to the curve is =2. 

Considering 7, J as the circular points at infinity, and writing A, B, 0, 7) to 
denote the squared distances of a point P from the four points A, B, G, D respectively, 
then, as remarked by Professor Sylvester, the equation 

xVd4 +/I. V5 + V V^+irVi) = 0 

(where X, fi, v, ir are constants) is in general a curve of the order 8 ; but the ratios 
\ : fi : V : T may be so determined that the order of the curve in question shall be 
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= 6 ; the resulting curve of the order 6 is (not one of a group of curves, but the 
very curve) the locus of the foci of the conics through the four points. And the 
determination of the ratios X : /i* : i/ : ^ is in fact quite simple ; for writing 

A = (a;-a)^ + («/-ai)“ 

= p'^ — 2 (ax + Oiy) + &c. 

(if p^^ap + t), 

and therefore v f' y 

VZ = p-2S+SE+*e.. 

p 

with similar values for \/ 5 , ^JC, VB, it is easy to see that, considering X, p, v, it as 
standing for + X, ± p, ±v, ±Tr respectively, the conditions for the reduction to the 
order 6 are 

X +/X +1' +ir =0, 

Xa 4- yoh ■¥vC +’ird =0, 

Xa, + pbi + vCj + Trdi = 0, 

and hence that the required equation of the curve of foci is 

2 { 1 , 1 , 1 ‘J(x-a'f + {y-ck'f}=‘0, 

h , 0 , d 

hi, Cl, di 

or, as this may also be written, 

2±(il, 0, D)VI = 0, 

where (B, 0, D), &c. are the areas of the triangles B, G, D, &c. 

I remark, in conclusion, that the number of conditions to be satisfied in order that 
a cuiwG may have for double points tw'o given points I, J, may have besides six double 
points, and may have for double tangents eight given lines, is (3 + 3 + 6 + lG=)28; 
the number of constants contained in the general equation of the order 6 is =27. 
The conditions that a curve of the order 6 shall have for double points two given 
points J, J, shall besides have six double points, and shall have for double tangents 
four given lines through J and four given lines through J, are more than sufl&cient 
for the determination of the sextic curve ; and the existence of a sextic curve satisfying 
those conditions is therefore a theorem. 

In the case where the points I, / lie on a conic of the series, the consideration 
of this conic shows that the curve has a ninth double point, the pole of the line 
IJ in regard to the conic in question : in this case the sextic curve, as is known, 
breaks up into two cubic curves. [It need not do so, for a proper sextic curve may 
have nine (or indeed ten) double points.] 


1—2 
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P.S. In general the curve \ VZ+za V5 + v VO + tt \/^ = 0 has (exclusively of 
multiple points at infinity) six double points ; viz. these are situate at the intersections 
of the pairs of circles, 

(\ VZ + 'fB = 0, v^/G+ir V5 = 0), 

(xVZ+vVCsO, z“.V5 + irVS=0), 

(X VZ + ‘jr'JD = 0, 4G = 0). 

In the case of the curve of foci, the first, second, and third pairs of circles intersect 
respectively in the points {AB .GD), {AG .BB), {AB .BG), which, as mentioned above, 
are double points on the curve ; and they besides intersect in three other points, 
which are the other three double points mentioned above. 

Professor Sylvester reminds me that he mentioned to me in conversation that he 
had himself obtained the foregoing equation %±{B, G, D)VZ = 0, for the locus of the 
foci of the conics which pass through the four points A, B, G, B. 


Gambridge, October 10, 1866. 
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418 . 

A EEMARK ON DIFFERENTIAL EQUATIONS. 


[From the Philosophical Magazine, vol. xxxii. (1866), pp. 379 — 381.] 


CoNsiDEii a differential equation /(«, y, p) = 0, of the fii-st order, but of the degree 
M, where f is a rational and integral function of («, y, p) not rationally decomposable 
into factors : the integral equation contains an arbitrary constant c, and represents 
therefore a system of curves, for any one of which curves the differential equation is 
satisfied: the differential equation is assumed to be such that the curves are algebraical 
curves. The curves in question may be considered as undecomposable curves ; in fact, if 
the curve ... =0 (composed of the undecomposable curves U=0, F=0, 1^ = 0,..) 

satisfies the differential equation, then either the curves 17 = 0, F= 0, 11^= 0, . . each 
satisfy the differential equation, and instead of the curve =0 we have 

thus the undecomposable curves 17= 0, F = 0, PP" = 0, . . each satisfying the differential 
etpration; or if any of these curves, for instance 1F=0, &c., do not satisfy the differential 
equation, then W^, &c. are mere extraneous factors which may and ought to be rejected, 
and instead of the original curve CT^p^PF'i'... =0, we have the undecomposable curves 
U=0, F = 0 satisfying the differential equation. Assuming, as above, the existence of 
an algebraical solution, this may always be expressed in the form <p(x, y, c) = 0, where 
<j> is a rational and integral function of (®, y, c), of the degree n as regards the 
arbitrary constant c: this appears by the consideration that for given values («o, yo) 
of {os, y) the differential equation and the integral equation must each of them give 

the same number of values of p. It is to be observed that ^ regarded as a function 

of («, y, c) cannot be rationally decomposable into factors; for if the equation were 
= =s0, <I>, % &c. being each of them rational and integral functions of (aj, y, o), 

then the differential equation would be satisfied by at least one of the equations 

0 = 0, ■^'■ = 0, ... that is, by an equation of a degree less than n in the arbitrary 

constant c. 
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But the equation {x, y, c) = 0 is not of necessity the equation of an undeconi- 
posable curve, and the undecomposable curve which constitutes the proper solution of 
the differential equation cannot always be represented by an equation of the form in 
question. For although <j> regarded as a function of (Xj y^ c) is not rationally decom- 
posable into factors, yet it may very well happen that <f> regarded as a function of 
(Xf y) is rationally decomposable into factors (geometrically the sections by the planes 
= c of the undecomposable surface {x, y, ^) = 0 may each of them be composed of 
two or more distinct curves) ; and assuming that the function cj) is thus decomposed 
into its prime factors, then each factor equated to 0 gives an undecomposable curve 
satisfying the differential equation, and constituting the proper solution thereof. 

It may be observed that, by the foregoing process of decomposition, we sometimes 
reduce the original equation (p {x, y, c) = 0 into a like equation <^i {x, Ci) = 0 of a 
more simple form. Thus, for instance, if we have y, c)== — c = 0, JJ being a 

rational and integral function of {x, y), then instead of <^=Cr^ — c==0 we have the 
equations = — Vc = 0, each of which is an equation of the form 27-Ci = 0, 

or we pass from the original equation <p{x, y, c) = — c = 0 to the simplified equation 

<Pi (^, y> ci)= u-ci^o. 

Again, to take a somewhat more complicated instance, if the given integral equation be 
<P (x, y, c) = + (c + 1)- - 2cU^V ^ - 2 (c + 1) CT^F^- 2c (c + 1) PF^ = 0, 


2c 

then the equation U+ V\/o+ W + 1=0, writing therein vc= — V > therefore 


o^^-l 


Vc+1 = 


Ci^ + 1 

Ci'-l 


, becomes 


U{(h^-l) + V.2c,+ W{o,^ + l) = 0; 


so that we pass from the original equation (fj (», y, c) = 0 to the simplified equation 

y, Ci)= u (Ci^-l)+7.2ci+ F(ci^ + 1) = 0. 

But observe that the possibility of the rationalization depends on the fom of the 
radicals Vc and Vc + 1 ; if we had had '/c and Vc“ + 1 (or c and Vc‘ + 1), the rationali- 
zation could not have been effected. 


Returning to the case of an integral equation ^{x, y, c) = 0, where j> regaafied as 
a function of (a?, y) is decomposable into factors, then equating to zero any one of the 
prime factors of we obtain an integral equation y, Ci, c^, ... c*,) = 0, where 

Cl, Ci...Cjc are irrational functions (not of necessity representable by radicals, and without 
any superior limit to the number of these functions) of c; here regarded as a 
function of (x, y) is of course undecomposable, and the equation y, Ci, Ca, ...cj,) = 0 
belongs to the undecomposable curve which is the proper solution of the differential 
equation. The result may be stated under a quasi-geometrical form; viz. regarding 
Cl, Cj, ...cj as the coordinates of a point in A;-dimensional space, then as these are 
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functions of the single parameter c, the point to which they belong is an arbitrary 
point on a certain curve or (^• — l)fold locus 0 in the ^-dimensional space. And this 
curve must be such that to given values of {x, y) there shall correspond n points on the 
curve ; that is, treating (a?, y) as constants, the surface or onefold locus J/, Oi, C 2 ...Cfc)= 0 , 
and the curve or (i; — l)fold locus 0, shall meet in n points. The conclusion stated 
in the foregoing quasi-geometrical form is, that the solution of the diflferential equation 
may be exhibited in the form y, Ci, Ca ... Cfe) = 0 ; viz. ^fr is sl rational and integral 
function of (x, y, Ci, where (Ci, Cs.-.c*) are the coordinates of an arbitrary or 

variable point on a curve or (A; — l)fold locus (7 in a Xi-dimensional space, which curve 
meets the surface or onefold locus yfr(Xy y, Ci, Ca-.-Cji;) in n points, and where y]r 
regarded as a function of (x, y) is not I'ationally decomposable into factors. 


Gamhndgey October 13, 1866. 
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A THEOREM ON DIFFERENTIAL ORKHATORH. 


[From a 'paper hj ProI)’. kSvLVESTEU, “Note on the Tent. Operatorn wlricli otr.nr hi tin 
Calculus of Timiiiants, I^hilosiyplrical hhitiiKuie, vol. xxxii. (liS<!8), pp. 4t)l 'l-TiiJ, 
see p. 471.] 


The paper conclurlcs with an Obsoiwathtn from Profossor Cnyh^ ns follows: 
“In the ease of two variables, if 

= (ax + by) + (Ar + (h/) , 

then in the notation of niatiiecs, 


c’i di)' 




whence also 


1,61’, .fd d' 
!, rfj \d.if ’ d'!!. 


which accords with your theorem, 

A’, * A> = a; * = A,A> + -•} A>.” 


d d 


I have taken the liberty of writing in the above for 8*, 8^,, and /' for 8 

in the original. It will bo useful to boar in mind that in any openitor sueh as 
El* or Ala*, tha asterisk form an mtegral part of the symbol. Thus A’j*A«*. if wo 
choose, may be written under the form of Ei* multiplied by A’a«, i,e. (A’j*) x (Ala*), 
where the cross is the sign of ordinary algebraical multiplication. 
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ON RICCATI’S EQUATION. 


[From the Philosophical Magazine, vol. xxxvi. (1868), pp. 348 — 351.] 


The following is, it appears to me, the proper form in which to present the 
solution of Riccati’s equation. 


The equation may he written 




which is iiitegrable by algebraic and exponential functions if (2i + 1) g = + 1, i being zero, 

1 dv/ 

or a positive integer. To effect the integration, w^riting y = we have 

U CwS 


da? 




The peculiar advantage of this well-known transformation has not (so fer as I am aware) 
boon explicitly stated ; it puts in evidence the form under which the sought-for function 
y contains the constant of integration. In fact if u = P,ii = Q be two particular solutions 
of the equation in ii, then the general solution is u = CP + DQ; and denoting by 
P', Q the derived functions, the value of y is 

CF + Pq 
GP+DQ ’ 

showing the form under which the constant of integration O-rD is contained in y. 
To complete the solution, assume 

u = ze^ ; 


C. VII. 


2 
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we find 

considering first the particular integral of the form 

z = A+ Bafl + Gd^ + Ba^ + &c., 


we find that the equation will be satisfied if 

( 2 - 1 ), 4 + q{ q-l)B = (i, 
{Zq-\)B + ^{^-l)G = 0, 
{hq-l)G +mZq-l)B = 0, 
{1q-l)B + 4q{4q-\)E = (i, 
kid. 


If J. = 1, this is 


A= 1, 


B = - 


g-1 

3(3-1)' 


a = + 


((?-l) (3g-l) 

3 (3 -1723 (23-1)’ 


(g-l)(3g-l)(5g-l) 

- q{q-l)m2q-l)Zqm-\y 

&c., 


where it is to be noticed that the series may be considered to stop so soon as there 
is in the numerator a factor = 0. For instance, if Sg — 1 = 0, then if the particular- 
integral had been assumed to be z = A A Bafl + Cai^, the only conditions to be satisfied 
by the coefficients are the first and second equations giving the foregoing values of 
A, B, 0. It is immaterial that the analyiiical expressions of F and the subsequent 
coefficients contain in tbe denominators the evanescent factor 5^ — 1 ; the coefficients 
after 0 do not ever come into consideration. 


Thus if (2i + 1) 2 = + 1, the series terminates, and we have for u the finite 
particular solution 


M = 



3-1 

3(3-1) 


l»9 + 


(2-1)(32-1) 

3(3-1) 22 ( 22 - 1 ) 


a^-&c. 



and it is easy to see that we may herein change the sign of thereby obtaining 
another finite particular solution, 


= Q= 1 + 


(2-1) (32-1) 

3(3-1)" ^2(3-1)22(23-1) 


,0!* + 


a!^s' + &c.) e ® 



420] ON RICCATI’S EQUATION. 13 

Reverting to the equation in z, we have next a particular solution of the form 
z = Ax + + &c.. 


giving between the coefficients the relation 

( ? + l)4+( 2 + 1) qB = {i, 
(32 + l)S + (22 + l)22a = (), 
(5^ + 1) (7 + (3^ + 1) 3^ = 0, 

(7? + 1)Z) + (42 + 1)42.E1 = 0, 
&c. 


If = 1, we have 


1, 

B=- kill 
(2 + 1 )?’ 


C = + 


i) = - 


(? + !)(% + 1) 

(? + 1 ) 3 ( 2 ? + 1 ) 2(2 ’ 

(? + l)(3? + l) (5g + l) 

(? + 1 ) 2 ( 2 ? + 1)22 (32 + 1 ) 3 ?’ 


&c., 

whore, as in the former case, the series is considered to terminate as soon as there 
is an evanescent factor in the numerator, without any regard to the subsequent 
coefficients whicli contain in the denominators the same evanescent factor. [In particulai’, 
2 = — 1, wo have the solution z = a;.] 

Hence if we have (2i + l)2 = — 1, the series terminates, and we have for u the 
finite particular solution, 

\ (? + !)? (j + 1)!{2j + 1)2! / 

from which, changing the sign of afl, we deduce the other finite particular solution, 


u = Q = X 
Hence, in the equation 


1 + . 2 aj4 4 . (? + l)(3? + l) 

^ (? + 1) ? ^ (? + 1) ? (2? + 1) 2? 


a!®9 + &e. 






where 2(2t + l) = + l, we have (writing Z) = l) 

_GF + Q' 

OP+g ’ 


2—2 
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where C is the constant of integi*ation, P, Q are finite series as above, atid P\ Q' 
are the derived functions of P and Q. Writing snrct^ssively i = 0, i=l, i = 2, v't.e., we 
may tabulate the solutions 


% + f = l, P = e^, 

Q = e-\ 

J + = P = . ■««'", 

1 


y = (l + :i.,;i) , 

^ + f=x-K p=.r (1 + 


+ f = P = (1 - •')■«“ + 

= 

&c. 



It is hardly necessary to make the final stoi) of oalculatiug P' and (/ and sub- 
stituting in y; but, as an example, take the above etjuaiiou — a* we havi‘ 

(lit* 

C (1 - 3«!» ) e*'*^ + (1 + .‘U-') ’ 

which is readily identified with the Hohition, p. f)H of Boohs’s .DiJI'eirtiliitl Eipiafum 
(Cambridge, 1859). 


Gamhridge, September 29, 1868. 
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NOTE ON THE SOLVIBILITY OF EQUATIONS BY MEANS OF 

RADICALS. 


[From tho PhihsopJdcal Magazim, vol. xxxvi. (1868), pp. .386, 387.] 

In regard to the theorem that the general quintic equation of the wth order is 
not solviblo by radicals, I believe that the proofs which have been given depend, or 
at any rate that a proof may be given that shall depend, on the following two 
lommas : 

I. A one-valued (or symmetrical) function of n letters is a perfect Ath power, 

only when the ^•th root is a one-valued function of the n letters. 

There is an exception in the case A; = 2, whatever be the value of n: viz. the 
product of tho s(iuares of the differences is a one-valued function, a perfect square; 
but its s(juarc root, or the product of the simple differences, is a two-valued function. 

It is in virtue of this exception that a quadric equation is solvible by radicals ; we 

have tho one-valued function («i — « 2 )’, the square of a two-valued function ooi — Xi, and 
thence the two roots are each expressible in the form 

J -I- ajj + 

II. A two-valued function of n letters is a perfect Ath power, only when the 
^•th root is a two-valued function of the n letters. 

There is an exception in the case k = Z, when n = Z or 4: viz. for n = Z we have 
(a^i-f tt)ajj-|-<»“a;,)' (a an imaginary cube root of unity) a two-valued function, and a 
perfect cube; whereas its cube root is the six-valued function a!i + wajj -b ay*afs. And 
similarly for n=4 we have, for instance, 

[aiiXi -b + <0 (xiXi -b {XxXi -b av^s)}* 
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a two-Yalued function, and a perfect cube, whereas its cube root is a six-valued 
function. And it is in virtue of this exception that a cubic or a quartie equation 
is solvible by radicals. But I assume that for ?i>4 the lemma is true without 
exception. 

The course of demonstration would be something as follows; Imagine, if possible, 
the root of an equation expressed, by means of radicals, in terms of the coefficients ; 
the expression cannot contain any radical such as ^ X, 'p > % where X is a one-valued 
(or rational) function of the coefficients, not a perfect _pth power, for the reason that, 
expressing the coefficients in terms of the roots, such function VX is not a rational 
function of the roots ; if it were so, by lemma I. it would be a one-valued (that is, 
a symmetrical) function of the roots ; consequently a rational function of the coefficients, 
or X expressed in terms of the coefficients, would be a perfect y)th power. 

The expression may however contain a radical VX, X a one-valued (or rational) 
function of the coefficients, not a perfect square; viz. X may be any square fonction 
multiplied into that function of the coefficients which is equal to the product of the 
squared differences of the roots, or, say, multiplied into the discriminant; that is, we 
may have X = Q^V, or VX=QVv. 

We have next to consider whether the expression can contain any radical VX, 
where X, not being a rational function of the coefficients, is a function expressible by 
radicals. But the foregoing reasoning shows that if this be so, X cannot contain any 
radical other than the radical or as above; that is, X must be 

=P+QW, where P and Q are rational functions of the coefficients, and w'here we 

may assume that P + Q V V is not a perfect jjth power of a function of the like form 

F' + QWV. But then, expressing the coefficients in terns of the roots, we have 

P + QVV, a (rational) two- valued function of the roots; and there is no radical 
^F+QVV, which is a rational function of the roots; for by lemma II., if such 
radical existed we should have '^P-f-QVV a (rational) two- valued function of the 
roots; that is, it would be =P'-f-Q'Vv, P' and O' one-valued (symmetrical) functions 
of the roots, consequently rational functions of the coefficients ; or P -J- Q V V would 
be a perfect pth power (P'-f-Q'’^V)r. 

The conclusion is that for n>4 there is not (besides the function P-I-Q^^V) 
any function of the coefficients, expressible by means of radicals, which, when the 
coefficients are expressed in terms of the roots, will be a rational function of the 
roots, and consequently there is no possibility of expres^ng the roots in terms of the 
coefficients by means of radicals. 


Ga/nibridge, October 1, 1868. 
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ON THE GEODESIC LINES ON AN OBLATE SPHEROID. 


[From the Philosophical Magazine, vol. XL. (1870), pp. 329 — 340.] 

The theory of the geodesic lines on an oblate spheroid of any excentricity what- 
ever was investigated by Legendre Q ) ; and the general course of them is well known, 
viz. each geodesic line undulates between two parallels equidistant from the equator 
(being thus either a closed curve, or a curve of indefinite length, according to the 
distance between the two parallels): at a point of contact with the parallel the curve 
is, of coui'se, at right angles to the meridian; say this is V, a vertex of the geodesic 


Em. 1. 
0 



line, and let the meridian through V meet the equator in A ; the geodesic line proceeds 
from V to meet the equator in a point JV, the node, where AJf is at most =90”; 
and the undulations are obtained by the repetition of this prtion FiV of the geodesic 
line alternately on each side of the equator and of the meridian. 

1 Him. de I’Inat. 1806; see also the Exer. de Calcul Integral, t. i. (1811), p. 178, and the Traite des 
Ponetiom EUiptiqm, t. i. (1826), p. 860. 
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I consider in the present paper the series of geodesic lines which cut at right 
angles a given naeridian AG, or, say, a series of geodesic normals. It may be remarked 
that as V passes from the position A on the equator to the pole C, the angulai’ 
distance AN increases from a certain determinate value (equal, as will appear, to 

Q 

90°, if 0, A are the polar and equatorial axes respectively) up to the value 90° ; 

and it thus appears that, attending only to their course after they first meet the 
equator, the geodesic normals have an envelope resembling in its general appearance 
the evolute of an ellipse (see fig. 1 and also fig. 2), the centre hereof being the point 

Pro. 2. 

G 


A 



B at the distance BA = 90°, and the axes coinciding in direction with the equator 
BA and meridian BC: this is in fact a real geodesic evolute of the meridian OA. 
The point a is, it is clear, the intersection of the equator by the geodesic line for 

which V is consecutive to the point A (so that A BOA — 90°) '> and the point 

7 is the intersection of the meridian CB by the geodesic line for which V is con- 
secutive to the point 0; and its position will be in this way presently determined. 
I was anxious, with a view to the construction of a drawing and a model, to obtain 
some numerical results in relation to a spheroid of considerable excentricity, and I 
G 

selected that for which ^ ~ i (polar axis = | equatorial). 

Before proceeding further, I remark that Legendi-e’s expression “reduced latitude” 
is used in what is not, I think, the ordinary sense ; and I propose to substitute the 

Fia. 3. 



term “parametric latitude”: viz., in fig. 3, referring the point P on the ellipse by means 
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of the ordinate MPQ to a point Q on the circle, radius 0K{= OA, fig. 1), and drawing 
the noimal PT^ then we have for the point P the three latitudes, 


X ^/.PTK, normal latitude, 

= /LPOK^ central latitude, 

X' ==zQ0K, parametric latitude; 

viz, y IS the parameter most convenient for the expression of the values of the 
coordinates oo, y (oo^ A cos X', y = C sin X') of a point P on the ellipse. The relations 
between the three latitudes are 

G G^ 

tan X'" = - j tan X' = tan X, 


so that X", X', X are in the order of increasing magnitude. I use in like manner 
Z, Z' in regard to the vertex F". The course of a geodesic line is determined by the 
equation 

cos X' sin a = const., 

where X is the reduced latitude of any point P on the geodesic line, and a is at 
this point the azimuth of the geodesic line, or its inclination to the meridian. Hence, 
if V be the pai’ametric latitude of the vertex V, the equation is 

cos X' sin a = cos Z' 


(whence also, when X' = 0, a = 90° — Z'; that is, the geodesic line cuts the equator at 
an angle = l\ the parametric latitude of the vertex). The equation in question, 
cosX' sin a=cos l\ leads at once to Legendre’s other equations : viz. taking, as above, A, 0 for 

the equatorial and polar semiaxes respectively, and S for the excentricity, ^ = 

and to determine the position of P on the meridian, using (instead of the parametric 
latitude X') the angle ^ determined by the equation 


. sin X' 


and writing, moreover, s to denote the geodesic distance VP, and A to denote the 
longitude of P measured from the meridian GA which passes through the vertex F, 
these are 

ds= d<f)'^C^ + sin“ I' cos® (f>, 

,. _cosZ' d<f> V(7® + sin® I' cos® (f> 

A 1 — sin® I' cos® <f> ’ 

which differential expressions are to be integrated from <f> = 0; and the equations then 
determine X', s, and A, all in terms of the angle <f), — that is, virtually s and A, the 
length and longitude, in terms of the parametric latitude X', 

0. vn. 


3 
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Writing, with Legendre, 


ri-3“siu“Z' j., . 


also 


then the formnUe beconio 


C (i 

1= tau* r, il/= i ' A t> 
hAaml A con I 


I hi = i' — <? siii“ 

,, ,,d<i Vl — (!'- sin'-d) 

d\ = M 1 , “ • .1 j 
1 + )!■ sin-' ^ 


Hence integrating from <^ = 0, and using the luitatioiiM F, A', II of elliptic ftmotions. 
we have 

A * ((m + c?) 11 (it, 0, <p) - d^Fic, (jb)) ; 

viz. these belong to any point P whatever on the gt'-odesic lino, panunotrio latitude 
of vortex =?'; and if wc write heroin <^> = 90", then thc 7 will refer t;o tlui nodtf N, 
or point of iutersoction with the equator. 


The position of the point a is at otieo obtained by writing I,' = 0 : viz. this gives 

Q f1 

c=0, ?;==!, u=0: the differential expressions are = dA = ^jfl!^. Or 

(1 

integrating from <p = 0 to we have «<=ri.^.j7r, A = 

G 

other, and giving longitude of « = 2 [- . i ir ; or, what is the same 

Writing in the formulae i'=:90'’, wo have o*3, 6*^, — = 0; whence fiA»0, or 

A = const., =^7r, since the geodesic line here coincides with the meridian GB\ and 
moreover s=Aj&( 8, ^); viz. this is merely the expression of the distance from G of 
a point P on the meridian OB. But we do not thus obtain the position of the point y. 


0 

^j..l7r, agrecitig with each 
thing, /a()l}^^7r(^\ 


To find it we must consider a position of V consecutive to 0, say, ?'»» Jw— e, where 
€ is indefinitely small ; n is thus indefinitely large, and the integral 11 (n, o, is not 
conveniently dealt with. But it may be replaced by an expression depending on 
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^ W’ n ^ “definitely small; viz. (Legendre, Fonct. ElUpt. vol. i. p. 69) 

we have 

n(n, c, <^) = i?’(c, ^) + -^tan-^ Vatan*^ -n(-, c, (f>) , 

Va Vl-c'sm=^ \n V 


where 


We thus have 


a = (l + „)ll + -j. 


«■ I ^ Vr+w Vl-c^sin^^ 


(c= + ti)ng. c, <^)}, 


where, - being small, 
n 


n (1.0.4,). I 


1 + ^ sin® <^Wl — c® sin® ^ 


And expanding also the tan“^ term, we thus have 

* f Et/ V«Vc‘“+n Vl — c^sin^A Vji 

A = — \nF(o, A)H 7 =^ T — 7 — -r==^ 

VT + n . tan<^ '\/(l+n)(c= + »i) 




which, in the term in { } neglecting negative powers of n, becomes 

A = ^ ■>^n.^'jr + ¥F{c, ^)-E(c, ^)-cot^v'l-o‘*sin=^| . 

(7 1 M 

We may moreover write c = 8, ^ = 2’ ^ = therefore — = e> so 

that the formula is 

A = €|i.i7r + 6’'-P’(c, W-\')-E(o, 90“ - X) - tan VVl - cos» X' • , 

= iw - e {tan V Vl - c» cos’ V + .F(c, 90'^ - \') -b^F (o, 90“ -V)}. 

, . . , , , f, ^ C .. , 


/ 0™ v 

where I retain c, & as standing for y l — jF’ A 
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Writing herein X,' = 0, wo have 


A = .jfTT 

where the coefficient c — b-F, c is 

ri”- . 


= J 1 - 0- sin- - 


-e{E,o-b%c), 

I — _ .3 f ^ 

V 1 — c” sin''* ffJ i 0 V 1 — (j“ sin“ 


consequently positive; that is, A, the. longirii<l(! oF tlio uo(l<\ is less t4»aii !)()', as it. 
should be. Hence in order that A may be =00", we. must have X' uegativ(\ say, 
\' = -yu,', where /j.' is positive; and, observing that we may uudm- the signs A', F 
write 00" -ja' instead of 90'’ + /, wo thus have 


Jtt zs .J. 7 r + e |Vl — C'* cos'’ /tan )u. — A (c, 00 — iM) + b^h{c, t)0 — 
that is, we must have 

tan / Vf- c'^ (s)s» / = E(c, ‘)0'’ - /) - b^F (e, 90" - /) ; 

viz. / is here the pammotric latitude, (soiith) of the. intiirscadion of t.he nu'ridian (Ui 
with the consecutive geodesic line— that is, of the. point, y. As / imn’eases from 
0 to OO", the l(‘ft-hand side incr(«wes from 0 to oo; and the right-hand si<l(‘, liegiiming 
from a positive value and (dther attaining n maximum or not,, ultimal,ely dinireases 
to 0 ; there is oonsotiueutly a nuxl root, which is ('imily found by trial. 

0 

Thus -7 = 1, (angle of modulus =00"), 6 = J; or the equation is 

tan / Vl - 1 cos» / = K (<)()" - /) - }.A’(90" - /). 

Using Legendre’s Table IX., we have 



W-iu.', 


b\ 


tan V 1 - 1 }i\ 

0" 

90“ 

1-2 11 on 

2- 150.51 

•0719 

•0 

10 

80 

M2248 

1-81252 

■6(593 


20 

70 

1 •020(13 

1-49441 

-6530 


30 

(50 

•91839 

1-21263 

•6153 

•3819 

40 

50 

•79538 

•964(55 

•5542 

•6278 


so that we see the required value is between IlO" and 40"; Jind a rough intei'polation 
gives the value / = .‘)7"40'. But repeating the calculation with th(! vtilues ‘AT and 
38°, we have 



90° -m'- 

K 




37° 

63° 

•833879 

1-036870 

■67419 

■64425 

38 

62 

•821197 

1-011849 

•66823 

•67108 


whence, interpolating, fi! = 37° 65'. 
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The semiaxes of the geodesic evolute, measured according to their longitude and 
pai’ametiic latitude respectively, are thus Bol, long, of a =4-5°; param. lat. =37° 55'. 
But measuring them according to their geodesic distance, the equatorial radius A being 
taken = 1, we have 

Ba = l'tr =-78540, 

By=(^- 1 j {E, - E{52° 5')} = 1-21106 - -82225 = -38881. 

Reverting to the general formulae for s. A, but writing therein A = l, and therefore 
C = Vl — 6^; writing also <|) = 90° (that is, making the formulae to refer to the node 
JV of the geodesic line), we have 

S = -p==rr E, 0, 

Vl — 8“ sin^ I 

but for the calculation of the second of these formulae by means of Legendre’s Tables 
it is necessary to express n,(w, c) in terms of the functions E, F. 


The proper formula is given in Fond. ElUpt. vol. l. p. 137 ; viz. this is 

f 1) n, (n, c) = ^TT + — ^ A (6, d)F,c+F,oF (6, e)-F,cE (b, ff)-E,G F(b, 9), 
sm 5 cos 0 ' cos 9 


whore A (6, ^) = v'l - sin= ^ is an angle given by the equation Got9 = >^; we 

have w = tatfZ'; consequently ^ = 90°-Z'. Substituting this value, except that for 
shortness I retain E(b, 9), F(b, 9) in place of E(b, 90° -Z'), FQ), 90° -Z'), we have 



A (6, ^) = a/1-6=cos*Z', 


= Vl-(l-8»8in“Z)cos»Z' , =8inZ; 

and thence 

tan ^A (6, 9) - cot Z sin Z = ^ ; 

whence 

1 7 *' |i,r + r, c + ?({,»)-* «)] - E, cF{h, «)| 

n,(w, c) = 

But 

« + c® = tan* Z' + 8* sin® Z = sin® Z sec® Z. 

Hence 

(ra + c®) n, (w, c) -<?F,c = sin® Z {sec® Z'H, {n, e) - 8®J’, c] ; 
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iiud multiplying this by 

Vl — _Vl — S“c()s/ 

n cos I ’ tan“ I' cos- J ’ 

tho exterior factor is 

Vl — 5'* cos I tan '- 1 _ c< )s I 

tan''"/' ’ ~Vr-S'-’ 

and we have 


which is the formula 1 used in the calculations. It would, however, have been hotter 
to reduce a step further; viz. wi' have 


secern, ('H, c) = 


tan I' , 
tan I cos I , ' 


1 . 


Vf- S '-' 

COH^ 



oo.si 

.Vl-S“ 


+ F{h. e)-E{b, 6) 


■hlcF{l), B) 


•-\J [^+Ko\,r(h, 0)-mb, «)]-£, or(i, «)',+>>, 


and thence 

sec'^ni,(»L {iir + F,o[^r-Su^^^^ B)-K{h, B)]-IioF{b, B)\\ 

or, tiually, 

A = i7r-h^>J(i), B)-F,oE{b, &)-E,cF{b, B) + ^r-BHmlF,c. 


It i.H easy with this exprossion of A to obtain the lusnlts already found for the 
tixtreme vahuw /' = ()", I' -W'. 


As Legendre's Tables have for argument, not tin* modulu.s c, but the angle of the 
modtdus, say x it is couveuiont to replace Vl — S^siu^'i by 

its value cos^; and tho fonnuhis thus are 


V 1- 3“ „ 

it = jfif . c, 

cosx ' 


where 


A = i7r-i-JPo[Vl-8»cosJ+J’(i>, B)-E(b, B)}-E,oF(b, &), 
(7 SB sin as 8 sin i, tan/'=aVl-3*tanf, 6=^90” — I'; 


and in the case intended to be numerically discussed, 3=jV3, I take 1' 

as the argument, giving it tho values 0“, 10®, ... 90®, and perform the calculation as 
shown in the Table. 
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•7854 

10 

1*52308 

•18272 

*38820 

2*4446 

•32007 

•50693 

3*2132 

*8022 

45 58 

20569 

1*6058 

*8029 

20 

*86318 

1-93610 

*16424 

1*4596 

*17272 

•33804 

2-1779 

*8625 

48 51 

23075 

1-7012 

•8506 

30 

*53547 

1*72874 

1*98352 

•9627 

*06455 

•20622 

1*6078 

*9257 

53 2 

26323 

1*8333 

*9166 

40 

•34903 

1*54286 

1*81912 

*6594 

i-96445 

•08608 

1*2192 

1*0110 

57 56 

29668 

1*9801 

*9900 

50 

•23266 

1-36672 

1*66607 

•4635 

1*85625 

1-96270 

•9177 

1*1166 

63 59 

32682 

2*1224 

1-0612 

60 

•15292 

1*18446 

1*49925 

*3157 

1-72496 

1-82053 

*6615 

1*2250 

70 11 

35178 

2*2479 

1*1239 

70 

*09327 

2-96974 

1*29514 

•1973 

1-54529 

1-63379 

*4303 

1*3378 

76 39 

36939 

2-3410 

1*1705 

80 

•04431 

2-64660 

2*97819 

•0951 

1*24242 

1-32688 

•2123 

1*4536 

83 17 

38454 

2-4240 

1*2120 

90 








1*5708 

90 



1*2111 


X) OO^-x in degrees and decimals of a degree, to correspond with Legendre’s Tables. 


where the columns marked with an * show respectively the longitude of the node, 
and the length (or distance of node from vertex), for the geodesic lines belonging to 
the different values of the argument I'. 
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The remarks which follow have rcforcnioo to the storoographic projection of the 
figure oil the plane of the eepmtor, the centit' of projeetpion being the jiole (say the 
Houth Pole) of the spheroid. It is to be remarked that if a point P of the sjihoroid 
is projeeted as above, by nu'ans of an ordinate into the point Q of the spliere radius 
OK{=OA), then projecting stercographically as to tlu^ spheroid and tin* sphere from 
the south polos thereof respectively, th(‘ poinfis P and Q have the sanui iirojiicdiion. 
And it is hence easy to show that an azimuth a at a poinfp of f.lu^ nun-idian 


^parametric latitude X', normal latitude. and therefore tanX'=^tanX^ is jiroji'eti'd 


into an angle (a) such that 


tan (a) = 


sin X' 
sin X 


tan a. 


In fiipt in fig. 3, if wc^ take tlierein (}Ji, ()(> for the axes of z respi'idividy, 
and the axis of y at right angles to th(> plane of the pajior, and if wi; havi! at P 
on the surface of the .spheroid an element of length Pli at the inclination a to the 
meridian PK, then if x, ;//, z are the coordinates of P, and .r + 8,'r, ;i/ + 8/y, z + Bz those 
of R, wo have 

Bx = p cos a sin X, 

Bz = — p cos a cos X, 


and thence 


By — p sin a, 


tan a = 


h 

‘^Bui' + Bz'^ 


Now, if the meridian and the points P, R are referred by limjs parallel to Oz to t.he 
surface of the sjihere radius OA, the only diHert>nco is tihat the ordinates z are 
increased in the nitio P : A] so tihatp if the projisitisl angle be (a), we havi! 


tan (a) ■■ 




S'/ 

' + (p s- 


and then projecting the sphere stcroographically from its south pole, the augU' in the 
projection is =(«). And accoi-ding tiO the foregoing remark, the angle (a) thus obtained 
is also the projection of « from the south pole of the spheroid. We have thus 


tan(a)_ V8a:’' + 8a“ 

tan a “ ^ ^ ’ 

SflJ* + ^ BiA 


Vsiu* X + cos'-' X 




8in'‘X+ ^ cos“X 

Lr 



1 +cot“X 
1 +cot“X'’ 


sin X' 
sin X ’ 


which is the required relation. 
The foregoing cijuations, 


G. 


cos X' sin 0 « cos V, tan X' « ~ tan X, 

A 

, / . sinX' 

tan (a) = .— tan a, 

^ ' sinX 



ON THE GEODESIC LINES ON AN OBLATE SPHEROID. 


422] 


2 & 


determine in the stereogi’aphic projection the inclination (a) to the radius, or projection 
of the meridian, of the geodesic line (parametric latitude of vertex —V) at the point 
the parametric latitude of which is =X'; viz. they enable the construction (in the 
projection) of the direction of the successive elements of the geodesic line. There 
would be no difficulty in performing the construction geometrically; but it would^ 
I think, be more convenient to calculate (a) numerically for a given value of V and 
for the successive values of V. Observe that for X' = 0 we have (as above) 90° — a = l\ and 

then = consequently tan(a) = '^cot Z': but we have also cot Z' = *4 cot Z, 

so that this equation becomes tan (a) = cot Z, or we have 90° ^(ot) — l; viz. in the 
projection, the geodesic line cuts the equator at an angle Z = the normal latitude of 
the vertex of the geodesic line. 


The preceding formulae and results have enabled me to construct a drawing, on 
a lai^ge scale, of the stereogi'aphic projection of the geodesic lines for the spheroid, 
polar axis equatorial axis. 


C. VIL 
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ON THE PLANE REPRESENTATION OF A SOLID FKJURE. 

[From tim I’/iiUmphictd Mwjtizine, vol. XLl. (KS7l), iip. 2.S()--2i)().l 

We rcjn’CHciit in piano the position of n [joint I’ \vhos(j coordinatos in nro 

(a;, y, s) by drawing thoso coordinates, on thu same scalo or on iliflVront soaloH, and 
in given directions from a fixi'd origin in the plane; 7^7'" - j. But 

observe that the jwnnt P" alone does not eompleUily r<‘{iresent liln* point P\ in fact 
P" represents a whole series <if points lying in a line ; any one sueh [joint is the 



y 


point whoso coordinates are <)m, mp', p'F‘. B’or the complete reijrewmtation of P we 
require the two points F, P" \ these might be distinguished as the projection P", and 
the foot-point F. The two points F, F' are obviously such that the line joining them 
is in a given direction. 

The preceding is, of course, the ordinary method of orthogonal projection, or 
geometrical delineation of a solid figure : it may bo used under various forms ; for 
example, the coordinates x, y, z may bo taken on the same scale and in directions 
inclined to each other at angles of 120” (isometrical projection) ; or the coordinates ai, y 
may be drawn on the same scale and at their actual inclination, 90”, to each other; 
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and the coordinate z on the sanae or an altered scale in any given direction; the 
points P' then give a true ground-plan of the solid figure, and the lengths of the 
lines P'P" give the altitudes of the several points P; this is also a method in 
ordinary use. 

But it is to be observed that the points P', P" are both of them projections, 
and that the general theory is as follows: we represent the position of the point P 



by means of its projections P', P", from two fixed points fl', fi" respectively; the 
line joining these points passes, it is cleai’, through a fixed point O which is the 
intersection of the plane of projection by the line which joins the two points f2', Cl", 

Hence we say that a point P in space is represented in piano by any two points 

P" which are such that the line joining them passes through a fixed point Cl. 
And we have thus a system of constructive geometry which is the more simple on 
account of the generality of its basis, and which is at once applicable to any of the 
special projections above referred to. I establish the fundamental notions of such a 
geometry, and by way of illustration apply it to the solution of the well-known pro- 
blein of finding the lines which meet four given lines in space. 

A point P (as already mentioned) is given by its projections P', P", which are 
points such that the line joining them passes through the fixed point Cl. 

A line L is given by its projections L', L", which are any two lines in the plane. 
We speak of the point (P', P"), meaning the point P whose projections are P', P"; 
and similarly of the line {L', L"), meaning the line whose projections are L’, L". 

If P', P" coincide, then the point P is in the plane of projection; and so if 
U, L" coincide, then the line L is in the plane of projection. 

If through Cl we draw a line meeting L', L" in the points P', P" respectively, 
these are the projections of a point P on the line L. In particular the intersection 
of L', L" (considered as two coincident points) represents the intersection of the line 
L Tvith the plane of projection. 


4—2 
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The line through the points {F, F') and {Q', Q") has for its projections the lines 
FQ' and F'Q". 

Two lines (F, L") and (M, M") intersect each other if only the intersections L'M' 
and F'M" are the projections of a point P— that is, if the line through the points 
L'M' and L"M' passes through O. And then clearly P is the intersection of the two 
lines. 

A plane IT is conveniently given by naeans of its ti-ace 0 on the plane of pro- 
jection, and of the projections* (F, F') of a point on the plane ; or, say, by means 
of the trace @, and of a point P on the plane. 

Suppose, however, that a plane is given by means of a line L and a point P 
on the plane. The trace 0 passes through the point of intersection of the line L with 
the plane of projection— that is, through the point of intersection of the projections 
L', L". To find another point on the trace, we have only to imagine on the line L 
a point Q, and, joining this with P, to suppose the line PQ produced to meet the 
plane of projection. The construction is obvious; but by way of illustration I give it 
in full. Through Q. draw a line meeting L', L" in Q', Q" respectively (then these are 
the projections of a point Q on the line L); the lines FQ' and F'Q" are the pro- 
jections of the line PQ, and the intersection of FQ' and P"Q" is therefore the required 
point on the trace 0 . 

The line of intersection of two planes passes through the point of intersection of 
their traces @i, @ 3 ; whence, if the planes have in common a point P, the line of 

intersection is the line joining P with the intersection of the traces 0i, 0a. 

In what precedes we have the solution of the following problem: — “Given a point 
P, and two lines Li, L^, to find a line through P meeting the two lines Li, Li” The 
required line is in fact the line of intersection of the planes (P, L^ and (P, L ^ ; we 
have seen how to construct the tiaces 0 i and @3 of these planes respectively; and 
the required line is the line joining P with the intersection of 0i and 08. 

I proceed now to the problem to find the two lines, each of them meeting four 
given lines, Li, L^, L^, Lt (these being, of course, given by means of their projections 
(Li', Li") &e.). The question is in effect to find on the line Li a point P such that, 

drawing fix)m it a line to meet is, is, and also a line to meet is, i^, these shall 

be one and the same line. 

Now, considering in the first instance P as an arbitrary point on the line ij, 
the line from P to meet ij, i, is any line whatever meeting the lines ii, ij, ij.- 
say it is a generating line of the hyperboloid whose directrices are ii, ij, ig, or of 
jhe hyperboloid L 1 LJL 3 . Hence projecting from any point fl' whatever, the generating 
ines and directrices are projected into tangents of one and the same conic. We know 
ihe projections L^, L^, P,' of the directrices; to find two other tangents of the conic, 
re take two arbitrary positions of P on the line Pi, and construct as above the pro- 
ections M', N' of the lines from these to meet the lines Pg, P,. The conic is then 
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^vcn as the conic touching the five lines Z/, Z/, L^, M', N' : say this is the conic 
S'. SimilM’ly, instead of D,', considering the point Df', we have the lines L", Li', Li' 
and the lines M , N , which are the other* projections of the lines through the two 
positions of P ; and touching these five lines we have a conic 2". Each tangent T' 
of X', combined with the corresponding tangent T" of S", represents a line T meeting 
Lu W, to establish the correspondence, observe that, inasmuch as the line T meets 
Zi, the intersections of T', Li and of T", Li' must lie in a line with fl; if P' be 
^ven, the point (T", L") is thus uniquely determined, and therefore also T" (since Z" 
is a tangent of S")‘, and similarly if T" be given, T' is uniquely determined; the 
correspondence T', T" is thus, as it should be, a ( 1 , 1 ) correspondence. 

Considemg m like manner the lines which meet Zj, Z^, Z 4 , we have touching 

Li, Li, Li, M', N' a conic X'; and touching Li', Li', Li', M”, N" a conic 2"; each 

tangent 'F of 2', combined with the corresponding tangent T" of X", represents a line 
meeting Z,, Z 3 , Z 4 , the correspondence being a (1, 1) correspondence such as in the 
former case. 

The conics 2', 2 ' both touch Li, Li; hence they have in comm oh two tangents. 

Say one of these is T' = T', the corresponding tangents P" and T" will coincide 

with each other and be a common tangent of 2", 2" (these conics both touch Li', Li', 
and have thus in common two tangents). We have thus T' = T', and T" = T", as the 
projections of a line meeting Zj, Z 3 , Z 3 , Z 4 ; and taking the other common tangents 
of 2', 2 ' and of 2", 2", we have the projections of the other line meeting Zi, Z., Z3, Z4. 

The whole process is Consti-uct M', M" and N', W each of them the projections 
of a line through a point P of Zj, which meets Za, Zj; and M', M" and N', N" each 
of them the projections of a line through a point P of Zj, which meets Z 3 , Z 4 ; we 
have then the conics 


2', X" touching Li, Li, Li, M', N', and Li', 


V' T" 


L', Li, Li, M', r, „ Li', 


Li', Li', M", N" respectively, 
Li', Li', M", N" 


and then the projections of each of the required lines are T'=T', a common tangent 
of 2', 2', and T" = T", the corresponding common tangent of X", X". 

It is material to remark how the construction is simplified when there is given 
one of the lines, say, M, which meets Zx, Zj, Z,, Z4. Here ilf is a common directrix 
of the two hyperboloids; we may for the hyperbolas X' and 2 " consider, instead of 
Zj, Za, Z, and two new generating lines, the lines L, L 3 , Z*, M, and a single new 
generating line 2 L; and similarly for the hyperbolas 2 ', X" the lines Zi, Zj, Z 4 , if and 
a single new generating line N. X', X' have thus in common the three tangents 
Li, Li, M', and therefore only a single other common tangent, T' = T'\ and similarly 
2", 2" have in common the three tangents Li', Li', M", and therefore only a single 
other common tangent, T" = T " ; and we have thus the other line cutting the four 
given lines. 
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I take the opportunity of mentioning the following theorem : 

“If in a given triangle we inscribe a variable triangle of given form, the envelope 
of each side of the variable triangle is a conic touching the two sides (of the given 
triangle) which contain the extremities of the variable side in question.” 

We have thence a solution of the problem {Principia, Book I. Sect. V. Lemma 
XXVIL), in a given quadrilateral to inscribe a quadrangle of given form. The question 
in effect is : in the triangle ABC to inscribe a triangle of given form ; and in 
the triangle ADE a triangle of given form, in such wise that the sides 07, a'y' 


D 



may be coincident. The envelope of ay is a conic touching AJD, AE, and the envelope 
of ay a conic also touching AD, AE : there are thus two other common tangents, either 
of which may be taken for the position of the side ay—c^y ' ; and the problem admits 
accordingly of two solutions. 
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ON THE ATTRACTION OF A TERMINATED STRAIGHT LINE. 


[From the Philosophical Magazim, vol. XLi. (1871), pp. 358 — 360.] 


Weite for shortness (a, &, c ; e) to denote the shell included between the ellipsoids 


ws gS 

L ^4. 


. . a? 'if z^ 

= 1 and 4 — 


(1+6)=* 


(where e is indefinitely small) ; then, if the ellipsoids 


a? f 

1 - -1 

¥ (? 


= 1 and 


c'"- 


1 


are coniocal, the attractions of the shells (os, 6, c j e) and {o! , ¥ , ¥ j e) upon any exterior 
point P are proportional to their masses. Hence, considering a prolate spheroid of 
revolution, c = &, the attractions of the shell (os, b, b; e) will be proportional to those 
of the shell (\/a^ — h, i\/¥ — h,'i/¥ — h; e); or if, as usual, 6“ = os^ (1 — e®), then, if h increases 
and becomes ultimately equal to ¥, to those of the shell (ae, 0, 0; e); viz. this last 
is the portion of the axis of a; included between the limits os = -ae, x= + ae‘, or say 
it is the terminated line s; = ±ae; and I say that the mass is distributed over this line 
•miformly. 


To see that this is so, observe in general that, in the spheroid 


a? 


f+z^ 


= 1, the 


volume included between the planes a) = a, aj = a + da, is = (y® + ^®) do, = tt ^6'® - ^ a®j do ; 

and thence, writing a' (1 + e), b' (1 + e) for a', b', in the shell (o', V, b' ; e) the volume 
included between the planes <» = o, ® = a + da is = 7 rii'®. 2 €'da; viz. this is independent 
of a, and simply proportional to da. Hence, writing 6' = 0, when the shell shrinks 
up into a Une, the mass must be disturbed uniformly over the line. It follows that 
for a line of uniform density the equipotential surfaces are each of them a prolate 
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Ki»h(n'()id (4 ix>volnl.i<»u having' tlic extreniitios of t.lic liiu> lor its foci, and Uiat., if 
wt' have a shell bounded by any such surtiiet* and the (;ons(>(uit.ive siiinlor surface, with 
its mass C(iual to that of tin' liiu', then such slu‘11 and the liiu' will exert tlu' same 



attraetiims upon any point P exterior to the shidl. Tln^ attractions of the line arc' 

obtained most I'usily by means of its potential; viz. takinjf if, Jl for the extremities 
of th(' liiut, and, as above, the orijfin at the' miildh' petint, and tln' axis of .r in thc' 
direction of tin; line, and writin<j 2«e for the h'ujj^th of the lime, .r, //, s for the 

cooi-dinates of /', and i\ a for the values of IIP, 8P (that is, r = v' (a: — or 1" +•//•’ + S". 

,s' = V(ir + (rc!)“ + ;)/‘ + 5'-i), th<‘U the poti'utial is at onw found to be 


K=lo>r 


i« + iw + s _ 
.V— it(i+r' 


and w(' can herceby verily that tht; e<iuipott‘Utial surtiucc^ is in fact a spheroid of 
revolution having the foci *S', //; for, taking tlui ('cjuation of sucih a spluuHiid to he 

lyU VJ 

-c’J) "" *’ 


(0 is an arbitrary parameter, sinci* only the value of (i<‘ has Ixsm deiined), we have 


and theiici' 


»*=(/ + etr, 7' « < 1 . - e.r 

.1' + ffe + .V = ( 1 + c) (m + «), 

!!• — 4- »’ “ ( I — e) («• + a ), 


\ Jjm ^ 

and the ([uotient is s*-| a constanli value, >vh it should be. 
may in fact be written 

1+e ai + ae+9 

M as * 

l-e flf-cw-H’’ 


The etjuation l'’!as<'onst. 


viz. this equation, apparently of the fourth order, breaks up into the twofold plane 

?/“ » 0, and the spheroid « 1. 

a* a® (1 - c*) 

The foregoing results in regard to thc attraction of a lino arc not now. HtJc 
(Ireen’s Essay on Electricity, 1828, and OoUected Works, Cambridge, 1871, p. 08 ; also 
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Joachimsthal, “On the Attraction of a Straight Line,” with Sir W. Thomson’s Note, 
Camh. and Buhl. Math. Journ., vol. lii. (1848), p. 93 ; but it does not appear to have 
been noticed that they are, in fact, included in the theory of the attraction of 
ellipsoida 

The like considerations show that the attractions of the ellipsoidal shell (a, b, c; e) 
upon an exterior point are equal to those of an elliptic disk 

the mass of which is equal to that of the shell, and which has the density at the 

f (X^ 'if 

point («, y) proportional to • 

Sir W. Thomson informs me that the foregoing results have long been familiar to 

him. 


0. VII. 


5 
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NOTE ON THE (JEODESIO LINKS ON AN KLLll‘SOll). 


[Fr<»m Uu! Phihmipimd M(f<f((ziit(i, vul. xi.l. I'p. 534, 53.’). | 

Tun goix'i'al (!i)nll}fumti()ii of fho jifoodt'SK: linos on !iu ellipsoid is ('.sUiblishi'd liy 
moans of Uki known thoorom (an iimnoiliaU* oon.s(‘([ncnci! of Ja(!obi’.s fumliiinontiiil rorniidn'. 
but which was lirstr givtsi by Mr Miclnwl Rolx'rts, diiiiipfpx lUiidihi, vol. xxi. p. 1470, 
Doc. IS45) thati every geodesic liiw' Umclu's a curve of uurvaDire. ; that, is, attending 
to the two opposite ovals whhih oonstituto the <nirve of curvatun', the, geodesic line is in 
goncral an infinite (nirve mululating betwetni these opposite ovals, and so touching eai-h 
of them an infinite number of times (but po.s.sibly iti particular (sises it is a reentrant 
curve touching ifuch oval a fiuitt! numlwr of tinu's). The gcodi'sic lines thus divide 
themselves into two kinds, accordingly as they touch a curve of curvatun' of the oin* 
or the other kind ; and there is besides a third limiting kind, the lines which pa.'« 
through an umbilicus : any such geodesic- lino passes through the opposite umbiluuis, 
and is in goueial an infinite curve passing an infinite number of times altiiniately 
through the two umbilici; but possibly it is in particular cases a reentrant curve 
passing a finite number of times through tho two umbilici, I annex a figure giving 
a general idea of tho configuration of tho geodesic linos drawn in different directions 
from a given point F on the surface of tho ellipsoid: this is drawn (as it were) on 
tho plane of tho greatest and least axes; but it is not a porapoctivo or geometrical 
representation of any kind, but a mere diagram for tho purpose in (piestion. We have 
A, A, B, C, 0 the extremities of tho axes; ZTj, Cf,, [T,, Vi the umbilici; F tho point 
on the surface; 1P2 and 1P4 tho curves of curvature through F, viz. these are ovals 
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containing the umhilici Ui, and Ui, JJi respectively. Then ZZiPC/j and UJPJJi are 
the limiting geodesies passing through the umbilici ; the line TFT' represents a 



geodesic line of the one kind, viz. this at T touches an oval (curve of curvature) VFJIt, 
and at T' the conjugate oval XI Similarly 8FXI' is a geodesic line of the other 
kind, viz. this at iS touches an oval (curve of curvature) and at 8' the conjugate 

oval XJiXJi', the dotted figure-of-eight curves are the loci of the points of contact 

T, r, S, 8'. 


5—2 
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ON A 


BUPP(KSKl) NKW 
EQUATIONS OF 


INTEO RATION 
THE SEOONL) 


OF DIFFERENTIA!. 
ORDER. 


[From the Philtimphiwl Muffazine, v<il. xr.ii. (1.S7D, pi*. 1!)7 — 


Tkih roft‘VR to a papor, ChuUiH, “ On tho Applioatuni of a «<‘\v IntoKvation of DilTiTi^ntial KtjnatioiiN 
of tlio Hocoinl Ordor to Homo uanolvtid I’robloniH iu thts CalcitluH of VariationH,” Kanui voltunr, 

pi>. 
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ON GAUSS’S PENTAGRAMMA MIRIFICUM. 


[From the Philosophical Magazine, vol. XLii. (1871), pp. 311, 812.] 

Take on a sphere (in the northern hemisphere) two points, A, B, whose longitudes 
differ by 90°, and refer them to the equator by the meridians AE and BO respectively; 
join A, B by an arc of great circle, and take in the southern hemisphere the pole 
D of this circle ; and join D with E and G respectively by arcs of great circle. We 
have a spherical pentagon ABODE, which is in fact the " Pentagr-amma mirificum,” 
considered by Gauss, as appearing vol. ni. pp. 481 — 490 of the GolUcted Works. Among 
its properties we have 

the distance of any two non-adjacent summits 
the inclination of any two non-adjacent sides 

so that each summit is the pole of the opposite side, or the pentagon is its own 
reciprocal. 

Each angle is the supplement of the opposite side. 

If the squared tangents of the sides (or angles) taken in order are a, B, y, S, e, then 

l + a = 7 S, l+/3 = Se, 1 + 7 = 60 , l + S = a/3, 1 + 6 = B7> 

equivalent to three independent equations, so that any three of the quantities may be 
expressed in terms of the remaining two. (This agrees with the foregoing construction, 
where the arbitrary quantities are the latitudes of A, B respectively.) 
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ON (JAUSSS PENTAGRAIVIMA MTRIFKIUM. 


[427 


Projecting from the centre of thti sphere npon any planes have a plaiu^ 
pc^ntagon which is such that tlie perpendiculars let fall from the' sumniit.s u])on tln^ 
o])positc sides rc‘spectively nav't in a point. This (as e^isily senai) iniplie's that tlu^ two 
])ortions into which each ]H‘rpendictUar is divided by tht^ point in (|iu\stion have^ tin' 
same product. 

Conversely, starting from tin' platu^ })entagon, and (uveting from tlu^ point of ini.<‘r- 
section a perpendicular to the ])lam', the length of this ))erpendicular btdng (Mjua,l to 
the s<iuare n>ot of the prodiudi in (|uestiou. we have' the (umtre of a spluMH' sueJi l.hat 
the projection ui*)on it of tht^ plane polygon is tlu' pentagramma mii-ificum. 

I I'omark as to tlu^ analytit^al theory, that, taking tlu' origin at tlu'. intt'rstud.ion 
of the perpendiculars, and for the coordinates of the summits (aj, /?,), ... (a^, ivspe(‘.tively, 
then we have 

+ /3iA = a, A + == -b = - 7". 

wlua’e 7^ is the above-mentioned prodtiet, or 7 is the radius of the splun-e. 


(htinhridijei l^eptemher 14, 1<S71. 
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NOTE SUE LA COEEESPONDANCE DE DEUX POINTS SUE UNE 

COUEBE. 


[From the Comptes Bendus de VAcadAmie des Sciences de Paris, tom. Lxn. (Janvier — 

Juin, 1866), pp. 586 — 590.] 

This is to the same effect with the paper 386, “On the Correspondence of two Points on a Curve”; 
four examples of the theory are given, the first, second, and third of them the same as in this paper— the 
fourth example is as follows: 

4'. Recherche du nombre des points sextactiques, c’est-k-dire des points qui sont tels 
que par chacun passe une conique qui a dans ce point un contact du cinqui^me ordre 
aveo la courhe. II faut prendre pour les points P les intersections avec la courbe de 
la conique qui a au point P' un contact du quatri^me ordre : les points unis seront 
ceux dont il s’agit. La courbe ® = 0 est la conique qui a au point P' un contact 
du quatrifeme ordre. On a ainsi parmi les intersections le point P' 5 fois; done k = 5. 
A chaque point P' correspondent 2m — 5 points P ; k chaque point P 10m“ — 20m.— 5 - 20S 
points P' (j’emprunte le terme — 208 d’une fonnule que vient de donner M. Zeuthen) ; 
done la formule donne pour le nombre des points unis 

10m» - 18 m- 10- 20 8 + 10 P, 

e’est-k-dire 

15m»-33m-30 8. 

Mais cette expression comprend le nombre 3m (m — 2) — 6 8 des inflexions ; en efifet pour 
un point d’inflexion la conique avec contact du quatribme ordre se rdduit k la tan- 
gents prise deux fois, ce qui est une conique avec contact du cinquibme ordre. Done 
enfin le nombre des points sextactiques sera 

m (12 m — 27) - 24 8, 

ou, pour une courbe sans points doubles 

m (12 m — 27), 

ce qui s’accorde avec la valeur que j’ai trouvde par d’autres moyens. 
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SUR LE.S 


(X)NIQUES DKTERMINEKW PAR C!INQ (,.X)NI.)1T1()NM DE 
(.X)NTA(!T AVK(; UNK (X)URBK DONNKE. 


[From the Oompte,^ Jiotnhfs de VAanhhnie den t^ciences d Paris, tom. lx in. {Jinllet — 

JMcembrCy pp. — 12.] 

TIur papor (dated CambridKO, 2r» Juno coutainn tluj oxprcHHionH for the iiuinbt‘rH (n)» (I, 1), (;i, 

(8, 1> 1), (2, 2, X), (2, 1, 1, 1) and (1, 1, 1, 1, X), of tbo conicK which natiRfy hvo ootiditionH of ootitaot with a 
Kiven curve, aH obtained in the paper 400 On the CumH which RutiHfy ^iven oonditiouH,*' H(*e p. 214, and 
which (‘x^ireKHionH were found by tlu! Hanie proex^HH, viz. by coiiHideration of functional cxpiatiouH obtained by 
HuppoKing the given ouiwo to break up into two curven of the ordern in and m* reHp(‘atively ; th<*re wuh in 
the exproRBion for (X, 1, 1, I, 1) a nunieneal error an mentioned in the h)otnoto (d* the name page. 'I’lte 
paper contains alKo the formula }{ + and the exprtjKHion for (2A', given, pp. 208, 204, 
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430 . 

NOTE SUE QUELQUES FOEMULES DE M. E. DE JONQUIEEES, 
EELATIVES AUX COUEBES QUI SATISFONT A DES CON- 
DITIONS DONNEES. 


[From the Comptes Bmdus de l’Aoa<Mmie des Sciences de Paris, tom. LXin. {Juillet — 

Dicemhre, 1866), pp. 666 — 670.] 

Les formules dont il s’agit sont publie'es dans les Comptes Rmdus, stances du 3 
et du 17 septembre 1866. En faisant une simple transformation alg^rique pour y 
introduire la classe M{=m^ — m) de la courbe donnde U^, et en changeant un peu la 
forme, les th6or^mes de M. de Jonquieres peuvent s’6noncer comme il suit: 

1°. Le nombre des contacts des courbes qui ont un contact de I’ordre n aveo 

une courbe fixe U™, et qui passent en outre par (r -)- 3) — n. points donnds, est 

= ^ (w + 1) \nM -t- (2r — 2n) rn\. 

Observation. ^Inonc^ de cette manibre, le thdorbme s’applique m^me au cas n = 0. 
En effet, pour w = 0, le nombre donnd par le thdorhme est =mr, qui est le nombre 
des contacts de I’ordre 0 (intersections simples) de la courbe donnde (7’“ avec une 
courbe d4termin^e de I’ordre r. 

2°. Le nombre des contacts de I’ordre n' (= ou < n) des courbes O’" qui ont deux 
contacts des ordres n et n' respectivement avec une courbe fixe 77“, et qui passent 
en outre par Jr(r + 3)- n — n' points donnds est 

= i (n -H 1) (n' -I- 1) \lnM + (2r - 2w) m] \n'M + (2r - 2ra') m] 

— 2 (w“ -1- ww' + w'* 4- n + n')M 

+ [- l)-l-4(w®-|-mw'-l-w'®-|-n-|-n')]™}- 


C. VII. 


6 
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430 


Observation. Kuoncc do (Hitto laauioro, lo tiidoroino s’ai)pIi(nio nu'mo au.v lyis 
?i' = 0, ot n! = H. En cffet, pour n' = 0, lo tioinbn' tlouiio par lo tlidorcjino o.s(, 
= (rm— n 1) . I (H + 1) + (2)' — 2 h) «(■], o(‘ (pii ost dgal au nombre dos courbos C/ 
qui ont avec la courbo doniict' ff"' un ooiitaet do I’ordro ti, iiudtiplie ])ar rm — n — \, 
nombre dcs contacts de Tordre 0 (intorsootioiis sinipb's) do oIuu'Uik* d(> ws ooiirlx^s avoo, 
la courbe i7"‘. Et pour «' = «, lo noinbro (k's contacts c‘st k> double du uonibn* dos 
courbos O'. 


Jo roinarquo tpio los dou.\ thwrbiuos pouvout so (kbiiontror do la nuuiibri* dont 
jo me suis sorvi on ehorchant lo noinbro di‘s conkpios (pii satistbnt a cimi conditions 
donndos; car, m n'inpla(,‘ant la courbo in par rousiunblo do iloux courbos in ((t in!, 
on trouvo quo pour lo th(5.oro.ino V lo noinbro chorohd (‘st. 

= aM + fiiii, 

oil los coefficients (a, /?) lu* (k'qx'nik'iit. (pn* d<‘ (r, »); I't puis, on supposant. (pit' <!o 
tlu^orbuie soit eonuii, <»n trouvo (pu* pour lo Ihdoroini' 2 k* noinbro (duu’clu' ost 

= i («. + 1 ) («' + 1 ) [« + (2r - 2ii) /«,] [n'M + (2r - 2//') mJ + aM + jBiii, 

on do memo los coofficionts (a, jS) no ddpi'mlont <pio dt' (r, ii). 


Or voici coinnuMit on pout ddtonnintT k‘s 


coollicii'iitis dans kw <kuix tlnktrkmos: 


Pour lo. thcoi’buio 1", on diknontn^ <pio jxmr i/"' une droiti*, lo nombre elnu’chd 
ost =:(«+ 1) (r — «) ; ot (pio pour //"' um' conkpio, lo nombre (dierchd s(f doduit de 
k\ on mivant 2r au lieu do r; (iVst-a-din*, quo pour la eoniqiu', lo noinbro <*,st 
= («+ l)(2r- «)• a done 

^^-0i+\){r-n), =i{«,-kl)(2r-2/(). 


et de Hi 


2a + 2/S? = ( w + 1 ) (2/* — /i ), 

a = i ( n + 1 ) n ; 


ce qui achbv(» la demonstration. 


Pour lo thdorkme 2", on ddmontre (pie pour (/'" une droito, le nombre cluireln'i 
cst ■=:(«+ 1) (?'-« — n')(r — ft — /i'— 1), ot (pie pour tT”*' une eoni(pie, lo. nombre 
chorchti SI' diiduit de lii en derivant 2r au lieu do. r ; e’est-iVdiro, pour la c.oui(pte, 
le nombre est 

= (ft + 1 ) (ft' + 1) (2r — ft — »') (2r — ft — «' — 1 ). 

On a done 


(« + l)(ft' + l)( r-n-ft')( r-n- ft'— !) = («.+ l)(ft' + 1)( r — u){ r — n!)+^, 

(ft + 1) (ft' + 1) (2r - ft - «') (2r - « — n' — 1 ) * {n + 1) (w' + 1) (2r - n) (2ft — «.') + 2a + 2^ ; 

cela donne pour a ct )8 les valours 

a ^ (ft + 1) (ft' + 1) [- 2 (ft* + ftft' + ft'* + ft + ft')], 

jS = i (ft + 1) (ft' + 1) [- 4ft (ft + ft' + 1) + 4 (ft* + ««' + ft'* 4- ft + ft.')] ; 
ot la demonstration est ainsi achevde. 
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Je remarque que sous les formes ici donates les deux thdorfemes s’appliquent k 
une courbe avec des points doubles, mais sans point de rebroussement. 

Le th^orkne dont je me suis servi pour la determination des coefficients pent 
s’(inoncer sous la forme plus gen^rale que voici, savoir; 

En d^notant par <f)(r, n, ??.', .••) le nombre des courbes qui ont avec une droite 
donnde des contacts des ordres n, n', et qui passent en outre par + 
points donn&, alors si, au lieu de la droite donn^e, on a une conique donnee, le 
nombre des courbes G^ sera =^(2r, n, ii\ 

En eflfet, T^quation de la courbe cherchee G^ contient des coefficients ind^terminds, 
lesquels, par les conditions de passer par les points donn&, se r^duisent lindairement 
k w+7i'...q-l coefficients; en d^notant par (A, -B, ...) ces coefficients, T^quation de la 
courbe contiendra lin^airement (A, B,,.,) et sera ainsi de la forme (A, y, zf = 0, 

L’dquation de la droite donnee est satisfaite en prenant pour (sc, y, z) des fonctions 
lindaires d^terminees d’un paramfetre variable 6 ; done, en coupant la courbe O' par 
la droite donnde, on obtient une equation {A, 5, 1)^ = 0, et en exprimant que 

cette equation ait n racines egales, n' racines egales, etc., on obtient entre (-4, B, (7,...) 
des Equations, lesquelles, en dliminant tons les coefficients, exceptd deux quelconques 

(4, B\ conduisent k une Equation finale (4, 5)^ = 0, et le degrd p de cette Equation 

est ce qu’il s’agissait de trouver, le nombre des courbes O'. Si au lieu d'une droite 

donnde on a une conique donnee, il n'y a rien k changer, sinon que les coordonndes 

(/r, ?/, z) doivent etre remplacdes par des fonctions quadratiques de 0] on a ainsi une 

Equation (4, B,.,.'^0, 1)^ = 0, qui conduit k une Equation finale (4, jB)^^'=: 0, oil p' 

est la mSme fonction de (2r, n, ti', ...) qu’est p de (r, n, et le nombre des 

courbes O est —p'. Le thdorfeme est done ddmontrd. Et, prdcisdment de la meme 

maniere, on ddmontre le thdorfeme encore plus g^ndral: 

En ddnotant par <^(r, n, w', .••) le nombre des courbes G^ qui ont avec une droite 
donnee des contacts des ordres n, n', ...,et qui passent en outre par -J-r (r + 3) — n -n'... 
points donnds, alors si, au lieu de la droite donnde, on a une courbe wiicursale denude 
de Tordre m, le nombre des courbes G^ est n, n\ ...). 

On aurait pu se servir directement de cela pour ddmontrer les thdordmes 1° et 2®, 
Par exemple, pour le thdordme la considdration de la courbe unicursale donne 

oM + = a {2m — 2) + /Sm = (n -h 1) {mr — n) ; 

c*est-Ji-dire 

a = ^{n-¥l)n, ^-^{n + l){2r- 2n), 

comme auparavant. 


6—2 
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SUR LA TRANSFORMATION (TTBIQUE D’UNE FONOTION 

elliptiquk. 


[From tho Oomptm Rendus de I'Acadmde don Hcienm do Parin, tom. Lxiv. Janvier — 

Jidn, 18()7, pj). 500 — 5C3.] 


SoiT !/’=(«, b, c, d, ,iy umt fouc.tion (jniirti(HUi (luolcoiitjm! dc .•«: /, ,/ Iw 
donx invariants: 

(i" = ae — 4ihd + 30“, J = aoe — ad* - b*e + ibed — c“), 

P - 27./“ 

et pronons fl = ■—■'■■p pour I’invariant absoln do U. Soiout do memo U' = {a\ b', 1)* 
/'a _ 

ct il '»= — p I’inviiriiiut absolu do U'. En supjxwaut (luo (/, 4U' soiont los 

radienux dos doux fouctions olliptuiuos lidos par la transformation du tntisifunc* onlro 
ou otiMque, on pout so proposor la (piostion tpiollo ost la reflation tfutrcf los doux 

invariants absolus fl, 11'? J’ai trouvd cotto nilation d’abord })ar difs considc^ratious 
gdomdtriipiCH (jui mo furent HUggdrdcs par uno lottro do M. Sylvcfstro, ; puis jo I’ai <l(Muiti! 
<loa fonnules pour la transforniation cubi<iuc donno'os par M. Hormito, Orelle, t. lx., 1802, 

p. 304), et onfin, it I’aido d’uno considdmtion tirdo do cos fonmdess, j’ai rdussi fi, 

robtonir k moyen des formules dos Fmidamnta Nova, Jo vais donnor ici cotto dornibro 

investigation do la relation dont il s’agit. 

En supposant que los fonctions U, U' soiont transformdos lindairomont on 
(l-y*)(l~\y) respectivomont, pour exprimer la liaison entro los 
modules A*, X*, au lieu de I’dquation explicito outre ^k, {Fund. Nova, p. 23), jo 
me sers des formules, p. 26, ■ lesquellos en y dcrivaut 

R « + 2 

’■'^“2«+l’ 
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c’est-^i-dire 


deviennent 


2ajS + a + ^ = 2, 
kf‘=‘ — a*/S, V = — a^®. 


Les transformations lin4aires donnent sans peine 

^ _ 108^ - 1)^ , 108X® (\® - ly 

(^;‘ + 14A!® + 1)*’ (X‘ + 14V + 1)»’ 

et il s’agit entre ces ^(juations d’dliminer a, k, X de mani^re ^ obtenir une Equation 
entre fl, X2'. 

J’4cris 

i(2« + l)(a + 2)(a-iy ^2^ + 1) (/3 + 2) (^3 - 1)* 

(a® + 4a + l)» ’ ^ (j8® + 4^h-1^ 


L’6quation entre a, /S donne 


2^ + 1 


-3 

2a + l’ 


yS + 2 = 


3a 

3a+l’ 


/8-1 


-3(a + l) 
3a + l ’ 


;S® + 4^ + l = - 


3(a® + 4a + l) 
(2a + 1)® ’ 


et on a de 111 


-i^aCa + iy . 

^ (a2 + 4a + l)®’ 


puis, en faisant attention li I’identit^ 

(2a + 1) (a + 2) (a - 1)^ + 27a (a + 1)* = 2 (a® + 4a + 1)*, 
on obtient entre a', 0 ', la relation trbs simple a' + jS' = 1. 


L’expression de A?, donne 


7,, «Hg+2) 

2a + l 


) 


7. 1 (a-l)(a + l)» 
2a + l 


A* + 14^/“ + 1 = {«• (a + 2)* + 14a» (a + 2) (2a + 1) + (2a + 1)®}, 

= {(““ + 4a + 1) (a* + 3a* + 16a» + 3a® + 1)}, 

et on a de la 

108a»(2a + l)(a + 2)(a-l)*(a + l)“ 

“ (a® + 4a + 1)» . (a« + 30* + 16a» + 3o® + 1)» ’ 
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Or oil a 


/ _ l)(a+2)(a-l)"~(,a-4-4a+ \Y + 1)" 

^ ^ -h 4a + ly ’ (a- + 4a -h I Y 


8a' + 1 


4(2a4-l)(a-l-2)(a-iy4-(a'^4- 4a4- 1)** _ i) (oC' + + H)a« + :]a‘-> + 1) 


(a- + 4a 4- 1 V* 


(a" + 4a -1- 1 Y 


• {)4a^ ^ 

et do 111, on fonnmit roxproAsion do la fonotinn df'nh' a 

la valonr iiui viout. d’otro donnoio poiir 11 I'n tornioa do a: on a dono 

(14a'(a'-lV 


ct do uicinc 


ir = - 


(Sa'+iy 

ly 

(H/i' + 'iy ■ 


Avoc la ndation a'+/3'=l, IV'liininafcion do a', /i' <‘nl.r(' I'os d(iuat;iouM in' jirdsonlior 
pas do diffioidtie. 
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THEOKEME EELATIF A LA THEOEIE DES SUBSTITUTIONS. 
Extrait d’une lettre adress^e ^ M. J. A. Serbet. 

[From the Comptes Rendus de V Academia das Sciences da Paris, tom. Lxvii. (Juillet — 

Decembre, 1868), pp. 784, 785.] 

On pent ^noncer par rapport aux substitutions un thdorfeme qui comprend les 
trois thdorfemes in. IV. v., t. ii. pp. 260 — 263 de votre Gours dAlglhre Supdneure. 

Pour un nombre quelconque fi on pent former avec les <^(m) uombres infdiieurs 
et premiers a /a plusieurs systfemes de nombres lesquels sont chacun un systfeme 
coujugud (mod. /jl): c’est-a-dire que le produit de deux nombres quelconques dun tel 
systfeme est congru suivant le module fju, a un nombre du systfeme. Comme cas 
extremes, Tunitd est un tel systfeme, et les ^(a^) nombres forment aussi un systems 
conjugue. 

Pour /jb premier, en ddnotant par a une racine primitive de et par f un 
diviseur quelconque de /— 1, les nombres = a/°' (mod. fi), a dtant un entier quelconque, 
forment un systems conjugud. Et g^ndralement pour un nombre fx quelconque ce 
nombre a des racines quasi- primitives a, 7 ,..., aux exposants A, J5, (7,..., tels que 
= 1 (mod. ya), = 1 (mod. ya), . . . et ABG . . . = <^ (ya). En choisissant une combinaison quel- 
conque, par exemple a, & de ces racines, soient /, g des diviseurs quelconques de A, B 
respectivement, les nombres = (mod. ya) forment un systems conjugud, Tordre du 

systbme ou nombre des termes dtant 

Cela ^tant, on a ce thdor^me : 

Une substitution T quelconque de Vordre ya 4tant formie avec n lettres, Von forme 
toutes les substitutions S telles que le produit STS~~^ se r4duise A une puissance de T 
dont Vexposant soit un nombre quelconque appurtenant A un systhme conjugud {mod, ya), 
les substitutions S constitueront un systime conjugud de Vordre 0M, oil 6 ddnote Vord/re 
du systems conjugud {mod, ya) et M le nombre des substitutions dchangeables avec T, 

La demonstration est tout fait la m^me que celle que vous donnez p. 62 pour 
votre thdorfeme iv, en y ajouUnt seulement que les nombres i, j qui appartiennent 
au systbme conjugue (mod. ya) auront leur produit ij congru k un nombre de ce mfeme 
systbme conjugud. 
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sun LES SUUFAdES TKTllAKDliALES. 


[Fotes to the work !)<'. k CJ(>iiru('i-i(‘, “ IteclurrJuut mr leu xurfooes mjUes tdroMraku 

synirtriquett,’' 8v<t. 1<SG7.J 


Ih'micr Mthmire. Notes pp. 1 00 — 103. 


1*. LV(iuatioii 

0 = + 6*c7V 


Kqoations I)K ckktainks 




+ {(if- by) f 

— 26*tt/i {oh — (f) 5" a? 
+ %f^gh {bff — ch ) iv"x- 


— 'ioH>f{(f — by) ai'y 

+ %tH)h {by - oh) a'y 
+ 'i(fhf{ch — af) w^tf 


+ (t? {by + <?//“ - ihych ) + 6“ {c^ + a» /“ 

+ /* {by + cVi* — ibyoh) to^ar* + f (c'-'/t’ + a’/* 


... + 2b/ {(/by + c“/i’ — 2chy() 

-2ay{afby + (^h^-2chx)fv^ii‘ 

+ 2a/t {ehaf+ by — 2byx) — %h {bgch + a*/® - 2ci/%) ji/*w*a? 
— 2gh Q>ogh + a/*— 2afx) w*y*d* — 2hf {coif + by — 2bg‘)^ wi^s?a? 

+ 20a!*y*a%’ 
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+ 

+ 2l^cf(ch-af)cifz^ - ibcf^ {bcf - ch) 

— ta?cg {bg — ch ) — ^cag^ {ch — af) yW 

... ~2abh?{af — bg)i!W 

+ 2hYg{af--bg)v/>i^ 

— 4cAa/) 2 *®* + C“ (ay® + b^g^ — 4iafbg) ®y 

— 4!chaf)wY +h^{gY'^ + b'^g^-4iafbg)w*z^ 

— 2ef (ohaf + — 2bg‘)^ ahfif + 26c (bcgh + a?f^ — 20 / 5 ^) 

+ 2cg (bgch + - 2 (»/%) 'fsM + 2 ca {cahf-‘r 6 y - 26 ^ 1 ^^) 

... +2ab{oA>fg + &U -2oh)^s^a?y^ 

— 2fg {ahfg + c*A* - 2 cA%) 


0. vn. 


7 
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(oili, pour abr^ger, on a t'crit ;^: = o/+6(7 + e/t, et n ost uno qnantito qnclconqno) osb 
colle d’unc surface du huitifeme ordro qui a pour courbcs doubles los (luatro coniquos 

X =0, + c;/- - bs‘ +/w“ = 0 ; 

1/ = 0, - ca^ + = 0 ; 

5=0, + 6;c“ — ay^ + /(w“ = 0 ; 

w = 0, -/•«“- .7'/ - = 0. 

En ddtorminant ll, aavoir, (sn t'crivaub X + ijl + v = 0, (r/A-* + &^7/t“ + c/ii'"'* = 0 (ce (pii 
donne deux Hystbines d(' valours de X : /i ; v), o.t puis 

Ofi = 4S {af+ bgf oh - 2S ^ ^ + bgy - 4 («/- bg) (bg - ch) {cli. - a/), 

la surface deviont uno Hurfao(! r%ldo, sjivoir, la qiiadrispinale de M. do la (lounuu-io ; 

111 

ot, on particulior, on supposjiut + obtiout, 

, I 1 1 

bn '■ A' 

ct do lit 

6fi = (- 2 — 4 =) - (i (<»/— bg) {bg — c/i ) {oh — af ), 
ot la surface aora ddvclopjMiblo. 

2". L’dc|uation 

0 = + + cV//* + 

... + 2b/ai^2'‘i(^ — ^cp*ifui^ + ^Ihuo^ijV 

— '•Zagy*2'^uf ... + 

+ 2a/ii^yV ... + 2«te'y5* 

~ 2gh,ti/g^i^ — — 2fgii^a?f 

+ 2f2a;y«’w“ 

(ob fl est uno tpiantitd quclooniiuu) ost cello d’uno surface du huiti^me ordro ayaut 
pour courbos doubles los quatre courbcs du (luatribnio ordre 

a = 0, hiW - + (X1/V = 0 ; 

^ OB 0, - hiW + fuPiB* + bz*a? « 0 ; 

a = 0, + gfvi’* — fufia? + c®*y> « 0 ; 

to a# 0, — oy*«* — h^a? — oa?y^ = 0. 


x+^+,.o, 




0 


En dcrivant 
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(ce qui donne quatre syst^mes de valeurs de X : fi : v), et puis 

X fJL V 

la surface devient une surface r^gl^e, savoir, la quadricuspidale de M. de la Goumerie; 
et, en supposaut 

(af)^ + ibgf + {ch)^ = 0, 
et 


ce qui donne 


\ ^ : v = {afi‘ : {bgf : {okf, 

£ 1 = [(a/)^-(6y)i] - (cA)^] [(cA)i-(a/)^] : 


la surface devient d^veloppable. 
Gambridge, 18 Octobre 1866. 


Dmdhme Mdmoire. Notes pp. 279 — 283. 

Note I. Sue la decomposition dd lieu des gEnEratrices en surfaces 

tEtraEdrales distinctes. 

II me semble qu’une de vos conclusions a besoin d’etre modifies. Ainsi la surface 

t^tra^drale d4riv4e de deux courbes triangulaires exposant — (m dtant un entier 

positif), laquelle, selon un de vos tb^orbmes, serait de I’ordre 2m®, paralt se decomposer 
en m surfaces cbacune de I’ordre 2m. II y a pour cela une raison A priori-, en effet, 



pour deux triangulaires de la forme en question, en employant votre construction, on 
pent etablir une correspondance non-seulement entre les deux systbmes de points 


7—2 
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A, jB, .... ct A', mais aiissi outre, chaquo point A ct iiii soul point correapoudaiit 

A\ car r^quation do la premiere courbe (itant do la forme 

_! 1 1 
/c"' + (7i/”‘ + /m“ = 0, 

on satisfait i\ cette e(|natiorii en dcrivant 

: y : s = «(5+aV'‘ ; h{d + $)”>■ : c(^> + 7)’'‘, 
oil 6 cat im param^tro variable. Do memo, rApiation do la accondc courbe extant 

1 1 i 

/V" + i;'</“ + ifc'w'” = 0. 
on satiafait a cette equation on dcrivant 

a', -.y. w = a'{d' + otr : + + 

oil ff oat auaai un parambtre variable. 

Pour la droito OP, on a 

y “ 6 (B + i9)"* ’ 

ot pour la droito O'P' 

.r, «' {& + o ^ )»" 

done, la condition pour la corrc.spon<lanco dos droitCH cat 

+ 5'(6l' + /3'r' 

CO qui donno m valours diffdrentos pour 6' on tonnciH do d. Mais chacuno d<i oes 
valours ost do la fonne 

A9 li 

oe +p’ 

ot, on no faisant attention qu’il unc sonic valour do 6', on a Ic point 

x : y :zr=a {6 +«)’": J +^8 c (d +7)’“, 

qui correspond k un point unique 

X :y : + «')’" : + : d'(e' + Sy\ 

Pour le cas de I’exposant on a, do cotto mauibre, une surface do I’ordro 6. 

J’ai v^rifid cela dans le cas particulier do la surface ddvoloppable. II ost trbs-singulior 
(e’est M. Salmon qui m’a fait cette romarque) qu’en 4orivaut daixs cette Equation 
(a!*, y*, i?, vf^) au lieu de («, y, z, w), on obtiont I’bquation d’une surfece du douzdbme 
ordre, lieu des centres de courbure d'un ellipsoide. 


Oa/mhridge, 16 Fdvrier 1866. 
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Note II. A l’occasion de l'ordre des surfaces ti^traiSdrales. 

Je crois que j’ai n^glig^ de vous faire connaitre un th^or^me assez gdndral au 
sujet de Tordre de ces surfaces. En consid^rant dans Tespace deux courbes (planes ou 
^ double courbure) des ordres m et rr^ respectivement, et en supposant qu*il y ait 
entre les points de ces deux courbes une correspondance (a, o'), (c'est-^-dire qu’^ un 
point donnd de la courbe m correspondent a' points sur la courbe m\ et ^ un point 
donnd de la courbe w! con*espondent a points sur la courbe m), * alors la surface 
rdglde que Ton obtient en unissant par des droites les points correspond ants des courbes 
m et m' sera de Tordre ma' + m'a. 

Gamlrxdge, 18 Octohre, 1866. 


Note III. Sur ua surface compl^mentaire. 

Je puis reconn aitre, par mes propres formules, que, des surfaces de Tordre 
il n’y en a que jpq qui passent par la troisieme directrice. En effet, le rapport 
anharmonique k est donn^ en termes des param^tres de la troisibme directrice, au 

t 

moyen d’une Equation qui contient la quantity irrationnelle k^ . En rationalisant cette 
Equation, on obtient pour k une Equation de Tordre jpq\ a chaque racine k-^ corres- 

E 

pondent q surfaces, savoir celles qui appartiennent aux q valeurs de k^^ ; mais 

E 

rdquation irrationnelle n’est satisfaite que par une seule valeur de Ai®, h, savoir la 
E 

valeur de ki^ donnde par rdquation irrationnelle, en y substituant pour k^ en tant que 
k y entre rationnellement, la valeur k^k^. Done, k chaque racine k^^ correspond une 
seule surface qui passe par la troisieme directrice. La question h, laquelle donne lieu 
cette circonstance parait trbs-intdressante. La surface ddterminde par les trois directrices 
est compos^e de pq surfaces chacune de Tordre 2p^q, et d’une surface r4siduale de 
Tordre — Quelles sont la nature et les propridtds de cette surface rdsiduale? 

Je serais bien aise de savoir si vous avez fait des recherches ce sujet. 


Oamhridge, 29 Mars 1866. 
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ON CERTAIN 


SKEW SURFA(.!ES, 


OTHERWISE SCROLLS. 


[Fi'otii thi‘ TmmactioHH of the Oainbrid<je rhilmofiJmtl Hocietjj, vol. xt. Parti n. (IiSti!)), 

in). m—m). ikwi Nov. 11, iHor!] 

The iiiiVt‘st-ii^f!ifci(n>.M contaitutd in t;lu! imwait Memoir wvxo. .sugg(iHti(,Hl tio mo by thi' 
MomoirK of M. Do la Gonnu'rio, i)ro,soi)t.(Ml by him to th(> A(!a<Iomy of Semduu's in , 
18(5.5 and 1HG(>, pnbliHhod in ('xlraot in tho Oomptes Iteuditx, and niprodutMMl in hiH 
v'ork “ Itecli&i'chen .v?<r Ich mfam- rfbild(m tJtnuUntlcN symdintpiex, par -hiloH l)(> la 
Oonrtmrio, av('(^ do.s uoUih j«ir Arthur ('ayh'y," <Svo. Pari.s, liS07. Altihough tlu> roHults 
or tho gwator parti of thorn, agna* with thoHo in tho w(>rk jiiat r(dbrr<!d to, tlu* nmdo 
of troatimmt is difforonti, and moro jfonorid, tho onlom, &<i, of tlu^ <lifforont scrolls boing 
obtainod by conHidonitiioim fouinhsl on tho thoory of Oomsspondoucu', au<l I hav(( thonght 
it not improper to submit to goomotora in this altered form the tihoory td' tho vtay 
int(a’OHting olnss of Sci'olls for which they arts indtjbtod to M,. Do la (lournoihi's rowiarcln.'s. 


Article Nos. 1 to 10. GeonietHml Voiintmctiov of a Clans of Corolk. 

1. Cotisider any two curves (plane or of doubhs curvature) U, U', of tho ordoro 
m, m' respectively, and lot the points of U have with those of V an (o, of) corre- 
spondenco; viz, lot tho points of the two curves be so related that to each point of 
V correspond of points of U\ and to each point of U' correspond a points of U : 
then tho lines joining tho corresjjonding points of V, U' form a scroll tho order of 
which is ■*?»«' + m'a!. 

2, In particular let U, U' be plane curves in tho pianos 11, 11' respectively ; and 
lot the correspondence between the points of the two curves be established as follows; 
viz. consider in the plane 11 a curve Cl of tho class p, and in the plane II' a curve 
Cl' of the class ji') and (to avoid useless generality) let tho tangents of these two 
cunes il, Cl' have to each other a (1, 1) correspondence; that is, to each tangent of 
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O there corresponds a single tangent of fi', and to each tangent of fi' a single tangent 

of fi (this assumes that the curves fl, Cl' are rational transformations one of the 

other, and that they have consequently the same Deficiency). This being so, let the 

points of U which lie on any tangent of Cl and the points of U' which lie on the 

corresponding tangent of D' be taken to be corresponding points of U, U'. The corre- 
spondence is then fjlm ) : in fact through a given point of Z7 there pass (jl tangents 
of fl, and the corresponding n tangents of Cl' meet U' in fjm' points, that is, to a 
given point of U correspond fmf points of U'; and similarly to a given point of U' 
correspond /I'm points of U. And hence the order of the scroll formed by the lines 
joining the corresponding points of U, U' is ={/m + /i') mm'. 

3. This conclusion may be otherwise established as follows ; let K, K' be any two 

corresponding points of U, U', so that the scroll we are concerned with is that gene- 
rated by the series of lines KK'; and let I denote the line of intersection of the 
planes 11, 11'. The line I meets the curve Z7 in m points, and taking one of these 
points for a point K we may from this point draw tangents to the curve Cl, that 
is, the point in question is a point K in respect of ji different tangents of the curve 
Cl; to each of these tangents there corresponds a single tangent of Cl', and such 
tangent of Cl' meets the curve U' in m' points, that is, to the point K in question 
there correspond fim' points K' and consequently pm' lines EK' in the plane 11'; 

hence to each of the m points K on the line I there correspond pm' lines KK' in 

the plane 11'; and we have thus pmm' generating lines in the plane II'; there are 
in like manner p'mm' generating lines in the plane 11 . 

Take K an arbitrary point on the curve U; there are pm' corresponding points 
K', and consequently )tm' generating lines through K, that is, through each point of 
the curve TJ ; or the curve U (which is of the order m) is a /im'-tuple line on the 
scroll ; similarly the curve U' (which is of the order m') is a /i'm-tuple line on the scroll. 

The complete section of the scroll by the plane II consists of the curve U taken 
pun! times (order pmm!) and of the p'mm' generating lines in the plane II; that is, 
the order of the section is ={p + p') mm' ; and we thus see that the order of the 
scroll is —{p + p')mn/^. Of course in like manner the complete section of the scroll 
by the plane II' consists of the curve U' taken pm times (order pmm') and of the 
pmn^ generating lines in the plane II', the order of the section being thus =(p+p')mm'. 

4. There are on the scroll certain singular tangent planes; viz. if we have two 

corresponding tangents of Cl, Cl' meeting the line I in the same point, then we have 
m points K and m' points K' all lying in the plane of the two tangents; and of 

course the mm' lines EE' will all lie in the plane of the two tangents ; that is, the 

intersection of the scroll by the plane in question will be made up of the mm' lines, 
and of a curve of the order {p + p' -l)mm'; and the plane in question is thus a 
singular tangent plane. 

5. The number of these singular tangent planes is =p + p'; in fact considering 
as corresponding points on the line I, the intersection of this line by any tangent of 
Cl and the intersection by the corresponding tangent of II', the correspondence is 
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obviously (jm, fi'); viz. through a given point P considered as belonging to the first 
system there pass /* tangents of il, and corresponding thereto we ha,ve fj, tangents of 
€l' each intersecting J in a single point P', that is, to a given point P correspond 
H points P'; and similarly to a given point F correspond / points F. And this 
being so, the number of united points, that is, points of I through which pass corre- 
sponding tangents of fi, is — ii + fjf* 

6. In particular the curves fl, fl' may reduce themselves each to a point; the 
tangents to the two curves are here the lines passing through the points O, n' 
respectively : and the condition for the (1, 1) correspondence of the two tangents is 
that the pencils of lines shall be homographically related; or, what is the same thing, 
that these two pencils shall determine on the line I two ranges which are homo- 
graphically related ; the entire construction is then as follows : 

Given in the plane IT a curve U and a point fi, and in the plane II a curve 
U' and a point fl'; and taking in the plane 11 a pencil of lines through Q, and in 
the plane 11' a pencil of lines through 12', in such wise that the two pencils corre- 
spond homographically; then if a line of the first pencil meets the curve IT in the 
m points K, and the con’esponding line of the second pencil meets the curve U' in 
the m' points K', the scroll in question is that generated by the mm' lines KK'. 

7. By what precedes, the scroll is of the order 2mm' ; the curve U is a. m'-tuple 
line, and the complete section by the plane 11 is made up of this curve taken m' 
times and of mm' generating lines ; similarly the curve U' is a m-tuple line, and the 
complete section by the plane H' is made up of this curve taken m times and of 
mm' generating lines ; there are two singular tangent planes such that the section by 
each of the m is made up of mm' generating lines and of a curve of the order mm'; 
the planes in question are obviously those through the lines X2f2' and the coincident 
points of the two ranges on the line I, say the points A, B respectively. 

8. The foregoing results will be modified in special cases. Suppose, for instance, 

that the curve U passes © times, a times, and times through the points 12, A, B, 
respectively, and that the curve U' passes ©' times, a' times, and ^ times through the 
points 12', A, B respectively. Then to each point on the curve U there correspond 
the m'-a>' intersections (other than the point £2') on a line through Cl', so that U' 
is a (m'— ®')tuple line on the surface. The curve U' meets the line / in m' points 

and corresponding to each of them we have a line through £2 meeting the curve U 

in (m - a) points, exclusive of the point 12 ; this would give m' (m — ea) generating 
lines in the plane 11 ; but among the m' points are included the point Aa' times, 
and the point B0' times ; the (m - ®) points corresponding to A include the point 
Aa times, and we have thus the point A corresponding to itself aa' times, and giving 

a reduction = ao' in the number m'{m — a>) of generating lines: similarly the m — w 

points corresponding to B include the point BB times, and we have thus the point 
B corresponding to itself BP times and giving a reduction =/3j8' in the number 
m'(m — w) of generating lines; the number of generating lines in the plane 11 is thus 
= m'(m — 0 ?) — ao'— The complete section by the plane 11 is made up of the 
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curve U{m—( 0 ') times (order — and of tte — — generating 

lines ; the order of the section, and consequently also the order of the scroll, is thus 
= 2mm' — mco' — m'a> — aa! — It is clear that in like manner the curve C" is a 

(m — 6t»)tuple line on the surface, and that the complete section by the plane 11' is made 
up of this curve taken (m — a) times, order m' (m — fi>), and of m (m' — ©') — aa' — 
generating lines. 

9. The section by the tangent plane through A is made up of (m — ft>)(m' — ©') — aa' 

generating lines (viz. these are, the line £lA ctf(m — ® — a) times, the line il'A a (m' — a' - a') 
times, and (m — « — a) (mf — a! — a') other generating lines) and of a curve of the order 
m«i.' — ©©' — : similarly the section by the tangent plane through B is made up of 

{m — (o) {m! — w’) — generating lines (viz. these are, the line 05 — — times, 

the line 0'5 0 (m' — a— /S') times, and {m — a> — 0) (m' — w' — /S') other generating Hnes), 
and of a curve of the order rrm' — aeo' — 

10. A very interesting case is when (m, m' being each even) we have 

ffl = a = /3=^, ffl' = a' = /3' = im'. 

Here the curve i7 is a l-m'-tuple line on the scroll, and the complete section by the 
plane 11 is this curve taken times ; the order of the section, and therefore of the 
scroll is thus of course in like manner the curve U' is a ^m-tuple line on 

the scroll, and the complete section by this plane is the curve Z7' taken \m times: 
the section by each of the planes Ofl'J5 is a curve of the order the 

planes in question being in the present case no longer singular tangent planes, or even 
tangent planes at all, of the scroll 


Article Nos. 11 to 14. Analytical Theory, 


11, It will be convenient to denote by D, G respectively the points heretofore 
called fl, H' respectively: this being so, we have a tetrahedron ABGD, of which the 
faces ABB, ABG are the planes heretofore called 11, H' respectively, and the other 
two faces GDA, ODB are the singular tangent planes XIU'5 respectively. And 

then, taking 

= y = 0, ^ = 0 

for the equations of the faces BCD, GDA, BAB, ABG of the tetrahedron, we may write 
for the equations of the curve U, z^0,fs{cc, y, w) = 0, for those of the curve U\ «; = 0, 
fi y 9 = 0 ) the homographic ranges on the line I (z^O, ^ — 0) to be 

given as the intersections of this line with the pencils of planes cc — 9y, m — hdy — Q 
respectively {6 a variable parameter, h a constant). The points K are therefore given by 


m- 0y = O, z=0, f^{ic, y, m)) = 0, 

the points K' by 

x-My = 0, w = 0, fi{x, y, z) = (i‘, 

and then the lines KK' belonging to the different values of the parameter 6 gene- 
rate the scroll. 


C. VII. 


8 
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12. Or, what is the sanio thing, taking (A”, F, Z, IF) as the coordinates of K, 
(A", Y', Z', W) us the coordinati's of A", w(^ have 


j - 5r=o, -0, /,(j, y, in=o. 

A” - he r = 0 , TF' = 0 , j\ (A", r ', z') = o, 


and thou tho oquatu)ns of tho lim; 

1 XA' 

' are 







•'« , 

?/ . 

> 

w 

= 0: 




A, 

y. 

0 , 

IF 1 





A', 

1", 

A'. 

0 ’ 




or, as these niay be written, 








- 

' + 


IFF'; 

+ 


FA'm;* 

0. 

WZ'a, + . 

— 


lFA'-> 

— 


XZ'w^ 

0, 


-ir'y.c+ iFA"// . +(A'r- A"y)w=(), 

- YZ'u: + XZ'n - ( A }" - A" Y)z . = 0, 

0(juivalont of (!our.so to two (‘(iualion.s. Th(i <(liininatiou of A', V, IF, X', Z\ 0 frotn 
all the Citations givc'.s the (uination of the H<>roll. 

13. Substituting the values X^^OY, X'-hOY', we have 

y, n^)=o. y. 

_ WZ' y+ wy'z+ YZ'w==0. 

wz'a> . - hewY'z-- eyz'tv=>o, 

- IFr'a; + he IF Y'!/ . + <; ( I _ ;•) 1' r'w = 0, 

-YZ'x + eYZ'if-e{\-k)YY's . =0; 

w y 

or, what is the sjuuo thing, writing j, and y,f=^, we have 

M&, 1, »)»(), Mhe, 1. D»0, 

. — ®5iF+ 0)Z+ fwssO, 

a^w . — k$az — $^w » 0 , 

“ 0) ff + ke<oy . + 6^ (1 it) w s® 0, 

- £iR+ ^(l-/l;)« . *0. 

Recollecting that the last four e(iuationH are e{iuivalont to two equations only, and 
substituting for ®, f their values in terms of 9, wo have in effect two equations, which 
by the elimination of 9 lead to a relation in (as, y, z, w), the equation of the scroll, 

14. We may find the sections of tho scroll by the planes a-O, y»0 respectively. 

Writing first « » 0, wo have 
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Henco taking the other two equations in the form 


/s(%2/, «y)=o, /.(% |, |) = o, 

and putting 0y = u, vre have 

from -which eliminating u -we obtain an equation /i (y, z, w) = 0, the equation of the 
section by the plane a; = 0. 

Similarly, writing y=0, we have 


whence taking the equations in the form 

and writing | = i;, we have 

/li^, V, -(k-1) w) = 0, /< (fer, V, (k~l)z) = 0, 

from which, eliminating v, we obtain an equation /^{x, z, w) = 0, the equation of the 
section by the plane y = 0. 


Article Nos. 15 to 29. The Curves U, TJ* are henceforward “triangular” curves. 

/n 

15. Let r = ±-^, where p, q are positive integers prime to each other, and let the 
given sections be 

z =0, Aaf+Bf . +I)w^ = Q, 

w=0, A'af + BY + GV . =0, 

where it is to be observed that r being =+|, the two given sections are of the 

order pq, the order of the scroll is each of the given sections is a ^g-tuple 

line on the scroll, and the plane thereof meets the scroll in the section taken pq times, 

and in the pq generating lines: but r being =-|. the two given sections are each 

of the order 2pq, with three pg-tuple points (o= a = ^=pq, a>' = a' = B' = pq), and thence 
the order of the scroll is ^{2pqy, = 2fq*; each of the sections is a jp<^-tuple line on 
the scroll, and the plane meets the scroll only in the section taken pq tiTwaa But 
in either case, Jf q be >1, that is, if r be fractional, it will presently appear that 

the scroll of the order 2pY breaks up into q scrolls each of the order 2pY 


8—2 
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1C. To find the section the jdano fl- = 0, wo Iiave 

AuT^B f = 

g)'+«' (-i-A,Y 

and eliminating u we obtain 

[Awl-A'B)y+A<r [-<‘1 

writing = (-y ^ j , tlii.s is 

[ABl-A‘K)f+Aiy = 0, 


or, what is the Kanuis thing, it i.s 

^’•+- A'Dnf^A). 

And in rt'gard to tluH and the otlnr o.(puitiouH whi(4i eoniain (— )'■^ it is to b('. olwt'rved 
tliat r being iidegral we have and that r btdng fractional, <‘V(‘ry value <»f 

(-)■■’’ i.s also a valiui of so that wo may in (svo.ry (wmo write (— )'■ in phuu! of (-) 

Himilarly for the H{H!tiou by tlu^ plane ;(/=>= 0, we have 

Aaf + Bif . 4. 1) (- (/; - I ) wY = 0, 

A' {k^Y + B'f + a{{k-l)zY . = 0, 

and eUminating v, we have 

{AW -A'BW) 3f - BO' (^• - 1)V + B'D (- {k - 1 )Y uf = 0 ; 
or, what ia tho aamo thing, 

AW-A'Blf vr IJA/ .. 

^ -{-Y «;»■»(). 

17, Tho four scctiona thus arc 



^ ^ (1- 

-A'Bkr 

-ky ir-(-y-^<^'>Y+A'ikir 


Aff-A'Bkr 


y»0, 

(1-AX 

. - {-y BO'sr + WJDw’' 

s-0, 

Aar 

+ Bf . + DuT 

w = 0, 

A'ar 

+ B'f+ C'sT 


It will be convenient to speak of these four curves as directrices of tho scroll, 
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18. Suppose for a moiaent that r is integral; as either of the given equations 
may be multiplied by a constant, we may assume tbat D = — (— )*■ G ' ; substituting this 
value and dividing the first and second equations each by G', we have 

«’=o. . - (-r - (f " - ^r O' - y' - (-)’• 0, 

R' — j / DjLr 

z = ^, Aaf + By' . G'w' = 0, 

w=0, J.V+ • BY+ G'z' . =0, 

so that the diagonally opposite coefficients differ only by the factor - (— )*■ ; viz. the 
matrix is symmetrical or skew symmetrical according as r is odd or even. 

19. If r be fractional, it is to be observed tbat, although the three symbols (-)•■ 
and the two symbols (1 — h)' which enter into the first and second equations of No. 17, 
do not in the first instance represent of necessity the same values of {—)' and (1 — ^c)’" 
respectively, yet there is no loss of generality in assuming that they do so — the 
irrational equations are mere symbols for the rational equations to which they respectively 
give rise — and the irrationalities {-)' and (1 — hf will on the rationalisation of the 
equations disappear along with the irrationalities af, if, i?", to which they are attached. 
But the case is otherwise with the irrationality If involved in the expression AF— A'Bk'-, 

writing as before r = + ^(p and g positive integers prime to each other), the symbol 

]f has q different values; and there is not in the first instance any relation between 
the If of the first equation and the If of the second equation : for each of these 
equations the rationalised equation (that is, the equation rationalised in regard to the 
coordinates) will contain the irrationality If, and will thus for each of the q values 
of If represent a distinct curve. The given equations (viz. the first and second equations) 
represent each of them a single curve of the order pq or ^yq, according as r is 
positive or negative; the first and second equations represent each of them q such 
curves. 

20. Hence, starting from the two given curves in the planes z = 0 and w = 0, 
respectively, and with a given value of h, the section of the scroll by the plane y = 0 
is made up of q curves, viz. the curves obtained from the second equation of No. 17, 
by assigning to the radical If each of its q different values; the scroll consequently 
breaks up into q different scrolls, viz. the lines passing through the two given curves, 
and any one of the q curves in the plane y = 0, constitute a distinct scroll. The lines 
in question meet the plane x = (i, not indifferently in any one of the q curves in that 
plane, but in a certain one of these curves, viz, in that curve for which the radical 
If has the same value as for the curve in question in the plane y = 0. Hence we 
may in the first and second equations regard the radicals If as having the same 
meaning, and the system of four equations in effect breaks up into q systems, viz. the 
systems obtained by giving to the radical If its q different values ; each of these 
systems gives a scroll, and the scroll derived from the two given curves with a given 
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value of k is nuulo up of those q serolls. And honce, attaching a uni(|uo value to each 
of the symbols and //, we may, as boforo, write JJ = {-YC', and so nuiuoo 

the original o(piations as in tin'. cas('. r integral, t,o tin* form No. 18, in which tins 
diagonally opposite coeflioitiuts differ only by tluj faetor 

21. Let the two given ecpiations be tak('.n to be 

2 = 0 , haf-i-Yaf . +lm' = 0, 

n> = {), . =0; 

we have then 

Air-A'mf _(-Yh!r + (t/h' 

{l-kYC!' (-//((l-A:)'" 

or, putting this = - {-Yc, that is, writing 

a/lA + 6// (-!)'• + ch ( I - kY = 0. 

the four equations become 

» = 0, . ctY - {-Y hs' + /W = 0, 

2 ^ = 0 , -{-Yt'.af . + < 12 '' + ( 7 '«/= 0 , 

2=0, — (— )*■ atf . ■‘rho’’ = 0, 

^,, = 0, -i^-Y/tif-i-Yiff-i-yhz'’ . =0; 

where c being considr'red as given, k is rh'teriniiuHl as numtioned abovis, or, what is 
the same thing, k : — I : I — A;® A we have \ : ju. : v, and theneo k, detonniiuid 

by tho ccpiatiouH 

A + /a + v =0, 

afK*' + bgfA" + ohv^ = 0. 

22. Consider for a moment A, /*, v, as tho coordinattis of a point in a plane, then 

[rss±^ as boforo j, tho iHpiation afK^ + hgn''+chy = 0, is that of a curve of the onler pq 

ov^ipq, according as r is positive or negative: and this curve is mot by thc^ line'. A+m+>'=' 0, 
in pq or 2pq points, that is, k has this mnnbor pq or 2pq, of values: but to each of 
these values of k there cormspouds (not q vahu's but) otdy a singlo value of If, viz. 
that value for which af}f + bg(— iY + oh{l—kY^0; that is, starting from tho two 
directrices in tho pianos 2 = 0, «; = 0, respectively, and a given third direotrix in the 
plane y<=0 (or in the plane a? = 0), wo may by moans of each of the pq or ipq values 
of k construct a scroll passing through tho throe directrices, and which will also pass 
through the fourth directrix in tho plane a -» 0 (or in tho plane y » 0), but such scroll is 
only one (not each) of the q scrolls which can be constructed from tho two given sections 
in the planes * = 0, w = 0, respectively, and from tho assumed value of h It has been 

mentioned that whether r is * + ^, or=--^, tho total scroll constructed from the two 

given directrices in the planes 2 = 0 , w — O, and from a given value of k is of the order 
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2 j)Y) and that such scroll breaks up into q distinct scrolls, hence the order of each 
of the distinct scrolls is = 2^q. Whence, starting with the given directrices in the 
planes z = 0 , w = 0 , and a given third directrix in the plane y =0 (or in the plane 
•cc = 0 ), we have pq or 2pq scrolls each of the order 2p^q, and passing through these 
three directrices, and through the given fourth directrix in the plane a; =0 (or in the 
plane y = 0 ). 

23. It is to be observed that when g is > 1 , then considering the three directrices 
as given, the pq or 2pq scrolls each of the order 2p^q, do not make up the total 
scroll generated by the lines which pass through the three given directrices. I call 
to mind that for three given directrices the orders of which are m, n, p, respectively, 
and which meet, the second and third, the third and first, and the first and second, 
in a points, |Q points, and 7 points respectively, the order of the scroll generated by 
the lines which meet the three directrices is = 2mnp — am — ^n~yp. Suppose first, 

that r = + ^, then the directrices are each of the order pq, and they do not any two 

of them meet; the order of the scroll is =2p^(f. Suppose secondly, r= — -, then the 

directrices are each of the order 2pq, but each two of them have in common two 
pj-tuple points counting as 2pY iutersections ; the order of the scroll is thus 
(16 — 3 . = In the first case the lines which meet the three directrices 

generate a residuary scroll of the order 2'f{f—(f), and the pq scrolls each of the 
order 2p\‘, in the second case they generate a residuary scroll of the order 4p*(g’-g'®), 
and the 2pq scrolls each of the order 2pq. 

24. In the case ^ = + ^ > ^7 '^ay of illustration of the origin of the pq scrolls each 

of the order 2p®g'> I consider the particular case p = l, that is, ~ reciprocal of 

a positive integer q, and where it is to be shown that we have q scrolls each of the 
order 2q. The given directrices are here 

11 1 

z = 0, Ax'^ +By^ . +Dw9=0, 


w = 0, A'x'i+Fy^+G'zi . =0, 

each of them a unicursal curve ; we may in fact satisfy the two equations respectively, 
by writing in the first of them j/ 

X : y •. w= a {<f> + ay : b {<j> + By • d(<f) + By; 

and in the second 

x:y:z =a'(^' + a')3 = + = c'(f + 7 O®, 

where q,, h,.d, a, /3, B, a', b', c', a', B', 7 ' are properly determined constants, are 

variable parameters. It follows that, considering the points E, K' which are the inter- 
sections of the first curve by the line x — 0y = O, and of the second curve by the 
corresponding line x — k6y = 0, we have not only a correspondence of q points E with 
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k points K', but wo may os(.iiblish, an<l that in q diliorent inannors, a corrcspondoix'o 
between sinjrlo jM^ints K and A"'. For, substituting tiio foregoing values of a; : y in th<‘ 
equations x—dy—i) and x~k$y = i) respectively, we have 

+ «)^ j.ff _ «' (<#>' + a. )« 

b{<l> + /3)i’ 6' 

and thence 

<t {<f>+ o)’ _ 1 f/' {(f)' + a' )'J 
b (<(> + fi)<‘'\k b' (f + /87'’ 

so that, extracting the ^'th mot of each .si(h>, we have, in q din'erent ways eornwponding 

to the q valiuis of the radical velation of the form ’> 

sidering <j>’ as having this value, the points A", A" as givt'u by tlu! iMjuatious 

j = 0, if. : y : w = a + «)'/ : b {<f> + l:i )'> : d {^i + ^ 
and 

t(j=0, X y: z = n! i(f>' ■¥ a'yi : : e' ((^' + 7')''. 


respeciivi'ly, corri'spond ns slngh' jioints tio ('aeh otlu'r. We. havi'. thus in q difl'eretit 
ways a s('rieH of eorn'sponding points A', K', and <!onse(|U(‘ntly q series of lini's A' A" 
('ach of them generating a Hta’oll which (as Urn onh'r of tlu'. se.roll generat'd by all 
th(' q series is -- 'iq% must be, tiach of them of thc! order 2fy ; and the (lecomposition 
in ([awtion is thus explained. 


2.'5. In th<‘. scroll of t.he order 2('y*, each <lire<'.trix is a f/-ttipl(( lint', and tint com- 
ph'te stiction by the jihuu' of the directrix is tnadtt tip of tlu! diretttrix 7 times (<irder 7 “), 

and of 7* generating lines, in fact, of 7 7- fold gemtrating lint's: tt» show that this is so, 

1 I I 

ctmsitler the dirtsotrix in the, plane a^O, viz. the etpiation of this is Ax'i-h Hy'' + 

I I 

Writing herein w = 0 , wo have, Ax*‘ + liy‘i-r. 0 , that is, A%r. -{—)'> Hi y =■ () ] it is elt'ar 
that thc rationalised t'tpiaiitin must retluce. ilsttlf to — 0, and that tint lintt 

wasO, is thus a tangent of 7-iK)intie iutemictitm at the, point w*= 0, ,^1 /i'A/xrO, 
Taking K at this pt»int we have, in each tif the semlls of tlm ortler iq, 7 cointntlttnt 

ptwititins of K', that is, a 7-fold lino KK' in the plane «a = 0; and the like for the. 

piano « = (), so that the. total section by the plane «»() is made up of the diri'ctrix 

7 times and of 7 7-f«ld generating lines; and it follows that for each of the HcroUs 

of the order 27, thc section by the plane 1=^0 is made up of thc directrix ouco, and 
of a 7-fold generating line. 

26 . It is easy to see that in the general case the like conclusion holds; 

for the scroll of the order 2jpY» the section by the plane of the directrix consists of 
the directrix pq times (order pY)» ‘’f P"? ?-fold generating lines ; whence for each 
of the 7 component scrolls of the order 2 piq, the section is made up of the directrix 
P times (that is, the directrix is a j7-tuplo line on the scroll) and of p* 7-fold generating 
lines. 
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27. In the case r = — where the order of the directrix is =2^3^, then in the 

scroll of the order the directrix is a ^pg'-tuple line on the scroll, and taken pq 

times it constitutes the complete section by the plane of the directrix ; whence in 
each of the q component scrolls of the order the directrix is a jo-tuple line ; and 
taken p times it constitutes the complete section by the plane of the directrix. 


28. It is convenient to exhibit the foregoing results in a tabular form as follows: 


Each directrix is of order pq. 

Scroll belonging to two directrices, and 

breaking up into q scrolls each of order 2p% 
each which scroll of the order %p^q has each 
directrix for a p-tuple line and has besides p^ 
g-fold generating lines in the plane of the 
directrix. 


Each directrix is of order 2jog, with three 
pg-tuple points. 

a given value of k, is of the order 

breaking up into q scrolls each of the order 
*ip% each which scroll of the order ip^q has 
each directrix for a p-tuple line, and conse- 
quently no genemting line in the plane of the 
directrix. 


Considering two directrices and a given third directrix, 

k has pq values. k has 2pg values. 

Total scroll for the three directrices is made up of 

pq scrolls each of order 2p^q (viz. one for each 2pq scrolls each of order 2p®g (viz. one for 
value of i?), and residuary scroll of order each value of k)i and residuary scroll of order 

2jp8 4^8 _ gr2). 

29. The following are noticeable cases; r = l gives the hyperboloid as derived from 
three directrix lines ; r = — 1 the hyperboloid as derived from three plane sections 
thereof; r=2, an octic surface, M. De la Gournerie’s Quadrispinal ; r== — 2, an octic 
surface, his Quadricuspidal ; r = |, a sextic surface which (as remarked by Dr Salmon), 
on writing therein (^r®, y®, w% in place of (a?, y, z, w), is converted into a surface 
of the twelfth order, locus of the centres of curvature of an ellipsoid. 


C. VII. 


9 
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ON THE SIX OOOIIDINATES OF A LINE. 


(Frotn the I'runsactioitu of the Oaiuhridi/ti 2*liilosopliic.(U l^ooii'fi/, vi>l. xr. I’iirl n. 
PI). 2!>()— 323. litwl November 11, l.S<)7.) 


Thk notion of tlie .six eoordinuU'H of u line wus, ho far jih I am aware, lirHt 
c.stal)liKli(‘(l in my papi'f “ On a new analytieal n-presentatiou of Curves in Space,’’ Quart. 
Math. Jour. t. III. (IHliO), pp. 22r)-..236, L2.S41 ; Hee 


for the six <leterniinants of tlie matrix 


I. 22(i, where writing -p, (/, r, a, t, a 

1'^’ 'L' r!" > T ivnnark that tliese valnifH givt* 

(a, y«, y, « j ’ 

identically pu + qt + ra ^0 \ and I eonsider a eone as represented by a homogeneous 
ccpiatiou F=0 between the Mi.x coordinate's (p, ij, r, .v, t, ■«); and many of the itivi'sti' 
gatious of the present memoir, in which these, coordinateH are emi)loy(‘d, have been in 
my pOiSHOHsion for some years past. But these coordinates [)reHentetl themselves imhs 
pcndontly to I’rof. IdUeker, and the theory of them is set forth in his most interesting 
and valuable memoir, “On a new Ueometry of H[)ae(!,” Phil. Tram. t. <;nv. (1305), 
pp. 725 — 71)1 ; the course of development there given to the theory is howev(!r 
altogether different from that in the present memoir. I’hey have also more recently 
been made u.so of in a paper by Herr LUroth, “iJur Theorie dor wiiulsehiefen Fliichen,” 
Orelk, t. LXti. (1867), pp. 130—162. 


I have in the present memoir applied these coordinates to the (piostion of the 
Involution of six linos; the notion of this relation of six linos is duo to Prof. Hylvostor, 
to whom it presented itself in the year 1861, in connexion with a theorem in the 
Lehrbuch der Statik, by Mdbius (Leipzig, 1837), that if four forces acting on a solid 
body are in equilibrium the lines along which the forces act are the generating lines 
of a hyperboloid. Prof. Sylvester was thereby led to consider six linos such that 
(regarding them as lines in a solid body) there exist along them forces which arc in 
equilibrium; and he thence obtained, by the statical considerations reproduced in the 
present memoir, the construction (when five of the lines are given) of a sixth lino to 
pass through a given point or to be situate in a given plane. 
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Article, Nos. 1 to 8 . The Six Coordmates of a Line; definition and general notions, 

1. Using any quadriplanar coordinates (x, y, z, w) whatever, consider a line; on 
the line two points the coordinates of which are («, /Q, 7 , 8 ) and (a', yS', 7 ', S') respectively ; 
and through the line two planes, the equations whereof are {A, B, C, L'^x, y, z, w) = 0, 
and (A', B', O', Jy\x, y, z, to) = 0 respectively; we have 

{A,B, 0, Dla, fi, 7 , S) = 0, 

{A, B, a, D^o:, B', 7 ', S') = 0 , 

(A', B', O', D'^a, B, 7 , S) = 0, 

(A', F, O', D%a', B', 7 ', S') = 0. 

2 . From the first and second equations, eliminating successively A, B, 0, D, we find 

0 , aB'- o!B , - ( 7 a' - fa), aS' - a'B (A, B, 0, D) = 0, 

-{aB'-a'B), 0 , By-B'y, /3S'-/3'8 

7 a' - 7 'a, —iBf — B'y), 0 , 78 ' - 7 'S 

-(aS'-a'S), -{BB'-B'h -(f'-fB), 0 

and from the third and fourth equations we find the like system with {A', F, O', B') 
in place of {A, B, C, D). Comparing the corresponding equations of the two systems, 
we find an equality of ratios, as will presently be mentioned. 

3 . From the first and third equations, eliminating successively a, B> y> 

0 , AF-A'B, -(OA'-C'A), AD'-A'D (a, B, y, S) = 0 , 

- {AF - A'B), 0 , BG'- FC , BD' - FD 

CA'-G'A, -(BG'-FCf), 0 , CD' -Q'B 

-{AF-A'D), -{BF-FD), -{GF-G'D), 0 

and from the second and fourth equations we find the like system with (o', B'> y'> S') 
in place of (a, B, y, S) : comparing the corresponding equations of the two systems, we 
find the same equality of ratios as before, viz. 

4. This is 

By' — B'y • 7®" “ 7 “ ■ ~ ~ ~ • 7^ ■" 

= AF-A'B : BD'-FB : GF-G'B : BG'-FG : CA'-G'A : AF-A'B, 

and putting each of these two equal sets of ratios 

= a ■ i ■ 0 -f -9 • 

then the quantities (a, 6 , 0 , f, g, h), which it is easy to see satisfy the condition 

cf -\-bg A ch = 0, 
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ON THK SIX OOOllDINATKS OF A LINE. [4;5;) 

iii’fi sakI to bo tho * six coordiiiutcs of tho litu* : as only the ratios of the six fjujmtitios 
aro material, and as the last-mentioned ctination establishes a single relation between 
these ratios, the system of the six coordinates contain four arbitrary ratios or parameters, 
for tho dotenuination of tho particular line, 

5. A lino is thus detornune<l by its six coordinates («, b, c, f, ,7, h), which are 
such that af+b<j + ck = 0; and eouveiaely any six (luantities (a, b, c, J\ g, h) satisfying 
this relation may bo taken to be tho six coonlinates of a line. 

6. It is proper to show that the ratios a : b •. c : f : g : h are independent of 

tho particular two points on tho lino, or two pianos through tho lino, usod for their 

determination. In fact, if instead of the points 

«. 7 . 

a'. 0'. 7 ', S', 

wc have any other two points on the line, say tlm points 

Xa + /itt', X 0 -p , X7 + nj', \S -f fiB', 

va -p pa', vfi -p pfi', vy +py', vB + ph', 

then tho six determinants have their original values each multiplied by \p—pv; and 
tho ratios arc unaltered. 

And the like is tho case, if instead of the pla«o.s 

A, B, 0, D, 

A', W, O', If, 

wc have any other two plain's through tho lino, say the plain's 

xA+fiA', \B+p.B', xa+pC', xD+piy, 
vA+pA', vB+pir, vO+pO', vD + pD', 

tho dotorminants have their oiiginal values each multiplied by Xp-pv, and tho ratios 
aro unaltered, 

7. It may be remarked, that tho thtiory of tho six coordinates considisrcd as derived 

from the two pciints y, S), (a', (S', y', B'), and as derived from tho two pianos 

(A, B, C, JJ), {A', if, O', Jf), is precisely the same in each case; and wo may confine 
ourselves to tho first point of view, regarding therefore tho six coordinates as derived 
from the two points («, y, B), {a!, B', 7 '. S')- I further remark, that I do not at 
present in anywise fix tho absolute magnitudes of the coordinates (a, 6 c, /, g, h) : it 
is only the ratios that we aro concerned with. 

8. The values of the ratios a : b : c : f : g : h of the six coordinates do how- 
ever depend on tho particular coordinate pianos x^O, y = 0, ii = 0, w=0, made use of 
for their determination ; and in the seq^uel it will bo necessary to investigate tho 



435] 


ON THE SIX COOEDINATES OF A LINE. 


69 


formulae of transformation to a new set of coordinate planes a:„ = 0, yo = 0, eo = 0, Wo = 0. 
And I shall also show in what manner the absolute magnitudes of the coordinates may- 
be fixed. But deferring the consideration of these questions, I consider the planes 
01 = 0, ^=0, 0 = 0, w = 0 as given planes, and take the six coordinates (a, b, c, f, g, h) 
of a line to be determined as above in reference to these given planes, the absolute 
values of these coordinates remaining indeterminate, and their ratios only being attended 
to. And I proceed to consider the various questions which present themselves in the 
geometry of the line, considered as thus determined by means of its six coordinates 
(a, b, c, /, g, h). 

Article, Nos. 9 to 18. (Various Sub-headings.) Elementary Theorems. 

Condition that a line may be in a given plane. 

9. Taking the line to be (a, b, c, f g, h), the equation of the given plane to be 

(A, B, G, y, 0 ,w) = O-, 

then if (a, /S, y, 8), (o', y', 8') are the coordinates of any two points on the line, 

we have the system of equations ante, No. 2, and substituting therein for Sy' — B'yi 
&c. the values (a, b, c, /, g, h), we find 

0, c, -b, f (A. B, C, D) = 0-, 

-c, 0, a, g 

b, —a, 0, h 

-f> -T> 0 

which equations, equivalent to a twofold relation, are the required condition. It may 
be remarked that, treating (A, B, G, D) as current plane coordinates, each equation of 
the system is that of a point lying in the line. 

Condition that a line may pass through a given p(mt. 

10. The coordinates of the given point are taken to be (a, y, 8). If 

(A, B, G, BJx, y, z, w) = 0, (A', F, C', D'^x, y, z, w) = 0, 

are the equations of any two planes through the line, then we have the system of 
equations ante No. 3, and substituting therein for AF - A'B, &c. their values in terms 
of the coordinates (a, b, c, f, g, h) of the line, we have 

0, h, ~g, a (a, S, 7. = 

-A, 0, f,b 

9, -f> 0. 0 

— a, —b, - c, 0 

which equations, equivalent to a twofold relation, are the required condition. It is 
obvious that, treating (a, j8, y, 8) as current point coordinates, each equation of the 
system is the equation of a plane through the given line. 
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Gondition for the intersection of two lines. 

n. The coonlinati's of tlio linos jiro tolcon to l)o ((f., h, c, f, g, h), and (o.,, 5,, c^,f,, g,, 
rospoctivcly. Tf (a, 7, S), (a', /S', 7', S'), aro. tlio coordinatos of any two points in tilio 

tiret line, .aTid (a^, /S,, y„ S,), (a/, /?/, 7/, 8/), aro tho coordinates of any two points on 
the second line, then the four points are in a plane, that is, we have 

« I /S , 7 . ^ = (). 

/S'. 7'. S' 

«/. %. S, 

<. s; 

that is, expanding the determinant and suhsiltnting fi>r — &c.. and /Q,7/-/8/7,, 

&c. thcii' values in terms of the ooordinak's of the two linos respectively, wo have 

(if + hg, + ch, +/<r., + //5, + he, ~ 0, 
or, as this may also he written, 

(/. //,. "•/. K S, c, /, <7, /i.) = 0, 

for tluj condition that the two lines may inteiwot. 

12. The sjuuo r<;Hult will be ohtaiiusl if we take 


(.1, n, G, Diw, ?/, «0-o, {A\ ir, cr, iris,, y, z, w)=o, 

for tho ((quations of any two plaiuis through tlu*. fir.st line, and 

{A„ B„ G„ y, z, vo) = 0, (^1/, Bf G,', y, z, w)=‘0, 


for tins (Hpiations of any two planes through the siicond lino. The four planes will 
meet in a point, that is, wo have 


A, li, 

0 , 

1) 

=0, 

A', 

B', 

O', 

1)' 




On 



A,', b;, 

o;, 

A' 



or, expanding and substituting, wc have tho same condition as before. 

13. In tho case of any two linos (a, h, c, f, g, h), and (a„ h„ c„ f„ g„ h,), wo 
may define tho ' monaont ’ of tho two linos to bo tho function 


af + hg, + ch, +fa, + gb, + hc„ 


it being understood that wo have not as yet any complete quantitative definition of 
the moment; this being so, we have, in what precedes, the theorem that the moment 
of two intersecting lines is =0. 
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Plane through two intersecting lines. 

14. Let (A, B, G, JD^as, y, z, w) = 0 be the equation of the plane through the 
two intersecting lines (a, b, c, f, g, h) and (a,, b„ c„f^, g^, h,). We have two systems 
of equations, as in No. 9, and comparing the corresponding equations of the two 
systems, we find in the first instance 



¥~o,f 

-{bo,-b,o) 

il 

1 

09 ,-c,g 

1 

I 

— ah,-a,h : bh, — b,h 

V 

-{ab,-a,b) 

11 

1 

1 

f9~f9 

P 


where fi, v, p, are in the first instance unknown; the different sets of ratios are 
of course identical in virtue of the relation 


(/.. 9,> K «/. b> c, /, g, h) = 0, 


and comparing them we have equations which lead to the values of X, p, v, p; and 
we thus obtain more completely, 

A : B : G •. D =f^a + b,g + c,h : h/, + h,f : of, -c,f : - (be, — b,o) 

= ag, - a,g : a, f+g,b + o,h : eg, ~c,g : - {oa, - c,a) 

-ah, — a,h : bh, -h,h ; a,f+h,g + h,c : —(ah,-a]b) 

= ffK-9A ■¥,-Kf ‘fg>-f,9 : af, + bg, + ch,. 

15. It is in these equations easy to verify the identity of the different sets of 
values: we ought, for instance, to have 


a,f+b ,9 + h,c ah, — a,b _ 
f9,-f,9 ~ ¥ + b9, + oh,’ 

that is, 

{h,c + a,f + b,g) {h,o + af, ^bg,)^ {ah, - a,h) (fg, -f,g) = 0 , 
and, observing that 

(®/+ h9) (¥ + + («^/ - »/&) (f9, -fs) 

= iPif+^)(fl,f, + ^^9,)> =ch.c,h„ 

the left-hand side is 


= oh, {eh, + af, + bg, + a,f+ b,g + c,h), 

= oh, {af, + bg, + ch^ ■\-fa, + gb, + ho,), = 0 . 


Point on two intersecting lines. 

16. Let (a, fi, 7 , B) be the coordinates of the point of intersection of the two 
intersecting lines (a, b, c, f, g, h) and {a„ b„ c„ f„ g„ h,). We have two systems of 
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oqiiations suo.h as i» No. 10, and conipiiriiig the correspouding equations of the two 
systems, wo iind 


<t : : y : 8= L 

nff,-«;ff 

ah, — a,h 


= ¥> -h,f 

M : 

bh,-h,k 

kf, - Kf 

= ¥, 

-C/.7 : 

JV 

■ fiJ, -f,9 

= - (bc; - h,c) 

- {c(i, - c,a) : 

-{(th,-a,b) 

: P . 


whore L, M, N, P, are in the iirst iustane.i» iiukiiown; but, comparing the different 
sets of values, wo have equations for finding the values of these (piautitics, and w(j 
thus obtain the inon> complete .systmu 

a: ^ : j : B= f/i + h,ff + o,h : (iff, -ii,ff : ah, -a, I : ffh,-ff,h 

- ¥,-U ■ «v/+.7/^+c>: hk,-h,h hf,-h,f 

= - C// : <v/, - • «v/ + ¥.1 + Ko ■■ fiJ, -f.<j 

= - {he, - h,d) : - {m, - c,(t) : - {(ih, - (i,h) : f,a + ff,h + h,c, 

where it is to bo obscrvisl tluit t-lu'. right-hand side (ionsidcired as a matrix is tJie 
transpoH(‘d malirix of that whitih oeeui-s in No. Ifl, in the formula for A : B : (! : IK 
'riui voriiioation of the i<lenl.ity of the diftei'ent si'hs of vahuis can of coui'se bo offecUsl 
as in No. 1.'). 


JhJxp'emon for (in (irhUmry ^ildne tlirotiffh a line. 

17. Tho (soudition in order that the plane (.^l, li, f/, y, z, ?n)=sO, may pass 
through th(» lin<( {ti, h, c, /, //, h), is tho twofold relation given, No. .0 ; it is satisfied 
by any one of the four sysUiins 


A : li ’.a . 

D 

ac 0 

h 

ff : (i. 


or 

“ - A 

0 

/ : h, 


or 

= 9 

-/ 

0 : c. 

and consequently also by 

or 

— a 

~h 

-c : 0; 

A : a :U : 

( 0, 

-A, 

9> 

“ « $ V. t <») 


( h, 

0, 

-f, 

®) 


(~9> 

/. 

0, 

V, «<>) 

or, what is the same thing, by 

( 

b, 

c, 

V, ?, w); 

^ : JB : 0 : D = 

( 0, 

h, 

-9> 

V, & ®) 


{-K 

0, 

f, 

bUv. ?. ®) 


( 9> 


0, 

cl.lv, 1 ®) 


(-a. 

-h, 

-c, 

oil V, 1 ®) 


where (f, % f, ») are arbitrary: there is, however, no loss of generality in putting any 
two of these quantities 0. 
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Ecqpresmn for an arbitrary point in a line. 

18. The condition in order that the point (a, /3, 7 , S), may lie in the line 
(a, 6 , c, /, g, A), is the twofold relation given, No, 10; it is satisfied by any one of 
the four systems 


a : /9 : 7 : S = 

0 ; c 

: - 

■h :/, 


or = 

-c : 0 

: 

a : g, 


or = 

b : — a 

: 

0 : h, 


or = 

-f --ff 

: - 

h i 0; 


and consequently, also by 





a : ^ : 7 : S = 

( 0, - 

c, 

h. 

-/$®. y. M') 


( c. 

0 , 

- a, 

y. 


:(-i, 

a, 

0. 

-h\cc,y,z, w) 


= ( /> 

9> 

K 

0'^x,y, z, w ) ; 

or, what is the same thing, by 





11 

( 0, 

c, 

-h, 

f^ie,y, z, w) 


; (- c, 

0 , 

a, 

g $ y. w) 


:( h. - 

a, 

0 , 

h'^ IS, y, z, w) 


- 

'9^ 

-h, 

0\x,y, z, w) 


where (a?, y, w) are arbitrary: there is, however, no loss of generality in putting two 
of these quantities = 0 . 


Article Nos. 19 to 25. Geometrical considerations in regard to three, four, five, 

and six lines. 

Before proceeding further, I will establish certain geometrical notions in regard to 
three, four, five, and six lines. I use the term 'tractor' to denote a line which 
meets any given lines. 

19. Three given lines have an infinity of tractors; viz. these are the generating 
lines of a hyperboloid having the three given lines for directrices. 

20. Four given lines may be directrices (generating .lines) of the same hyperboloid, 
viz. every tractor of any three of the four lines is then a tractor of all the four 
lines. But in general, four given lines have a pair of tractors; viz. considering the 
tractors of any three of the four lines, these form a hyperboloid having the three 
lines for directrices; the fourth line meets this hyperboloid in two points, and the 
generating line through either of these points is a line meeting each of the four 
given lines, that is, it is a tractor of the four given lines. 

C. VIT. 


10 
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21. The fourth line may however touch the hyperboloid; and in this case, instead 
of a pair of tractors, the four lines have a twofold tractor. The relation of the four 
lines to each other is a symmetrical one; and we have thence the theorem, that if 
any one of four given lines touch the hyperboloid through the other three lines, then 
will each of the four given lines touch the hyperboloid through the other three lines. 
But the relation to each other of four lines having a twofold tractor may be other- 
wise expressed as follows; viz. considering a tractor of the four given lines, each line 
determines with the tractor a point, the intersection of the line and tractor; and it 
also determines a plane, viz. the plane containing the line and tractor; we have 
therefore a range of four points on the tractor, and a pencil of four planes through 
the tractor; and if the tractor be a two-fold tractor, the range and pencil will be 
homographic; and conversely, if the range and pencil are homographic, the tractor will 
be a twofold tractor. This is easily obtained as a limiting case from the general 
one where the four lines have a pair of tractors; each line determines with the one 
tractor a point and a plane as above, and this plane- intersects the second tractor in 
a point; we have thus through the first tractor a pencil of planes, and on the second 
tractor a range of points, and these two are homographic. But, in the case of a 
twofold tractor, the rauge on the second tractor coincides with that on the first 
tractor; that is, the range of points on the tractor is homographic with the pencil 
of planes through the tractor. 

22. Given any four lines, and a point 0, then either in the general case where 

the four lines have a pair of tractors, or in the special case where they have a 
twofold tractor, there exists and can be found through the point 0 a single fifth line 
such that the five lines have (as the case may be) a pair of tractors, or a twofold 

tractor. And similarly, given the four lines and a plane fl, there exists and can be 

found in the plane ii a single fifth line such that the five lines have (as the case 
may be) a pair of tractors, or a twofold tractor. 

23. Five given lines have not in general any tractor ; the five lines may be 
directrices (generating lines) of the same hyperboloid, and they have then an infinity 
of tractors; or they may have a pair of tractors, viz. the fifth line may be a line 
meeting the tractors of the other four lines; or (as a particular case of the last 
relation) the five lines may have a twofold tractor; or the five lines may have a 
single tractor. 

24. Given any five lines and a point 0 ; then, selecting any four of the given 

lines, we may through 0 draw a line having with the four lines a pair of tractors. 

Treating in this manner each of the five sets of four lines, we obtain through the 

point 0 five lines constructed as above ; we have the theorem which will be proved 
in the sequel, that these five lines lie in a plane ft. And similarly, given the five 
lines, and a plane ft, then selecting any four of the five lines, we may in the plane 
ft draw a line having with the four lines a pair of tractors; treating in this manner 
each of the five sets of four lines, we obtain in the plane ft five lines; and we have 
then the theorem that these five lines meet in a point 0. 
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25. In the case of six given lines, we may have between the lines the like 
relations to those for the case of five given lines; or we may have the more general 
relation of the involution of six lines, depending on the last-mentioned theorems, viz, 
given any five lines, and the point 0 or the plane il, then determining in the one 
case the plane fl and in the other case the point 0, and taking as a* sixth line any 
line whatever through the point 0 and in the plane fl, the six lines are said to be 
in involution, or to form an involution of six lines. I now revert to the analytical 
theory of the line. 

Article Nos. 26 to 51. (Variot/s mh-headmgs.) Gases of a linear relation or linear 

relatiom between the six Coordinates. 

26. If the coordinates (a, 6, c, f g, h) of a line are regarded as variable quantities 
connected by a single equation or by two or three equations, we have a system of 
lines with three or two arbitrary parameters or with a single arbitrary parameter; and 
so if there are four equations the system consists of a determinate number of lines. 
For a linear relation, the coeflScients may be either {F, Q, H, A, B, 0), not the 
coordinates of a line, that is, not satisfying the relation AF BQ + GH^O, or they 
may be the coordinates of a line, satisfying the relation in question. I consider the 
several cases in order as follows : 

Linear relation (F, G, E, A, B, 6, c, /, g, h) - 0, where (A, B, G, F, G, E) 
are not the coordinates of a line. 

27. Considering any six lines which satisfy the relation in question, we may 
eliminate the coefficients F, G, E, A, B, G, and . thus obtain an equation V = 0, where 
V is the determinant formed with the coordinates of the six lines; this equation, 
regarding therein the coordinates of five of the six lines as given, is in regard to 
the coordinates of the remaining line, say the original line (a, 6, o, /, g, h\ a linear 
relation equivalent to the original linear relation (F, G, E, A, J5, G^a, 6, c, /, g, h) = 0. 
The equation in its new form, viz. the equation V =0, establishes between the six 
lines a relation which is in fact the relation of involution already referred to; viz. it 
will be shown in the sequel that, starting from the equation V = 0 as the definition 
of the relation of involution, we are led to a construction for a line in involution 
with five given lines the same as the construction explained ante No. 25. 

Linear relation \F, G, E, A, JB, (T^a, h, c, f g, A)= 0, where (A, B, G, F, G, E) 
are the coordinates of a line. 

28. The linear relation expresses that the two lines (a, b, c,f g, A^A, JB, C, F, G, E) 

intersect, or what is the same thing, that the line (a, 6, c, /, g, h) is any line whatever 

meeting the line (A, B, (7, F, G, E). 

Two linear relations (F , G , E j A , B , C \a, b, c, f g, h) = 0, 

(Fi, Gi, jffi, Ai,. Bi, G^a, 6, c, /, g, h) = 0, 

where the two sets of coefficients respectively are or are not the coordinates of a line. 

10—2 
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29. If the two sets of coefficients are each of them the coordinates of a line, 
then the two equations express that the line (a, b, c, /, g, h) is any line whatever 
■cutting each of the two given lines. And the general case is in fact reducible to 
this particular one ; for suppose that neither set of coefficients belongs to a line, then 
we may from the two given linear relations form the relation 

(XF+Xi^i, X(?+XjG^i, XA + XiAi, X5 + Xi5i, X(7 + XiCi^u, b, c, f, g, A) = 0, 

and if the ratio X : Xj be properly determined, then (XA + XiAi, ...) will be the 
coordinates of a line. This will in fact be the case if 

(XA + XiA) (XF + XiFi) + (XB + XiBj) (Xff + \Q-) + (X(7 + Xi(7i) (Xi7 + = 0, 

that is, if 

(AF + GH, AFi + BQ, + GHi + FA, + OB, + GE, , A,F, + B,0, + G,H,'$X, = 0, 

a quadric equation giving two values of the ratio X : Xi, that is, two linear relations 
in each of which the coefficients are the coordinates of a line : we have thus two 
derived lines, and the line (a, 6, c, /, g, h) meets each of these derived lines. 

There is no real difference if one or the other of the given systems of coefficients, 
say the system (A, B, G, F, 0, E), are the coordinates of a line. We have then 
AF + BO + GE =0 ] the quadric equation in X ; Xj has a root \ : X = 0, and rejecting 
it, the other root is determined by a simple equation : this only means that the line 

(A, B, G, F, Q, E) is itself one of the two derived lines. 

But there is a real difference in the case where the equation in X ; Xj has equal 
roots; to explain this special case, observe that if in the general case we consider the 
two derived lines as a pair of tractors of any four lines, then the linear relations 

express that the line (a, b, o, /, g, h) has with these four lines a pair of tractors; 

and in the special case under consideration the linear relations express that the line 
(a, h, c, f, g, h) has with the four lines, or (what is the same thing) with any three 
of them, that is with some three lines, a twofold tractor. According to what precedes 
(No. 21), the construction of the line (a, b, e, f, g, h) is in fact as follows, viz. if on 
the twofold tractor considered as given, we take a series of points p, and through 
the tractor, homographic with the range, a pencil of planes P, then the sought-for 

line will be any line through a point p, in the corresponding plane P. But it is 

proper to give an analytical proof of the construction, 

30. I observe that we may without loss of generality assume A,F, + B,O, + C,E, — 0, 
and this being so, the condition for the equality of the roots of the quadric equation is 

AFi + BO, + GE, + FAi + BO, + GE, = 0, 

that is, writing (a,, b,, c,, f„ g„ in place of {A„ B„ G„ F„ 0,, E,), the case in 
question may be taken to be that of 

Two linear relations 

(fi, 9i, k, auh, Ci'$a, i, c, f, g, A) = 0, 

(F, 0, E, A, B, G^a, b, e, f, g, A)=0, 
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where (oi, 6i, Cj, /u g-i, h^ are, {A, B, 0, F, 0, E) are not, the coordinates of a point, 
and where 

(fi, gi, k, oi. k, Ci$4L, B, G, F, G, E) = 0 ; 
that is, where the twofold derived line is in fact the original line 

(®l> \> Cl) fu 9i> k)- 


31. To simplify, we may take £i3=0, y = 0 for the equations of the line; the 
coordinates of the line then are (oj, b^, Ci, f, g-,, ^) = (0, 0, 0, 0, 0, 1). Taking more- 


z w cc t/ 

over ic = 0, 2 /= 0, - = -^ for the coordinates of the point p, and " = ^ for the equation 


of the plane F, the homographic relation of the point and plane is given by an 
equation of the form 

— F^y -f Qarf — AaB — BfiB = 0, 


or, as this may be written, 


{F, G, E, A, B, ay, 0, -aS, -j83, o)) = 0, 

where E and a, being each multiplied by 0, do not really enter into the equation. 

The equations of any line whatever through the point p and in the plane P 
may be written 0x — ay= 0, A'x 4- B'g + B 2 — ya = Q, where A', B' are arbitrary : hence 
arranging the coefSeients in the order 

0 , -a, 0, 0, 

A', F, B, -y, 

the coordinates (a, b, o, f, g, h) of the line in question are 

(-fiy, ay, 0, -aB, - Fk A'a + F^)] 

so that we have 

(/i, 9i, K <h, k, Oija, k c, /, g, h) 

= (0 , 0 , 1 , 0 , 0 , Oja, 6, c, /, 5f, A), = c, = 0 ; 

and morever the homographic relation, replacing therein the arbitrary quantity m by 
A'a + F^, becomes 

(P, G, E, A, B, Oja, b, c, /, g, A) = 0. 

Hence the linear relations satisfied by the coordinates (a, b, c, f, g, h) of the line in 
question are 

(fi, gi, k, Oi, k, Qija, b, c,f g, h) = 0, 

(F, Q,E,A, B,Gla,h,-c,fg,h) = 0, 

with the coefficients 

ifit 9i> k> k> Oi)~(0> Ij 0, 0, 0), 

(A, B, 0, F. G, E)^{A, B, 0, F, G, E), 

values which satisfy the condition 

(/i, gi, k, oi, k, B, c;f, g, H)=o. 
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Hence the line (a, h, c, f, g, h) through the point p and in the plane P is a. line 
the coordinates of which satisfy two linear relations as mentioned in the heading; and 
the theorem is thus proved. The demonstration would be simplified by taking, as is 

a j y 

allowable, the homographic relation to be ^ = 

32. It appears from the foregoing examination of the case of two linear relations 
that in the following cases of three or more linear relations there is no real loss of 
generality in assuming that the coefficients of each set are the coordinates of a line , 
for if originally this be not so, we have only to replace the given relations by linear 
functions of these relations, and to assign such values to the multipliers X, Xj, X 2 ... 
as in each case to make the new coefficients to be the coordinates of a line ; and as 
there are two or more arbitrary ratios X : Xi : X^... to be assigned at pleasure and 
only a single condition to be satisfied, no cases of failure can arise. The remaining 
cases may conseq^uently be stated in a more simple form. 


Three linear relations, the coefficients of each set being the coordinates of a line. 

33. The three relations express that the line (a, 6, c, /, g, h) meets each of the 
three given lines; that is, that the line is any generating line of a hyperboloid having 
the three given lines for directrices. 


Four linear relations, the coefficients of each set being the coordinates of a line. 

34. The four relations express that the line (a, b, c, f, g, h) meets each of four 
given lines; or what is the same thing, that the line is a tractor of four given 
lines. It is to be noticed that the four linear relations serve to express the ratios 
a : b : c : f ’. g : h linearly in terms of any one of these ratios, or what is the same 
thing, to express the several ratios in terms of an arbitrary ratio % : v. Substituting 
the resulting values in the equation 

a/+ bg + ch = 0, 

we have a quadric equation for the determination of the remaining ratio, or of the 
ratio u : V, and then each of the ratios of the coordinates can be expressed rationally 
in terms of either root of the quadric equation; we thus obtain the coordinates of 
each of the two tractors of the four given lines; or we have a complete analytical 
solution of the problem, to find the tractors of four given lines. The quadric equation 
may have equal roots; that is, the four given lines may have a twofold tractor, which is 
then determined linearly. 

35. The theory of the linear relations of the coordinates (a, b, 0 , f, g, h) of a line 
may be considered in a different manner. It will be convenient to take the different 
cases in a reverse order, beginning with the extreme case (not before mentioned) of 
a fivefold relation and ascending to the case of a onefold or single- relation. 
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Case of the fivefold relation. 

36. The fivefold relation 


a, h. 

c, f, 

9 , 

h 

= 0 , 

Oi, hi. 

<h, fi, 

9i, 

k 



expresses that the quantities (a, b, c, f, g, h) are proportional to (oi, hi, Ci, f, gi, hf). 
As the former set are by hypothesis the coordinates of a line, the given set (oi, hi, Ci,/i, g^, hi) 
must, it is clear, also be the coordinates of a line, and the relation then expresses 
that the line {a, h, c, f g, h) coincides with the given line. 


Case of the fourfold relation, 

37. The fourfold relation is 


a, 

h, 

c , 


9 , 

h 

= 0 , 

dii 

bi. 



9 ^, 

K 


(hf 


C2, 

A* 

9a, 

Jh 1 



or what is the same thing, we have the six equations Xa + XjUi + X 3 O 2 = 0, &c., involving 
the indeterminate quantities X, Xi, X^. If the coefficients 

(®ii hi, Cl, fi, gi, hi}, (® 3 , hj, Cs, fa> ga> hj) 

are not either .set the coordinates of a line; then substituting the foregoing values 
-Xa = Xiai + Xaa 3 , &c. in the equation af+hg + ch = ii, we have a quadric equation in 
(Xi : Xs) : and for each root of this equation, the coefficients XiOj + XaOa, &c. will be the 
coordinates of a line. There are thus in general two derived lines; and the fourfold 
relation expresses that the line (a, 6 , c, /, g, h) coincides with one or other of these 
derived lines. There is no real difference if one or the other of the two sets 
(oi, hi. Cl, /i, gi, Ai), {Oi, hj, Ca, fi, g^, h,), or if each set, are the coordinates of a line; 

one of the derived lines or both of them will in these cases coincide with one or 

both of the given lines. And if the quadric equation has equal roots, then instead of 

two derived lines there is a twofold derived line, and the line (a, h, c, /, g, h) must 

coincide with this twofold line. 

38. A case presenting peculiarity is however that in which the coefficients of the 
quadric equation vanish identically; this is only so when the coefficients (Oi, hi, Ci,fi, gi, hi) 
and (Oa, ha, Ci, A 9a, K) are the coordinates of two intersecting lines. The equations 
— Xa = Xaai + X 2 aa. *^at every line whatever which meets each of the 

two lines (oi, hi, Ci,/i, gi, Jh) and (oa, h, c,,/,, ga, ha) meets also the line (a, h, c,f, g, h); 
that is, the line (a, h, c, /, g, h) is any line whatever in the plane and through the 
point of intersection of the two intersecting lines. We see moreover that not .only 

(hfa + biga + Ciha + Oaf. + bagi + Cahi = 0 , 
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blit also that + c/^ + /A + (‘//i = 0 and af., + bcf. + cIh,^fa,-hgL + ch.=^{)\ 

that is, the moment of each ])air of lines is =0. It may be remarked that the ratios 
X : Xi : Xa be determined from any two of the six tujiiations 

Xa + + Xa^frt =0, ... Xh H- Xjii -H Xj/zo = 0 ; 

but that ill consequcnci^ of the moments being each = 0, thtav is not for tln^ deter- 
mination of those ratios ainy such set of (uiuations as occur in the casi^s subsiHjiu^ntly 
considered of a threefold ridation, &c. 

30. In what follows we havi) thr<H‘ or more s(^ts ft,, c,,/,, </,, ft,), &(*,.; and w<' 
may without loss of generality assume that each of tlu^se are the coordinates of a line : lor 
replacing the several coefficients by linear fmu'.tions &c., <&e., the 

multipliers may be determiiUHl so that these an'i lilu‘ coordinatt's of a i)oiut: a.nd since 
h)r each set there is only a single condition to be satistied by the two or more 
ratios /aj ; : /Xa , it is easy to s(h; that no cas(‘s of failures will arise. 

(Jaac of the threefold relailon, 

40. The threefold relation is 

1 by Oy J\ //, ft. |j=:0, 

ji <hf bu Cl, /„ (ju hx 

0.4, ft.j, Ca, J'iy If'Xi h*i 

Uj,, ft.,, C», fny (Ju h-i 

where (ai,*..), (aj, each the coor<linat(^H of a line. Hero writing 

X(i + + Xj|(/8 = 0. . . , 

it iH clear that every lino which nicctH tiach of the linos (a,,...). («”j. ■•■). •••) will 

also moot tluj lino (a, b, c, f, </, //); tho liiu's which moot tho fiint-inontionod thro(! linos 
arc the gonoratuig linos of a hyiuu'boloid having those throes liiuis for diroctriecss, aiwl 
it hcnco ap,>ears that tho lino (»., h, c, f, //, h) is any directrix lino whatov(!r of tho 
hyperboloid in (,ucHtion. 

4)1. Using the notations 01, 02, 12, &c. to denot<* tho moments of tho several pains 
of lines, viz. 

01 « rt/i + /) (/i + c K +/«■] + (j b: + h Cl, 

1 2 = bifft + cA +/iaj + (fi h + k Oi, 

&c., 

then from the equations \a + X,,aj + Xaas, +X,a,*0, &c., we deduce 

. XiOl + \g02 + X#03 = 0, 

XIO + . + x,12 + X,13 = 0, 

X20 + \i21 . + X,23 = 0, 

X30 + Xi31 + X,S2 . *0, 
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and hence eliminating X,, Xj, X 3 , we find 

. 01, 02, 03 =0, 

10, . 12, 13 

20, 21, . 23 

30, 31, 32, . 

a relation between the moments satisfied in virtue of the given threefold relation; but 
which as a mere onefold relation is of course not equivalent to the threefold relation. 
It will subsequently appear that the equation expresses that any one of the four lines, 
say the line (a, 6, c, /, g, h) touches the hyperboloid having the other three lines for 
generatrices ; this condition is satisfied in virtue of the threefold relation which, as we 
have seen, expresses that the line (a, h, c,f, g, h) lies wholly in the hyperboloid in 
question. 

42. The last mentioned determinant is the Norm of 

VoOs + VoOi + V 03 TT 2 ; 

SO that the equation may be written 

V 0 O 3 + ^02 . 31 + V 63 TT 2 = 0, 
or, what is the same thing, 

VwV2'3 + V 02 V 31 + V^Vi 2 = 0 , 

it being of course understood that the signs of the radicals must be determined in 
accordance with this equation; we then find 

X : Xi : Xa : Xs = a/ 23.31 .12 : ^02 . 03 . 23 : V03 . 01 . 31 : VOl . 02 . 12, 
or say _ 

= V23V3lVi2 : V 02 V 03 V 23 : VOSVoiVsi : VoIV 02 \/l 2 ; 

in fact, substituting these last values in the linear equations for X, Xi, Xj, X,, we find 
that the equations are all satisfied in virtue of the single equation 

Vw + V 02 Vsi + V03 Vl 2 = 0 . 

Case of the twofold relation. 

43. We have here 

a , h, c , f, g , h =0, 

Oj) &ij bi> fi> gu Ih 

Ug, &a, Ca, fij g^j h^ 

®8) Cs» fs> 9i> ^ 

o.i C 4 , ft, gt, ht 

where (ox, ...) (oa, ...)(as. »re each the coordinates of a line. Here, writing 

Xct "b XlCEi "b "K^a^ "b XaO^ "b Xxfltx — 0 5 


C. VII. 


11 



82 


ON TllK SIX OOOEOINATKS OP A LINK. 


[48.5 


itr is clo;xr t;hai evoiy lino which nun^ts (^ach of the four g'iveu lines, will also meet hho 
lino (a, b, Cy J] <7, A); but the only lines mooting the* four giv(Mi liiu'.s ?iro Uvo 
minato linos, tho tractors of the h)ur given liiu's; and the conclusion is, that tl)(‘ lino 
by Cf /] ffy h) is any lino whatovc'.r which moots tln^ two tractors. 

44. If, howov(U', tlui four given linos have a twofold tra(d.or, then tlu', lino (a, h, o, j\ (j, h) 
is still a lino having two (»,onditums iin|)ostHl upon it; it is in fact a lino dot<u-inhu^d 
as in No. 21, viz. if on tho tractor we take a sorii's of points /), and through t.he 
tractor a S(U’ios of pianos J\ (^ornssponding hoim)grapliically to tlu^ |>t)inl,s, then tlui liiu' 
(a, by c, f) (jy h) is any lint^. through a point in tho corresponding plaiu^ l\ 

45. Using as before 01, 02,... 12, «fcc. to d(‘Uok‘ tht^ moments of tlu^ sevorul pairs 
of lines, we have 

Xi t) 1+ x,02 + x.,on + X,04 = 0, 

Xl 0 . “h X.j 1 2 4* X;i 1 2 + X4 1 4 = 0, 

X20 + Xj 2 1 . -h X,2:i + X,24 0, 

x;}() + Xi;n . d-x^JU^o, 


X40 + Xi 41 -p X.442 -p Xjj4*l . 0, 

a-nd thon(‘<‘ also 


* 

01. 

02, 

0.8, 

04 

10. 

. 

12. 

18, 

14 

20. 

21, 

, 

22, 

24 

80. 

81, 

82, 

. 

84 

40. 

41, 

42, 

48, 



a relation betwtsm tho tn<unents Hjitisfu^d in virtue of tho original twofold n^Iation ; hut 
which, as a Hingh? oipiatioii, is of (uuirso not oi[uivalt‘nt to the twofold rtdation. It is 
in fact easy to see that this ('(piation expresstis that tlio five lines havci a (common 
tractor; this is true, since in virtiu^ of tho twofold ndation there are really two 
common tractors. 


I have not obtained from the linear otiualions any vsymmetricttl expressions for tho 
ratios X : Xi : X^ : X». 


Ome of a onefold relation. 

4G. Tho onefold relation is 

b, Oy fy ffy k « 0 , 

blf Cxy fly fflf hi 

b%y ft, f%y 

bs) ft> f$f ffit ht 

biy C4, fy g^y hi 

CttH, bay ft, fay gay ha 
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where (ai, ...), ( 0 : 2 ,...), (as, ...), (a 4 , ...), (ag, ...), are each the coordinates of points in a line. 
The preceding mode of dealing with the question is inapplicable, since there is not in 
general any line which meets the five given lines ; in the particular case, however, 
where the five given lines are met by a single line, say when they have a common 
tractor, then the line (a, 6, c, /, g, h) is any line meeting this common tractor. The 
general case is that of the involution of six lines, mentioned No. 25, and the con- 
sideration of which was deferred. 

47. The onefold relation implies that we can find multipliers X, /x, v, p, cr, t, such 

that 

\a + ijub +VC +pf ’{■erg + tA = 0, 

X^i + fibi + vCi + pfi + (rgi + rhi = 0, 

\as’]-fib!i + vcs+ pfs + a-gs + rhs-0, 

we may by means of the last five equations determine the ratios of X, /x, Vj p, <r, r, 
viz. these quantities will be proportional to the determinants formed out of the matrix 


Oi, 

h. 

Cl, 


9 u 

k 

aa, 

h. 

C2, 

u 

927 

Ag 

U3, 

63, 

C3, 

A 

9 s> 

A3 


64, 

C4, 

U 

9 ^» 

k 

(^ 5 , 




957 

h 


and the first equation is then a linear relation in (a, 6, c, /, p, expressing the 
relation that exists between these coordinates. 


48. Consider an arbitrary point 0 on the line (a, 6, c, /, g, h ) ; taking this point 
as origin, the coordinates of 0 are 0, 0, 0, 1; and if co, y, z, w, are the coordinates 
of any other point on the line, then' writing 


we find 

and the equation 


sc, y, z, w, 

0 , 0 , 0 , 1 , 

a : b : c : f : g : h = 0. : 0 : 0 : X : y : z ] 
\a + /Mb + vc + pf+<Tg + Th=:0 


becomes simply px-\-<ry + TZ = 0; viz. this equation expresses that the line (a, 6, c,/, p, A), 
assumed to pass through a given point 0, lies in a determinate plane 12 through this 
point. 


49. To construct this plane O, I consider any four of the five given lines, say 
the lines 2, 3, 4, 6, and I endeavour to find the line OQi through 0, which has 
with these lines a pair of tractors; queb line through 0, the coordinates of the line in 
question may be taken to be 0, 0, 0, (where Gu Si, are in fact the 

11—2 
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coordinate's ai, y, s, of any point on the line OQi); and then the condition for (ihc 
pair of tractors may bo written 

P„rt,j + PjAi, 4 P4«4 4 jh<h = 0, 
pA +pA +pA 4 pA = 0 , 

P'iC^+piC3 + ihCt+PA = i), 

P'J'i+pJi +PiA 4 p/« = Fu 
^V7a +2h93 +2>*!h +P>!h = Oi, 

Pih 4 pA 4 pA +pA = . 

whore jpa, Pj... are arbitrary coefHchnits; and we lu'iice deduce 

p^’.4<^^^4T/A = 0 ; 

l)ut in pnu'isely the) same way, if tlie line OQ^ have with the Hints I, 3, 4, o, a pair 
of traefors, and if Mj, (1^, //.j, lu* thes coordinates of a point on the line ()Q«, and 
similarly tor the lines OQ^, UQ^, OQ^, and the coordinates (A',, (A 4 , (u< 

{Fi, (Hi, JIA we have 

p F-i 4 o-tij 4 rJI 3 s= 0, 

pF,¥<T(l,+rIh = 0, 

pF ^ 4 4 T//4 = 0 , 

pAj 4 crdlt^+rlli, ~ 0, 

and thes<‘ eiiuations show that the live lines OQi, DQ^, OQa, Olh, ()Q^, lie in the plant' 

pa: 4 cry 4 TXT = 0 ; 

HO that this jilane is given as the. plane through the lines OQ,, OQ^, (/Q^, 
and we have thus (given the. lines J, 2 , 3, 4, ii, and tint arbitrary point 0) the eon- 
Htmetion of the lino («, A, c, f y, h) through 0 in involution with the given lintis. 

50. The original onefold relation may be replaceil by tho .six titpiatioim 
X(i 4 X|ft| 4 X-jOj 4 Xjffj 4 X 4«4 4 Xjtfj — 0, 

X 6 4 Xi(>i 4 X 36 .J 4 Xj 6 j 4 4 Xj 6 || — 0, 

\/t 4 Xi/ij 4 X .^/13 4 4 X 4 /i 4 4 Xj/ij = 0, 

and hence denoting as before the inomentH by 01, 02, 12, &c. wo have 

. XjO 1 4 X 3 O 2 4 Xj03 4 X 4 O 4 4 Xj05 =s 0, 

XIO . 4X»12 4 Xjl3 4 X4l4 4 Xjl5 — 0, 

X20 4X,21 . 4X,23 4 X424 4X,25 = 0, 

X30 4Xi31 4 Xj 32 . 4Xt344Xj3os®0, 

X40 4Xi 41 4Xj42 4X^43 • 4X(46ssi0, 

X50 4 XjSl 4 X 162 4 X 363 4 X 454 . *=0, 


to 
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• 

01, 

02, 

03, 

04, 

05 

10, 

. 

12, 

13. 

14, 

15 

20, 

21. 

. 

23, 

24, 

25 

30, 

31, 

32, 

. 

34, 

35 

40, 

41, 

42, 

43, 

. 

45 

50, 

51, 

52, 

53, 

54, 



a relation between the moments equivalent to the original onefold relation, and con- 
sequently expressing that the six lines are in involution. I have not obtained a 
symmetrical system of values for the ratios X ; \i : Xj : Xj : ^4 : X5. 

51. Keverting to the relation which exists between the point 0 and the plane fl, 
it is proper to remark that, since to any given point 0 there corresponds a single 
plane Cl, and to any given plane Cl a single point 0, it follows that the point 0 
and plane Cl are reciprocal figures ; viz. they are reciprocals of the particular kind 
treated of by Mdbius, wherein the reciprocal of a point is a plane through the point, 
and the reciprocal of a plane a point in the plane; and of which the analytical 
character is that the reciprocal of the point (a, /3, 7, 8) is the plane 

( . A/9 -gy + lB)a; 

+ {-hoL . +fy -i- mS) y 
+ ( ■ +^ 8 )^ 

4-(— ia —m^ — ny . )w = 0. 


Article No. 52. A geometrioad property of an involution of sue lines. 

52. The figure of six lines in involution is connected in various ways with the theory 
of cubic curves in space, for instance, considering a point A of the curve, this determines 
with any given line I a plane meeting the curve in two other points, and the line X 
which joins these two points may be called the projection of the line 1. This being 
so, if in any osculating plane of the cubic we have six lines, I, l^, Z*, Zj, Z4, Zg, 
tangents of a conic in that plane, the six projections X, Xi, X®, X®, X4, Xg of these 
tangents will be a set of lines in involution. I do not stop to prove this theorem 
or to develope any of its consequences. 


Article No. 53. To find the condition that four given lines may have a twofold tractor. 

53. Taking the coordinates of the given lines to be 

(a, 6, c, f, g, A), (oi, bi, Cj, f, g-i, Aj), (a®, 5®, c®, f, g®. A®), (a®, 6g, c®, f, g^, A®) 
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tlu'u if (/I, Jt, a, F, G, II) b(' tho oo( ml i nates nf a tractor of tho.s(' linos, v/v jiavo 

{F, a, II, 4-1, H, r'Dn., h,G,f, <j, //) = (), 

(F, G, II, jl, It, I>i, !h< 

{F, G, II, A, It, k, c,., Jl, ;k, //s) = (), 

(F, G, 11, A, It, Oilih, k, Ik, lk) = 0. 

In virtue of tlu'se. relations tlie. lutios A : It : C : F : G : II are ,s,nven linear 
functions (>f any one of tlu^so ratios or of an arbitrary ratio >!■ : v; and we thou havci 
AF+ JiG + (Gi = 0, a (iua<lrui wiuation for determining the unknown mtio. In tli<> 
case of a twofold t.raetor, this ('(juation must have, eiiual roots; whence employing as 
usual the inetlnxl of indeterminate multipliers, we find 

j.'l + Xa + XiOj + Xj^fa H" XjUj ~ 0, 

Jt + \l> + \slh "t" d" 

G + Xc + Xif’i + X-jOj + Xsfa = 0, 

F + Xy - 1 - Xji + + X;,/!, = {), 

G + X(/ + Xi//| + Xjf/a + Xaf/a = (I, 

II •\‘ \lt, + "I* Xa/l.j + \Jl<j — t). 

lleiuK* iH'presonting a.s b(‘lbni the inonumls of the }»airs of limss by 01, 02, &e., 
we deduce 

. X,0H-X,02 + X.,()S = 0, 

XI0+ . -|-X,12 + X.,K1=0, 

X20 + X,2I . +Xa2:} = (). 

x:l0+ xyll +X 3 J 12 . 

so that, as already mentioiu‘d, we have 

. 01, 02, 02 =0, 

10, . 12, 12 

20, 21, . 22 

20, 21, 22, . 

as the condition that the four given lines may have a twofold tnwitor. 



Article Nos. o-i to 50. HyperhohM ptwmg thmifih three (j'mn lines. 

54 Tho direct investigation is somewhat tedious; but I write down, and will 
afterwards verify, tho equation of tho hyperboloid passing through tho throe given lines 

(tti. k, Ci,/„ gi, K), (os, &„ c„/„ Ot, h), (a., k, c^,/,, k). 

Writing for shortness (agh), &c, to denote tho determinants 

(h, gu k . &c. 
a„ ga, k 
17»> k 
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the equation of the hyperboloid is 

(agh)al^ + {hhf)f + {cfg)!^ 

+ [{o^) - (coA)] aJW + Wg) 

+ [{hch ) - {ahf)] yw + [{cgh) 

+ [(c«/) - (beg) ] zw + [{ahf) 

In fact, we have 

{agh) = Ck (gJh - gA) + gi (/* a - ka^) 
= a. gh + g.ha 

where a, &c. stand for &c. and gh, &c. for gA 
equation may be written 

a? {a. gh +g. ha + h. ag) 

+ y^{b. hf + h.fh +/. bh ) 

+ z^ {e.fg+f.gc +g.ef) 

+ (a . 6c + & . ca + c . a6) 

b. 


+ {alo) 

■^{ehf)]yz 
+ {afg)]^‘>! 

+ {bgh)]{cy = 0. 

■\-h,ag, 

&c. Hence the foregoing 


o5. 



a .bg-\-b 
— e .ah — a 

.ga + g.ciJ)\ 
.ho —h. ca) 


/ 

’ b .ch + c 

.hb 

— h.bo\ 



-a.bf-b 

.fa 

-f.ab) 

+ ZVJ ^ 

0 . af+ a 
— b .eg- c 

■A 

■ gh 

+/• ea \ 
-g.bo) 


is 






be .w{ 


hy-gz + aw) 


+ ca.w{- 

■ hx 

+fz + bw) 


+ ab .w{ 

gx 

-fy 

+ cw) 


.fg +f.9b+g.bf\ 
. hf+h.fo +/. ohj 

.gh + g .he +h. cg"^ 
'-•fg+f-ga+g.afJ 

.hf + h.fa+f. cA\ 
.gh + g.hb + h.bg) 


+ gh.x {(MS -^-by + cz) 

+ hf .y (cKC + 6y + cz) 

+fg.z {aos + by + oz) 

+ af {w {ass + by + cz) — SB { 

+ bg [w {ass + by + cz) — y{--hss 
+ oh [w {ass + by + ez)~z{ gss- 
-bf.y{ hy-gz + aw) 
-of.z { hy-gz+aw) 

— eg. z {—hss +fz + bw) 
~ag.ss{—hss ■{■fz-\-bw) 

— ah. ss {gss —fy + cw ) 
-hh.y(gx-fy +cw) = 0. 


hy~gz + aw)} 
+fz + bw)} 

■fy +cw)} 
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r) 6 . Hence writing 

{X, i; Z, F) = . , ft, - < 7 , 

-ft, • , /, ft, 

<7, y, • , c, 

— (l, — ft, — c, . 

the foregoing t'ijnation is 

hr, . wX + ca . w T + (?ft . loZ — <jh . xVf —hf .yW —fy.zW 
+ -ft//(w'F + v/r) + 

— hf. yX — cy .sV— ah . a;Z — r/. sX — ay . .r Y — hh . yZ = 0 ; 

or, collecting and iirranging, this is 

A” (— af . X — h f . y — rf . z hr, . wj 
+ V' (— ay . X — by . y — ry . s + m. . ?('} 

+ Z \— ah . X — hh .y — ch.s + ah . «'{ 

+ 11 '' [- yh . X - hf. y —fy . z + (af. + hy . + eft, .) w) = 0 , 

which is satisfied hy X^O, Fs=0, Z=0, IF — 0 ; that is, since (a, ft, c, /, y, ft.) have* 
hocn written in place of (o,, fti, c,, ft.,), by A', = 0 , F, = 0, = Tf, = () (if we 
tlins denote the corri'sponding functions of («,, ft,, y,, ft,)), that is, the hyperboloid 

passes through th(! Iin<> (it,, ft,, c,,/,. //„ ft,); ami similarly it passes through the other 
two lim‘ 8 . 

Article Nos. ">7 and 58. The .v'x oaordiiiaku (kftmd a-a to thmr almilute, mayiiUudea. 

57. In all that procedes, tin* ah-solule magiiitudi's of the coordinates havi^ been 

left indeterminate, only the ratios being atUmded to. But the maguitmh's of tliii six 

(ioordinates may be fi.xed in a very simple manner as follows; viz. using ordinary 
rectangular coordinates, tlum for any line, if x^, y„, aro the coordinates of a ])artieular 
point on this lino, and a, 0, 7 tlm inclinations of the lino to the axes, the coordinates 
of another point on the line are 

iTo + rcosa, yo + rcos/S, ^fj + rcosy; 

and hence writing 

a!« + rcoH«, yn + rcoHjS, Zt + rcody, 1 , 

Xfi ,27* j ^0 I I, 

we have 

a :b : c :f: g : h — Zt(i05$ -y,)CQdy : ^ocosy-^jcosa : y,co 8 / 3 -»o 00 sa : cosa : cos/S : cosy. 
Or wo may take 

a=s 0 o cos /S-y» cosy, /=cosa, 
ft = cos y — cos a, ys=C08/8, 
c =»yo cosa — «o cos ft»=cosy, 



435] 


ON THE SIX COORDINATES OF A LINE. 


89 


values which of course satisfy, as they should do, the relation + cfe = 0. It is 

hardly necessary to remark, that the values of a, 6, c are not altered on substituting 
for ccq, yo, <2^0 the coordinates iCo + scosa, yo + ^cos^, js^oH-scosy of any other point on 
the line. 

58. Considering any two lines (a, 5, c, /, g, h), (dj, 6i, Ci, /i, Aj), if we define 
the moment of the two lines to be the product of the perpendicular distance into the 
sine of the inclination of the two lines, then we have, Moment 

= a/i + hg^ + cAi +/di +ghi + Ac^, 

viz. we have now a quantitative definition of the function of the coordinates previously 
called the moment of the two lines. 

For the demonstration of this formula it is to be remarked, that taking on the 
first line a segment of the length r, the coordinates of its extremities being (iPo, yo^ 
and {xq + r cos a, y© + ^ cos y8, ZQ-\-r cos 7), 

and on the second line a segment of the length the coordinates of its extremities 
being (a?o', yo', ^oO (^o^ + ^icosaj, yo' + ri cos /3i, V + ^1^0371) and joining the extremities 
of these segments so as to form a tetrahedron, the volume of the tetrahedron is 

= + clh +/di -h y6i + 7iCi). 

But the volume of the tetrahedron is also equal to J of the product of the opposite 
edges into their perpendicular distance into the sine of the inclination of the two 
edges (^); that is, it is into the moment of the two lines, and we have thus 

the formula in question. 


Article Nos. 69 to 75. Statical and Kinematical Applications. 

The coordinates (a, 6, c, /, y, A), as last defined, are peculiarly convenient in 
kinematical and mechanical questions, as will appear from the following investigations. 

59 . Using the term rotation to denote an infinitesimal rotation, I say first that 
a rotation X round the line (a, 6, c, /, y, A) produces in the point (x, y, z) rigidly 
connected with this line the displacements 

8aj = X.( . ^hy+gz-a), 

8y = \( hx . -fz-h), 

= X (- gx +fy . - c ). 

1 I take the opportunity of mentioning a very simple demonstration of this formula : taking the opposite 
edges to he r, rj, their inclination and perpendicular distance -h', the section of the tetrahedron by a 
plane parallel to the two edges at the distances h-z from the two edges respectively is a parallelogram, 

the sides of which are - and ^ respectively, and their inclination is =5; the area of the section is 

therefore ,z{h-z) and the volume of the tetrahedron is 0 J ^z (h--z) dz, =irrih8m0. The 

same result is however obtained still more simply by drawing a plane through one of the two edges perpen- 
dicular to the other edge; the volume is then equal to the sum or the difference of the volumes of two 
tetrahedra standing on a common triangular base; and the required result at once follows. 

0. VIL 


12 
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la fact assuming for a moment that the axis of rotation passes through the origin, 
then for the point P coordinates x, y, z, the square of the perpendicular distance from 
the axis is 

( . — 2 / cos 7 + ^ cos (Sy 

+ ( « cos 7 . — X cos a 

+ (— a; cos ^ cos a . y, 

and the expressions which enter into this formula denote as follows; viz. if through 
the point P at right angles to the plane through P and the axis of rotation we 
draw a line PQ, = perpendicular distance of P from the axis of rotation, then the 
coordinates of Q referred to P as origin are 

. — ycos 7 + ^r cos /S, 

X cosy . — ^ cos a , 

— a; cos ^ + y cos a . , 

respectively. Hence the foregoing quantities each multiplied by X are the displacements 
of the point P in the directions of the axes, produced by the rotation X. 

60. Suppose that the axis of rotation (instead of passing through the origin) pass 
through the point (x^, y^, z^); the only difference is that we must in the formula 
write (a! — a!o, y — yn, z — z^ in place of {x, y, z): and attending to the significations of 
the six coordinates, it thus appears that the displacements produced by the rotation 
are equal to X into the expressions 

. -hy + gz-a, 
lix . -fz — h, 

- g(o +/y • - c. 

respectively; which is the theorem in question. 

61. I say secondly that considering in a solid body the point (ar, y, z) situate in 
the line (a, h, c, f, g, h), and writing 

h c, f, g, h=zcos^ — ycosy, xcoay — zcosa, ycosa — xcosfi, cosa, cos/S, cos 7 , 

then for any infinitesimal motion of the solid body the displacement of the point in 
the direction of the line is 

= ap + hq + cr+fl+gm + hn, 

where p, q, r, I, m, n are constants depending on the infinitesimal motion. 

In &ct for any infinitesimal motion of a solid body the displacements of the point 
{x, y, z) are 

Zx = l . +ry — qz, 

By = m — rx . +pz, 

Bz = n+qx—py . , 
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and hence the displacement in the direction of the line is 

= cos a SiB + cos + cos 7 Sz, 

which attending to the significations of (a, b, c, /, g, h) is 

= ap + bq + cr +fl+ gm + hn, 
and we have thus the theorem in question. 

62. It thus appears that for a system of rotations 

Xj about the line (oi, &i, Ci, fi, gi, K), 

Xg j, (ffij, hg, Cg, ffil ^ 2 )) 

&C. „ . &C. 

the displacements of the point («, y, z) rigidly connected with the several lines are 

Sa; = . — j/SAA + z%g\ — 2 aX, 

= s^TfCh. . — z'%fK — 262 , 

Bz = — so%gX + 2 / 2 /X . — 2cX, 

and when the rotations are in equilibrium then the displacements ( 8 a:, By, Bz) of any 
point (x, y, z) whatever must each of them vanish; that is, we must have 

2xa=0, 2X6=0, 2X0 = 0, 2x/=0, 2X£f = 0, -Z\h = 0, 

which are therefore the conditions for the equilibrium of the system of rotations 
Xj, Xg, &C. 

63. And it further appears that for a system of forces acting on a rigid body, 

Xi along the line {(h, 6i, Ci,/i, gi, Jh), 

Xg „ (<* 2 , 62 , Cg, fi, g^, 6 g), 

&C. 

the conditions of equilibrium as given by the Principle of Virtual Velocities is 

2X (ap + 65 -t- or +fl+gm + hn) = 0, 

or what is the same thing, that we have 

2Xa = 0, 2X6 = 0, 2 X 0 = 0, 2x/=0, 2xsf = 0, %\h=0, 

for the conditions of equilibrium of the system of forces &c. The conditions 

of equilibrium are thus precisely the same in the case of a system of rotations 
(infinitesimal rotations) and in that of a system of forces. 

64. It now appears that the greater portion of the investigations in the first 
part of the present paper are appUcable, and may be considered as relating, to^ the 
equilibrium of forces (or of rotations; but as the two theories are identical, it is 
sufficient to attend to one of them), and that we have in effect solved the following 

12—2 
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(|ucsti(>n, “ Given any system of two, three, four, fiv(^ or six lini's considered as belonging 
to a solid body, ti) dott'nuine the ndations between these lines in order t,hat then! 

may exist along them forces which aro in cunilibrinm but for greater clearness I 

will consider the several eases in ordiw; it is hardly necessary to remark (.hat when 

the forces exist the e(]uilibrium will dejx'nd on tin; rat.ios only, and that the absoluLs 
inaguitiide of any one of the forties may be jissunu'd at pleasurt!. 

G5. The condition in the case, of two lines is of course that these shall coincidti 
together, or form one and the same lino; and tht' forces aro thou c([ual and (>j)i)osito 
forces. 

CG. In the case of thri'c liims, tlu'sc must mecit in a point and lie in a j)lane; 

and the force along each lino must them bt; as the sine of the anglti Ixitwoou (,h(> 

other two lines. 

()7. Huppo-sing that tlui forces are X along the liiui (a, h, o, f, //, h), along tin* 
line (ff,, bi, Ch, J], tju bi), and X^ along the line (rt..,, k,, ('■«, t/i, /(..), th(‘ eoiulitions of 

etpiilihrium are \a + XiU, -t-XjUijssO, X/i +X,/(, + X.j/).j^(), any two of which del.ormine 

tlu! ratios X : Xi : X.j; the.si! ratios wt'n; not worked out aiife No. 38 for the r('ason 
that with tin* coordinatt'S tlu'rc! made. us(i of, a symmetric, nl solution was not obtainable ; 
but in th(i prcsimt cast', selecting (.lie last thrim eipiations, tluisc aro 

X cos « + X, cos ot, + X.J cos a.i = 0, 

X cos 0 + Xi cos jS, + Xi (! 0 H = 0, 

X cos 7 + Xi cos 7 , + X.J cos 7 ^ = 0, 

giving in the first instance an ctpiation wbie.h expresstis that the tlmui lintis (assumed 
to nuHil in a point) lie in the samt' plane: and tlusn if 01 , 02 , 12 k* tin: angles 
kitween the ])airH of lines respectively, giving by an easy transformation 

X d" Xi cos 0 1 H* X« cos 02 « 0, 

X cos 1 0 + Xi + Xj, cos 12 = 0, 

X cos 20 + Xi cos 21 + Xj =0. 


6‘H. Putting fur shortuess A, Ji, 0 in the place of 12, 20, 01 respectively, we 
thence find 


that in 


1 


0 , 


, ces C 
cos 0 , 1 

cos li , COB A 

1 — cos’ A — cos’ B — cos’ G+ 2 cos COB i? cos (7 — 0, 


, cos B 
, cos A 
, 1 


oquivalont to A+B+ 0>s2t; and thou from tho firat and second equations 

X : Xi : Xj = coail cos O—cosjB : cna B con 0 ~ cos A : 1— cos’ (7, 

=a sin J. sin (7 : sin J5 sin (7 : sin* (7, 

= sin J. : sin B : sin 0, 

which is tho required formula. 
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69. In the case of four given lines the condition (as noticed by Mobius) is that 
the four lines shall be generating lines of the same hyperboloid. In fact every line 
which meets three of the four lines must also meet the fourth line; for otherwise 
the moment of the system about such line would not be = 0 , Calling the lines 
0, 1, 2 , 3 and writing as before 01, 02, &c. for the moments of the several pairs of 
lines, then taking the moments of the system about the four lines respectively, we 
obtain directly the before-mentioned system of equations 

. XjOl + X ,202 + XjOS = 0 , 

XIO . +\2l2 + \gl3 = 0, 

\ 20+\,21 . +Xg23 = 0 , 

\30 + X|31 H” \i41 . = 0 , 

leading as before to the relation 

+ Vo2 V3l + Vos Vl2 = 0, 

and to the values 

\ X3 = VH : '/IsVSOV'oI : VsoVoTVll ; 

for the proportional magnitudes of the forces. These last equations give 

XXi 01 ” XjXg 23) 

which, representing each force by a segment on the line along which the force acts, 
denotes that the tetrahedron of any two of the forces is equal to the tetrahedron of 
the other two forces; this is in fact equivalent to the theorem of M. Chasles, that 
if a system of forces be in any manner whatever reduced to two forces, the tetra- 
hedron formed by these two forces has a constant volume. 

70. In the case of five given lines, the lines must have a pair of tractors. Any 
four of the lines have in fact two tractors; and each of these tractors must meet 
the fifth line, for otherwise the moment of the system about the tractor would not 
be = 0. In the case where the four lines have a twofold tractor, the foregoing con- 
sideration shows only that the fifth line meets the twofold tractor, but it fails to 
show that the twofold tractor is a twofold tractor in regard to the fifth line. 

71. I stop to consider this particular case under the present statical point of 
view. Taking the twofold tractor for the axis of z\ let the line 0 meet this line in 
the point ( 0 , 0 , c), the coordinates (a, b, o, /, g, h) of this line being consequently 

(c cos j 8 , — c cos a, 0 , cos a, cos /S, cos 7 ) 

and the like for the other four lines 1, 2 , 3, 4. Using the sign S to refer to the 
last-mentioned four lines the equations of equilibrium become 

Xc cos + SXjCi cos = 0, 

Xc cos a + SXiCi cos Wx = 0, 

X cos a + 2Xi cos = 0, 

X cos /8 + SXi cosy9i = 0, 

X cos 7 -b 2Xi cos 7 i = 0. 
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These equations give 

SXiCi cos _ c cos j3 ^ 

SXjCosai cos a ’ 

we may without loss of generality take the homographic conditions which express that 
the axis of ^ is a twofold tractor of the four lines to be 

Cl cos /3i _ Ca cos jSs __ Cg COS /3s _ C 4 CQS /94 _ ^ 
cos cos Oa Os COS ^4 

and this being so, the last-mentioned equation becomes 

cos a ’ 

and it thus appears that the axis of ^ is a twofold tractor in regard also to the line 0 . 

72. In the case of six lines such that there exist along them forces which are in 

equilibrium, taking this as a definition of the involution of six lines, we may very 
readily obtain from statical considerations the before-mentioned construction of the sixth 
line; viz. it may be shown that given any five of the lines, say the lines 1, 2, 3, 4, o 
and a point 0 , we can through the point 0 determine a plane O, such that any 
line whatever through the point 0 and in the plane is in involution with the five 
given lines. Consider the tractors of any four of the lines, say the lines 2, 3 , 4, 5 ; 
we may through the point 0 draw a line OA meeting the two tractors ; that is, the 
lines 2 , 3, 4, 5 and the line OA will have a pair of common tractors. There con- 
sequently exist along these lines forces which are in equilibrium; and since only the 
ratios are material, the absolute magnitude of the force along the line OA may be 
anything whatever. Similarly, considering the tractors of the lines 1 , 3, 4, 5, and through 
0 a line OB meeting these tractors, then there exist along the lines 1 , 3, 4, 5 and 
the line OB forces which are in equilibrium, and the absolute magnitude of the force 
along the line OB may be anything whatever. Hence, combining the two sets of 
forces, we have, along a line through 0 in the plane OA^ OB, but otherwise indeter- 
minate in its direction, a force in equilibrium with forces along the lines 1 , 2 , 3, 4, 5 ; 

that is, the line found as above is a line in involution with the lines 1 , 2, 3, 4, 5. 

73. It is to be added, that through 0 we cannot, out of the plane OA, OB, draw 
a line in involution with the lines 1 , 2 , 3 , 4, 5 ; for if any such line OK existed, 
then we should have along each of the lines OA, OB, OK forces in equilibrium with 
forces along the lines 1 , 2 , 3 , 4 , 5 ; and the magnitudes of the three forces being 
each of them anything whatever, it would follow that along any line whatever through 
the point 0 there would exist a force in equilibrium vnth forces along the lines 
1 , 2 , 3 , 4 , 5 ; that is, any line whatever through the point 0 would be a line in 
involution with these lines. 

74 . It hence appears, that drawing OA to meet the tractors of 2 , 3, 4, 5 ; OB 

to meet those of 3 , 4, 5, 1; OG to meet those of 4, 5 , 1 , 2 ; OD to meet those of 
5 , 1 , 2 , 3; and OE to meet those of 1 , 2 , 3, 4; the lines OA, OB, OG, OD, OE will 

be in one plane, say the plane fl: and that any line through 0 in the plane fl will 

be a line in involution with the lines 1, 2, 3, 4, 5. 



435] 


ON THE SIX COORDINATES OF A LINE. 


95 


75. There is another statical representation of the involution of six lines. If a 
system of forces act on a solid body, then taking six lines at random, the system 
will be in equilibrium if the sum of the moments be =0 in regard to each of the 
six lines. But if the six lines he in involution; then, for the very reason that a 
rotation about one of these lines is resolvable into rotations about the other five lines, 
if the sum of the moments be = 0 for each of the five lines, it will also be = 0 for 
the sixth line: that is, it is not sufficient for the equilibrium of the forces that the 
sum of the moments shall be =0 for each of the six lines. And we thus see that 
six lines in involution are lines such that the equilibrium of a system of forces about 
(iach of the six lines as axes does not insure the equilibrium of the system. 


Article Nos. 76 and 77. Transformation of Coordinates, 


76. Reverting to the general definition of the six coordinates (a, h, o, /, g, h) of 
a line by means of the points (a, / 8 , % S) and (a', /3', 7 , S') on the line; suppose that 
instead of the original coordinate planes a?= 0 , = 2 = 0 , w = 0 (forming a tetrahedron 
Ai?( 7 D) we have new coordinate planes ^^ 0 = 0 , ^o — O, Wo =0 (forming a tetrahedron 

AoBoCqDo) ; and that the relations between the two sets of current coordinates are given 
by the equations 

X : y : 2 : w= (Xi, jmi, Vi, pi^Xo, yo, 

: (\3, V 2 , J/o? * 2 ^ 0 ) 

• (X«J P'Zi ^3» P'i$J^0> yi^} ^^9 *^ 0 ) 

• (^4> /^4> ^4> Pi$J^0} yat '^o)> 


with, of course, the like relations between the original coordinates (a, 7 , 8 ) and new 

coordinates (oco) / 3 o» 7 o> ^o)> between the original coordinates (a, /3^, 7 , 8 ) and the 
now coordinates {olq, jo, Sq), of the two points on the line (a, 6, c, f g, h) ; then 
taking (cio> ^qj f 9 ffot ^^ 0 ) the new values of the six coordinates of the line, viz, 
writing 

ao : bo : Cq : Jo • ffo ^ "0 

= i8o7o^ * 7o®o^““7o^®o • "“A^o • 7oSo “7oSo> 

we obtain a system of formulae which may be conveniently written as follows: 


a : b : c :f : g : h 



viz. the top line stands for (^ 21 / 3 -/a 8 V 2 )c^o + (^' 2 X 8 — ^8^)^o+ and the other lines are 
obtained from this by mere alterations of the suffixes. 
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77. As to the intorpretatieu of those fonmila3, taking 


A BOD as tho 

fundatnental 

totrahedr 

Oil for (ic 


w; ), 

AMDg 



»? 


)? j/oj ^Of 





1 2/i>' “») = 

0 is the 

c<{uation 

of plane 

BOD, 

(^Jl 



» ) = 

0 

» 


OJ)A, 



p^\ 

) = 

0 



PAH, 


H'iy Vi, 

pA 

) = 

0 

>1 


ABO. 


whoiice, observing that t.he second and third c<mationH belong to two jilaues eao.li 
passing thnnigh the line J)A, it appears that the coefUcioni,8 

fx,v I'X X/t Ap fip vp 
2:1’ 23’ 23’ 23’ 23’ 23’ 

are tilio. six coordinates of tluj liini 7)^1, o.xpresse.d in regard to the tetrahedron 
and similarly that the cooflh'umts in tht) six expressions of tho trans- 
formation formula are the six eoonlinates of the lines j1/^, HI), 01), JiO, OA, All 
rcspeetivoly in regsird to the tetrah('dron {Atl{„0„I}„). 

In th(i pnsa-ding formuhe for tlni transfonnation of coordinates the rai.ios only hav(^ 
been attemled to, no deU-nninate absolute magnitmh's have bi^eu lussigned to th(i 
coordinates {<i, b, c, f, (/, k). But I will nevtirtheluss show how we may attribute 
absolute magnitudes to those coordinates. 

Articki Noa 78 to 80. JVem definition of the dx coordmttes (us to tkdr dmlde 

iimjnitu-dtiH. 

78. I sLMSunui {», y, z, vi) to be “volume” coonlinatcss ; viz. taking as Insforo AliOl) 
for the fundamental tetrahedron, and (Uuntting the point (,'c, y, z, w) by J*, I assume 
that wo have 

» : y : « : w : 1 = PHOD : APOD : AH PI) : A HOP : AUG I), 

where PltOl), &e.. denote the voluimjs of the several tetrahedra PHOD, &:c. It is to 
bo noticed that tho volume is in eviu'y ease token with a detiirminato sign: analytioally 
tho sign may bo fixed by taking (aj^, y*, z^i), ^e.., ius tho Uartosian coordinates of the 
points A, &!c. and writing 

PHG2) ^ Xp, Xf,, Xg, Xfi I &!c« 

ypt ybi yet yd 
Zp, Zif, Zg, Zd 
1 , 1 , 1 . 1 

(whence of course PBCD = POP A » - POBD, &c. according to tho rule of signs) : or 
wo may in an equivalent manner, but loss easily, dotormino tho sign, by considering 
the sense of tho rotation about CP (considered as an axis drawn from G to P) which 
would bo produced by a force along PB (from P to B). 
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79. It is to be observed that the foregoing values give identicsally ic + y-\-z + w = X, 
so that the equation of the plane infinity is x y z + w = The values of the 
coordinates («, y, z, w) may be written 

X :y z : w : 1 = PBGD : PGAD : PABD : PGBA : ABGD-, 

or in the original form 

x-.y-.z-.w-. 1 = PBGD -. APGD -. ABPD : ABGP -. ABGD, 
as may be most convenient. 

80. Denoting the points (a, yS, 7 , S) and (a', yS', 7 ', S') by Q, Q respectively, we 

have 

a -. B : 7 : S : 1 = QBGB : AQOD : ABQD -. ABGQ -. ABGD 

and 

a' : : 7' : S' ; 1 = Q'BGD -. AQ'GD : ABQ'D : ABGQ' ; ABGD, 

and writing 

(a, b, c,f, g, h) = (By'-B'y, ya’-y'a, ayS'-ct'/S, aS'-a'S, ygS'-yS'S, yB'-r/B), 

viz. the two sets being taken to be equal, a = y 37 ' — /S' 7 , &c. instead of merely pro- 
portional, then it is easily seen that we obtain 

a: b : c : f : g -. h : 1 

= AQQ’D -. Q'BQD -. QQ'GD -. QBGQ' -. AQGQ -. ABQQ: -. ABGD, 

that is, in order to form the first six combinations we successively replace 
(B, O), {G, A), {A, B), {A, D), (B, D), (0, D) 

in ABGD by {Q, Q'). 


Article No. 81. Residtiug formulce of Tramsformation. 

81. For the transformation of coordinates if we assume 

X = (\i, /ii, vi, /0i$®o. yo, ^ 0 . w'o), 

y = (\s, g-a, V3, paj „ ), 

z = (^. Ihy Va, „ ), 

W - (Ki, /i4, Vi, pi'$_ „ ), 

and take also (a, b, c, f, g, h), (a,, bo, c,, /,, go, h) respectively equal, instead of merely 
proportional, to the foregoing values, then, observing that for the point Ao we have 
(®o, Vo, Za, «'o) = (l, 0, 0, 0) we see that X*, X,, Xi are the AJSCD - coordinates of 
j-o! and the like as to the other sets of coefficients; viz. we have 


Xi : \a : Xs : \ : 1 : 

AAoGD 

ABAoD -. 

ABGAo 

ABGD 

• /^4 • 1 " -So >9 • 

V -So ff 

» -So J9 • 

99 Go 

>9 

Vi : V 2 : Vz : 1^4 • 1 = » • 

« Go « ; 

J) Go 9f : 

99 0, 

99 

pi • p2 • Ps 'Pi i 1 ~ „ : 

« -So I 

W 'Go 99 • 

99 Go ' 

99 


0. vn. 
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and wc hence find 


: AO.A.D : AA,B,D : AAJ\D : AB,D,D : AC,D,D : ABGI) 
viz. multiplying the last-nicntioncd Hct of tcrmn by A^yB^G^^DQ^ ABGD, in order to 
make the last term ccpial to unity, wo see that the coefficients ^ 2 ^ ccpial 

(-4/iOjD)o — coordinates respectively of the line AD by means 
of the points /I, D thereof. And similarly in the six expressions which enter into the 
fonnula of transformation, the coefficients are (-4 7i(7i))o - coordinates 

of the 

lin<* AD in regard to points A, D thereof 
„ BD „ B, D „ 

„ GD „ C, D „ 

» BO „ ii, G „ 

» GA „ r/, .4 „ 


Tht^ fon^going theory of the transformation of coordinates seemed to ma interesting 
for its own sakc^ and I have <lov(dop<}d it in preference to the more simple theory 
which might easily be established of the case in which the coordinates are <piantitativ<ily 
<lcfined as being C(iual to 

(jffo cos ^ — cosy, cos 7 — .(Tu cos a, cos yS — cos a, cos a, cos/3, coKSy) 


respectively. 
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ON A CEETAIN SEXTIC TOESE. 

[From the Transactions of the Cambridge Philosophical Society, voL xi. Part m. (1871), 

pp. 507—523. Eead Nov. 8, 1869.] 

The torse (developable surface) intended to be considered is that which has for its 
edge of regression an excubo-quartic curve, or say a imicursal quartic curve. I call 
to mind that (excluding the plane quartic) a quartic curve is either a quadriquadric, 
viz. it is the complete intersection of two quadric surfaces ; or else it is an excubo- 
quartic, viz. there is through the curve only one quadric surface, and the curve is the 
partial intersection of this quadric surface with a cubic surface through two generating 
lines (of the same kind) of the quadric surface. Returning to the quadriquadric curve, 
this may be general, nodal, or cuspidal; viz. if the two quadric surfaces have an 
ordinary contact, the curve of intersection is a nodal quadriquadric ; if they have a 
stationary contact, the curve is a cuspidal quadriquadric. 

The unioursal quartic is a ciirve such that the coordinates te, y, z, w) of any point 
thereof are proportional to rational and integral quartic functions {*'^6, 1)^ of a 
variable parameter d; and the general unicursal quartic is in &ct the excubo-quartic; 
but included as particular cases of the unicursal curve (although not as cases of the 
excubo-quartic as above defined) we have the nodal quadriquadric and the cuspidal 
quadriquadric. The torse having for its edge of regression a unicursal curve is a sextic 
torse; and this is in feet the order of the torse derived from the excubo-quartic, and 
from the nodal quadriquadric; but for the cuspidal quadriquadric, there is a depression 
of one, and the torse becomes a quintic torae. The equations have been obtained of 
(1) the sextic torse derived from the nodal quadriquadric, (2) the quintic torse derived 
from the cuspidal quadriquadric, (3) the sextic torse derived from a certain special 
excubo-quartic ; but the equation of the torse derived from the general unicursal quartic 
has not yet been found. To show at the outset what the analytical problem is, I 

13—2 
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anticipate the remark that the ceordiiiatos {iv-, y, 3, w) of a point on the curve may 
by an obvious reduction bo rendered proportional to the fourth powers (0 + «)■*, (6 + ^)*, 
(d + 7)*, (6 + Sy ill the parametior 0 ; this leatis to an ciiuation 

w y z w _ . 

(#+ a)“ ^ ( 6 + {6 + 7)= ^ + 8y “ ' 

for the osculating plane at the point (.c, y, z, w ) ; or observing that this o(piation, 
when iutegralised, is of the form (jv, y, z, 1)“ = 0, vn) see that the equation is 

obtained by e(iuating to zero thti discriminant of a certain sextic function in 6 ; the 
discriminant is of the ordi'r 10 in tin*, coordinates (tv, y, 3, w), but it obviously contains 
the factor xyzw, or throwing this out we have an eciuatiou of the. order (i, so t.hat 
the tome is (as above stated) a si?xtic tome. 

Theorem relating to Four Binary Quuiiics. 

1. Consider the four tpiartics: 

(((\, bi, o‘i, dj, yY, 

(«a. hi, Ca, da, y)*, 

((k, k, Ca, <ii, yY, 

((’a, bu Ct, (it, 64$*, yY> 

thou if \i, \g, \a ar(! any four quantities, these may bo determined, and that in 

four dififerent ways, so that 

x,(rtj, yY+\,((k,-]l»!. yY+M<h,-^‘», y)‘ + ^4(a4,. y)‘=(^a-'+o«/)^ 

a perfect fourth power; in fact, equating the coofficionts of the different powers 
of (», yY, wo have five equations, which determine the ratios of the unknown qtiantitios 
\i, Xj, X,, X*; a, /3: eliminating Xj, Xj, X,, Xj, we find the ciiuation 

jS*, /8»a, /So*, o* =0, 

I hi , Cl , di, 61 

Ck, hi , Ci , di, Bi 

> hi, Of , dj , e» 

0^4 » ^4 > 0 * ) di, 64 

giving four different values of the ratio a i j3; or, assigning at pleasure a value to 
a or /8 (say ) 8 =sl), then to each of the four sets of values of ( 0 , / 8 ) there coitespond 
a determinate set of values of (Xj, Xj, X„ Xj); that is, wo have as stated four sets of 
values of X,, Xj, X», X 4 ; 0 , / 8 . 
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Standard Equation of the Unicursal Quartic, 

2 . The coordinates (js, y, z, w) being originally taken to be proportional to any 

four given quartic functions 1 )^ of the parameter 6, then forming a linear 

function of the coordinates, we have four sets of values of the multipliers, each reducing 
the function of ^ to a perfect fourth power; that is, writing (X, F, Z, W) for the 
linear functions of the original coordinates, and taking (X, Y, Z, IF) as coordinates, it 
appears that the unicursal quartic may be represented by the equations 

X ; F ; F ; F=(0 + a)‘ : {6 + : {6 + ff : (0 + S)^ 

Tangent Line, and Osculating Plane of the Unicursal Quartic. 

3. The equations of the tangent line at the point (6) (that is, the point the 
coordinates whereof are as (d + a)^ : (d + ^y : (d + 7 )* : (d + S)*) are at once seen to be 

X, F, Z, W = 0 . 

(e+ay, (e+^y, {e+yy. (6 + By 

(6 + a)*, (e + fiy, ( 0 + yy, (o + s)» 

and that of the osculating plane to be 

X, 7, Z, W =0. 

(e+ay, (d+/3)^ (0+yy, (o+sy 
(d+ay, (0+^y, (B+yy, (o+By 
(0+ay, (e+^y, (e+yy, (e+By 

Writing as in the sequel 

a = ^-y, f=a-B, 
h=y — a, g = ^-B, 
o = a-0, h = y-B, 

the equations of the tangent line become 

hY gZ . aZ 

(0+^y (0+yy (e+By • 

+_^ + _M_ = o 
+_^=o 

(e+ay (0+sy ‘ (e+By ’ 

aX hY cZ 

(B+ay (e+0f (e+yy 

(equivalent of course to two equations), and the equation of the osculating plane becomes 

cdigX , hhfY , gfcZ abcW 

(e + ay'^(e+^y (e+yy (e + By 
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Modifioation of Hie foregoing notation, and final form, for the Umeiirsal Qmrtic. 

4. If instead of the coordinates (X, T, Z, TF) wo introduce the coordinates {to, y, z, w) 
connected therewith by the relations 

ahgX : hbfY : gfeZ : aheW = a; : y : z : tu, 

or, what Is the. same thing, 

X : Y : Z : TV = bofx : cagy : ahliz : fglm, 

then the curve is given by the c(inations 

a: : ?/ ; .3 : w = altg (6 + a)‘ : hbf(d + 0y : cfg {6 + y)‘ : abc {9 + By. 

The ecinations of the tangent line ai'e 

cy , fio 

{9 + fiy~'{9+yy'^{9 + By 

cti! . . !l'‘" _n 

bai ay hw _ .. 

ie+ay~'{9+0y • 

_ > m hs _ 

{e+ay {e+^f {d+r^y ' 

and the eimation of the oscillating plane is 

{9 + ay ^ + ny ^ {9+ if {9 ■¥ By 


Detenmavtion of tlie iSetetk Torse. 

T). Starting from the wiuation of the osculating plane written under the form 

os{9Jr^y{9 + i)^{9-y By 
•vy{9 + iy{9->r By{9'¥ay 
■^z{9 + By{9+ay{9^-^y 
+ w + a)* (^ + $y {9 + if = 0, 

the equation of the torse i.s obtained by equating to zero the discriminant of the sextic 
function. Writing as before 

/=a-8, 

b^y-a, g<=‘fi-B, 

<;»«— ( 8 , h^y-B, 
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h - g + a =0, 

— ^ ~0> 
g -f . +c =0, 

— a—h—G . =0, 

h^-gr^+ah-O, 

— hci . 4* 63 = 0, 

ga -/yS . + cS = 0, 

— aa—b^ — cy . =0, 

and also 

af+bg +ch = 0, 

then the discriminant is a function of («, y, z, w), {a, b, c, f, g, h) of the degi-ee 10 
in {os, y, z, w) and the degree 30 in {a, b, c, f, g, h). But the equation in ^ has two 
equal roots, or the discriminant vanishes, if any one of the quantities (x, y, z, w) is 
= 0 ; and again, if any one of the differences a — yS, &c. (that is any one of the 
quantities a, 6, c, f, g, h) is = 0 : the discriminant thus contains the factors ssyzvf and 
(dbc/ghf, and throwing these out, we have an equation of the form 

A = (a, 6, c,/, g, h)^{x, y, z, «;)®=0, 

which is the equation of the sextic torse. 


Principal Sections of the Torse. 

6. Consider for instance the section by the plane w = 0. Writing w = 0, the equation 
of the osculating plane is 

{0 + by \x {6 4 - Sy 4" 7 )® 4- y 4- fy {6 4- a)^ 4- ^ 4- af {0 4 - yS)®] = 0. 

The discriminant of the sextic function vanishes identically in virtue of the double 
factor (^4-3)®. But omittmg this fector, the equation becomes 

x(0 + yS)® {0 + yy + y(0 + yy {0 ay +z{0 + a)® {0 4 - y8)® = 0. 

The discriminant of this quartic function of ^ is a function of x, y, z, a, 6, c of 
the degree 6 in {x, y, z) and 12 in (a, 6, c); it contains however the factors seyz, a®6®c®, 
and the remaming factor is of the degree 3 in {x, y, z) and 6 in (a, 6, c); this 
remaining factor is as will presently be seen 

= {d?x 4- 6®y 4- (?zy — 27 a®6®c® xyz. 

The last mentioned sextic equation in 0 will have a triple root ^ = — 3, if only 
the value 0 = — h makes to vanish the factor in [ ], that is if we have 

0=g^h?x 4- A®/®y 4- /Ya 
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Tho foregoing results loud to the conclusion that for ‘W = 0, we have 
A = {g'^h^x + h\f->/ + + h-i/ + c“s)“ — 27a“6'-c- xgz ] ; 

but this will appear more distinctly as follows. 

1. First, as to the factor (a?x-\ b-i/ + <fzy‘ — 2'Ia-l^‘(fxi/c: writing in the equation of 
the osculating plane w = 0, the o(piatiou becomes 

_f_.+ y + " =0 

{e+ay^{d+^y^{d+yy 

which equation is therefore that of the trace of the osculating plane on the plane 
?a = 0; the envelope of the trace in (luestion is a of the section of the tome by 
the plane w = 0. To find the equation of this enveloj)e we must eliminate 6 from the 
foregoing, and its derived oiiuation 


(6 + a)» (d'+ '0f'^ie + yf ** ■ 

tho two o([uationK give 

X : y : z:Bu(d + ay : b{d + ^y : 0 (^+ 7 )“, 

and thence 

= a (^ + a) + 6 (0 + i8) + c (0 + 7) = 0, 

that is, we have 

or, what is the same thing, 

(«%; + b^y 4- c’»)’ — xyz = 0 

ibr a part of the section in (|uustion. 

8. I have said that the foregoing cubic is a p(vrt of the section ; the etpiations 

X : y : z : w = o/i^(0+a)* : bhf(6 + 0y : cfg(d + yy : abcid + Sy, 

which for w*=0 give — and thence x : y : z = af i bf : ch\ show that tho last 
mentioned point is a four-pointic intersection of the curve with tho plane w~0. 
But the curve, having four consecutive points, will havo throe consocutivo tangents in 
the piano w=«0; that is, the tangent at tho point in question will present itself as 
a threefold factor in tho equation of the torso. Writing in tho equations of tho tangent 
t(;=aO, d^-B, wo find for tho equation of the tangent in question 


or, what is the same thing, 


<» ,y e 
g'*h?x + h^f^y +f‘syz = 0 . 


Hence the section by the plane w=0 is made up of this line taken three times, 
and of the last mentioned cubic curve. 
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9- By symmetry, we conclude that the sections by the principal planes a: = 0, 
y = 0, z = 0, w = 0, are each made up of a line taken three times, and of a cubic 
curve : viz. these are 


» = 0, . + ¥chu = 0, 

y = 0, a?^ai . c?g'^z + = 0, 

^ =0, + . +a?y^ = Q, 

w = 0, + h]f^y + pg^z . = 0, 


(%)^ + + (ghv)^ = 0 , 
{h’‘x)^ . +(f^z)^+{b^)^=0, 

(g^x)^ + (f^)^ . + = 0, 

(a?x)^ + (h^y)^ + {(?z'f = 0, 


where for shortness I have written the equations of the four cubics in their irrational 
forms respectively. 


Partial Determination of the Equation. 

10. As the value of A is known when any one of the coordinates a?, y, -m; is 

put =0, we in fact know all the terms of A, except those which contain the factor 

xyzw, which unknown terms, as A is of the degree 6, are of the form y, z, uif. 

I remark that if (xyzw) is any homogeneous function y, z, ujf, and {xyz)^ {xy\ 

{x) are what (ocyzw) become on putting therein (w = 0), (-s: = 0, = 0), (y = 0, -sr = 0, w = 0) 

respectively, and the like for the other similai' symbols, then that 

(sayzw) = (x) + {y) + (z) + (w) 

— (xy) - {.cz) - (ami) - (yz) - (yw) - (zw) 

-I- (xyz) + (xyw) + (xzw) + (yzw) 

+ terms multiplied by xyzw] 

in fact, omitting the last line, this equation on writing therein x — 0 or y = 0 or5? = 0 
or becomes an identity, that is, the difference of the two sides vanishes when 

any one of these equations is satisfied, and such difference contains therefore the factor 
xyzw ; which proves the theorem. It hence appears that the equation A = 0 of the 
torse is 

A = a^g%^x^ + + afb^G^vf 

-{h?f^-^fyzyQ>^ +c®z)* 

— {g^h^x + f^^zy (a*® + <?zy 

— {a^h?x + a?lNjy (jfx + c®w)® 

— (b^Py + d‘b^y (f^y + 0%)’ 

-{(fg’‘z + o®a®w)* (/“■s + 

+ Qyf’‘y + [(A“y + g^z + ahoy — ^la^^h^yzw] 

+ (ay® + <?g^z + (^ahof [(^*a!+ fh-{- Ihoy — ilb^h^hxw] 

+ (a^h^x + [(g’‘x +f^y + ohvy - 

+ {g%^x + h?f^y + j'^g'^zy [{a!‘x +b^y + oh y — ^*Id?¥(?xyz ] 

+ xyzvj) (*][«, y, z, wy, 

where the ten coefficients of (*^x, y, z, wy remain to be found. 

0. VII. 


14 
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Proem for the Deter mimtiion of the Unknown. Coefficients. 
11. At a point of the cubic curve in the plane ■)o = 0, we have 


X •. y •. 2 = tt(^ + a)* ; h{d-¥^f ; 0(^+7)“; 

and the tangent plane at this jioiiit is the osculating ])lan(! of the curve; that is, it 
is the plane 

...5' + -0 


if for a luuniont y', s', ?<;') are the curri'.nt C(K)r(linatos of a point in the tangent 
plane. But the 0(iuation of the tangent plane', as eleduced from the eepiation A = 0 is 


,fl!A , ,<?A , ,dA , , dA 


dx 


where in the differential coefficients of A, the coordinatiw (.«, y, s, w) are considered 
as having the! values 

X : y : s : «J = ff.(d + ay : h{$ + 0y : 0 (^ + 7 )'’ : 0 . 


He'iieie', with tihejse! Viihu's of (1/!, y, s, w), wt! have! 

dA dA . dA dA 1 . 1 , I , 1 . 

di.' ■ dy ' (b • dw (d+a)» ' {$ + 0 f ' (0 + 7)“ ’ {0 + b/' 

conditions which elcturmine thee vahieis e)f certain e>f thei coefficients of y, s, wy, 

viz, the Ki.N: coefficients of the terms inelepcndcnt of w; and when those ai’C known 
the values e)f the remaining fe»ur coeifficionts are at once efotained by symmetry. 

12. To deveilopo this prewc'SK, elisrogixrdiug the higher peywers of w, wo may write! 

A sa(«) + 3 ti»‘l>+.«yzte y, zf, 

where B demotes the terms indepemdent of w, 3!0<l> the known terms which cejntain 
the factor to, and xyzw (•Jw;, y, «)“ the imknown tenns which contain this same 
factor; the value e)f y, sy being eileearly =(#5*', y, z, 0)*. 

We have, moreejver, 

B 8s + })? f^y + fyby [{a?x + b^y + oby - 27 aW wyz], 

and 

<E> aa f* (ffiy + (^z y [a®/* - Vi*ffyz + <f^ ) (b^ +d‘z) + 5®c“ (/t“y + (fzy] 

+ ffi (a®*' + (?z y [6*p® (h*a? — 11\?f'^sez + ) (a®» + c®z() + c®a® {}0<e + fhyi 

4 h* {a?se 4- l^yy [<?k* -- 1f‘h*xy + /y ) (a®® + 6*y) + a*Z)* (fx + f^y] 

— ofhf'ffi (6*p* + ) 0!* 

-mf*{(?U +a*/®)2^ 

- c*/y (ay® + &®p® ) 
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13. The equations, putting after the differentiations w = 0, and writing for shortness- 
(*) in place of y, zf, become 

d@ . 1 1 1 1 

dx ' dy ' dz ' (d + ay ’ (O + ^y ' (d + y)" ' (6+ By 

Now, observing that the second factor of ® vanishes for the values 
a {6 + ay, b{d + ^y, c(d + yy of (x, y, z), 

we have simply 

(£0 

= {^h^x + h^yy +yg^zy . 3o“ \yg?x + + &zy — 9&“c^2]. 

But 

a^a? + J’H/ + c=2 = a* (0 + «)» + &» (^ + + c* (0 + ry)», 

= 3aZ)c (^ + a) (5 + /3) (^ + -y), 

in virtue of the relation a(^ + a) + 6(^ + /3)+c(^ + 7) = 0 and hence 

[{a?x + h^y + (^zy - 9lP(^yz] = (6 + {8 + yy , [a? {8 + «)* -ho {8 + jS) {8 + y)], 

= %V(8 + ^y(8 + yyQ, 

where 

Q = a^{8 + ay-bG(j8 + ^)(8 + y), 

= 6® (0 + iSy - ca {8 ■¥y){8 + a), 

= c® (0 + 7)“ — a?i(^ + a)(0H-/3). 

Hence 

g = 27a“6“c“ + h?f^ ^pfzy (8 + y3)“ (0 + 7)“ Q, 

and similarly 

^ = 27aW ig^K^x + /i“ /“y +/y2y (0 + 7)* (^ + «)* Q. 

^ * 27aW + A“/“y + /y^)* (0 + «)“ (0 + ;3)“ Q ; 

az 

whence the above-mentioned conditions reduce themselves to the single condition 
(0 + By {3$ + xyz (»)} = 27aW (g^h^x + A“/“y +/W (0 + a)“ (0 + /3)“ (0 + 7)“ Q. 

14. But we have 

yte + A“/“y+/y2 

= y“A“ a (0 + 8 +/)» + A“/“6 (0 + 8 + y)» +/y<5 (0 + 8 + A)», 

= {0+ By [(fh^a + A“/“A +/yc) (0 + 8) + 3 (gha + hfb +fgo)fgh], 

= - abc (0 + 8)“ [(gh + hf+fg) (0 + 8) + 3/yA], 

= - abo (0 + By [gh (0 + a) + A/(0 + /Q) +/y (0 + 7)], 

s= — abe(8 + By P, 

14—2 
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if for shortness 

P = gh (^ + «) + hf {6 + / 3 ) +/7 {6 + 7). 

Ht'iice, substituting, 

3cl> + rtic (0 + a)’ (0 + /S)» (0 + 7)3 (») = - 27 {ghef (0 + 8)‘ (0 + a)“ (0 + (0 + 7)3 P»Q ; 

which when the values a(0+a)“, 8(0 + ^)®, 0(0 + 7)® for («, y, z) are substituted iu 
the functions and (•), will be an identical ©(juation iu 0. 


15 . It is right to remai’k that what wo rc<iuire is the o.Kpressioii of (»), =(» 5 ''r, g, sf\ 
the foregoing ociuation leads to the value of (♦) e.Kpressod iu terms of 0; and it is 
necessaiy to show that this loads back to the e.^preasiou for (*) as a function of 
{x, y, z)\ in fact, that the function of 0 is transformable iu a definite manner into a 
function of (x, y, z). Supposi^ that the function of 0 could be cxpressiid iu two 
different mannei’s as a function of (.«, y, z); then we .should have two different 
functions («;, y, z)^ each ecuiivalent to tlui .same function of 0; and the differenee of 
these functions would bo idontusally =0; that is, w('. should have a function {x, y, r)-' 
vanishing whuitically by tin* sul),st.itutiou 

X : y : 5 = 0, (0 + a)" : 6(0 + /#)® ; 0(0 + 7)®; 

but these relations are equivahiut to the .singhr relation 

+ hhj + i?zf - 27 (i® 6 ®c!“ xyz = 0, 

which, qtul (Uibic e<iuatiun, is Jiot e.iiuivaleut to any ©(juation whatever of the form 

(.«, //, f)® = 0; 

that i.s, the function of 0 is o<iuival(‘,ut to a definite function (;C, y, zfi 


16 . To proceed with the reduction, I nunark that we have 


<1) sa {tt?x + 6®y + 


' f* [a*/® (/i*//® — *Jh^>fyz + (fz'^) (6®// + d^z) + 6®c® (6®// + g'‘z )“] 

+ (f [6®y® {JM — *lh^f'^xz +/V) (a®;;; + (?z) + c®(t® (te +y'“«)“] 

+ /(,♦ [c®/i® (yV - 7//® /"“ay + /y) («®» + 6®y) + a“6® (y®» +/“</)•’] 

-a*/ty (6®y® +c“/t® 

- 6®/ty® (c®/t® + «“/“) y* 


+ a!y«fl 


l-c®/®y®(a»/® + 6®y® )P 


j 


where 

“ 11 >= 2 (6®c®.A<c® + c?a?By'^ + a®6*Ca®) 

+ {My + Nz) (tt®a» + 2a*6'^ + 2ct®c®^') 
+ {Oz + Pas) (2a®6'^® + ¥y + 26®o*«) 
+ (Qa + Ity) (2tt*C®a! + 26®c*y + cz ), 
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if for shortness 

A = a’‘g*h* + fli ^ ), 

+a?f% 

0=c*/y(a“/^+6y), 

1/ = {a?pc?h? - 7a“ /%® + %^g^(?h ? ), N =fY (- 7a^/W + a^f%Y + BbY(fh ^ ), 

0 = g^f^ - 7%VA.2 + 3cW/*), P = fh^ (- Ibya^ p + + Zd^h?a?p), 

Q = hy {c%yf - 1(^h^a^¥ + R = hy^ (- l^hYg^ + p + Sa^ /%“) ; 

and I represent the foregoing equation by 

^ = (yx + h^ +(?zfU-\-ayzQi. 

Hence, writing for x, y, z the foregoing values, we have 

4> = 9aW {6 + «)= (e + BJ (Q + if abc (6 + af(e + Rf {6 + yfn; 

and thence 

27 17+ (d + a.){e + B ) {0 + y) (3fl + (*)) = - 27 (abcf (0 + S)‘ PQ ; 

that is 

27 [ P + (abcf (6 + Bf P>Q] + ^ (d + a) (^ + ^) (0 + 7 ) (Sfl + (*)) = 0 . 


In order that this may be the case, it is clear that we must have 

U + (abcf (6 + SfP^Q = (0+ a) (0 + /3) (9 + 7 ) M, 

viz. the left-hand side expressed as a function of 6 must be divisible by the product 
(e + u)(d + ^)(0 + y). Assuming for a moment that this is so, the quotient M will be 
a function (0, 1)“ expressible in a unique manner in the form (x, y, zf, and assuming 
it to be so expressed, we have 

2*lMabc + 3fl + (*) = 0 ; 

which equation, without any further substitution of the 0-values of (x, y, z), gives (♦) 
in its proper form as a function of (x, y, z). 

BedviCtion of the Eqmtion, U + (abc)® (0 + 5)* P® Q = (0 + a) (0 + B) (^ + V) 


17. We have by an easy transformation 

P = (a®* + 6®y + (?z) ( a®/® (hy - Ihyyz + ^ 

- q. 6y (f*^z^ — *lph^z!is + hf'ix?) 

^+&h^ (yj? -"ifpay+fy) 

+ 7 (a*/* + by + c^h*)fyU xyz 

+ U', 
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if for shortness 

JJ' = ifs . (36V/- — c-h" ) 

+ 1 JS- . — ¥[f- ) 

+ s-ii- . (f'-/V (3c'-//'- — «'-/'-) 

+ (3aY'“ — <^b- ) 

+ it^ij . 6y/i.‘ (S/r"/"- — h-g" ) 

+ i^by 

Substituting the ^-valucfi, the terms of U, other than JJ', '"arc at once soon to 
contain the factor (^ ■+• a) -h /S) -b 7 ), and we have 

M— 3rt&c ( c^y^ihy —'Ihygs +g*s'^y 
■ + W - 7 -t- IM) ■ 

,+ c“/i“ (//‘a." - VA// +./’y)> 

-t- 7 (a*/‘ -t- b'ff H- c*/t0 fyli^ ubc {9 -t- a)’ {6 -f (6 -i- 7 )'- 

■fiir, 

where 

U' -i- (abef {9 + By Mi ={9 + a)(9 + /5) {9 + 7 ) ilf . 

1 (S. Write for Hhortnm j?, q, r = (a/, bg, ch); after a complicated reduction, I obtain 

3a6c M' = ii^gy (/• — p) (j) - ^/) (- -t- Hyqr - 

-I- iPhy* {p — q) {q — r) (- 2(p + Sf/rp - (><//•) if 
+ 9^fy {<J —1') (’’ — p) (— 2 r^ + J»yji — GpY'‘) ■®'“ 

-I- %figyii^c^ (7j[>‘ — 20pY^' + 

+ y^yh^cy (Jf — 20'qxfh' 4- 4fty ) zm 

+ 2fyhy¥ yji* — 202w/r’ -t- 4eq>y)aig 

— 2fyl\? (q>* + (f -j- r*) (a®« + bhj + c*a)*. 

Wo then have 

QabcMsstamz (aj, y, zy + ^ahcM', fl= terms {sc, y, s) 

as above; and 

27Jlf a 6 c +■ 8 fl -f- ( ») = 0 , 

which gives (*). 

19. After all reductions we find; 

_ j (•) = ayh^ (28p‘ - S4p*qr + fi2p^qy - 28fr») 

+ W/* (28g^ — tiipq*r + 62p*q*r^ - 287 ^ 3 *) y® 

+ c* /*y* (28r* - 84ipqr + Q2p‘q^ - 28^^) 


+/* (~ -f 14ip’qr — 130p*2*r® - 186j)*g¥* 4- 42gV) ya/ 
+ f (— Sq^ 4- 14p3*r — ISOp’^V - 136p‘q‘t'‘ + 42r^Y z(e 
4- ft* (— 3y* + 14pg'r* — 130p®2*r^ — ISGp’f/V* 4- 42^^) ^ > 
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or observing that the coeflScients of ayAV, and c5=/y^ are equal to each other 

and to 

— 28 + r®y + jjy), 

the equation becomes 

(*) = — 3 (62^2^ — 28 (g^r® + + ‘^<f) {a?g^h^s? + gH^) 

+ 3 (3y — 14p®gr + ISOyg'V + 186yg®r* — 4S,q*i'^)f^z 
+ 3 (3g'* — 142®pr + 130gy¥* + ISCg^r* — 42r^'‘) g^zx 
+ 3 (3f* — 14j**^g' + ISOr^yg® + 136r^_py — 4^y ) h^xg ; 

and we thence obtain by symmetry the complete value of (*'$cc, y, z, vif, viz. we have 
only to complete the literal parts of the foregoing expression into the forms 

aYh^a? + ¥h^fY + + a®6W, 

f^z + Ob^XW, 
g^zx + 

(^xy + a^zw, 

respectively. 

20. The equation of the torse thus is 

A = ayhW + h^h?fY + + a«6 W 

-pQ?y+g^zf(i^y +<?zy 

- ^ )® 

— A® y X +/®y)’ )® 

— a?{g^ x + (?v:yQi^x +6®w)® 

— 6® (A® y + ahjof (/®y + (fvif 

— c® (/% + bhvy {g^z + aHoy 

+ (&‘/°2/ + <^f'^ + y [(% + 9 ^^ + - 27a®g'®A® ] 

+ + ^ahay [(/% + A®® + bhuy — 27&®A®/® ^ficw] 

+ (a®A®a; +6% +a®B%)® [y« +/“y + c®M')«- 27c=>/y ayw] 

+ (y^A®* + A®/®y + [(»*» + A®y + c®« )» - 27a®6®c® xyz ] 

+ xyzw (*5«, y, w)® = 0. 

I recall that 

a=/3-7, / = «-8, p = a/=(a -8)(/3-7), 

b = y-a, g = ^-b, q = bg = (fi-B){y-a), 

c=a-/3, A = 7 - 8 , r=cA = ( 7 - 8 )(a-i 3 ). 

Developing, we have finally the equation of the torse in the form following. 
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Eqiuitioii of tlie Se.rtic I'nive. 

21. The c<niatioii is 

0= («“///“, f, 3*, w*) 

+ 3 (f/’- + ?•*) 6*y /“, fIM, yz^, xtjf) 

+ 3(»’'- +j)“) (o‘/'y> c!*ct>*b‘'^z^ie, zaf, fw, yvf') 

+ 3 (;/)“ + (f) a^bY'^^d^y, mf, ifiw, z.%* ) 

+ 3 (5^ + + »”*) (W)''*/", CVV’“> > b-oV^y*z‘\ y'‘z^, sa^w^ ufhv*) 

+ 3 (?'• + 3?y + 2)*) (c'V’y* 1 1 /%“, ?/%■*) 

+ 3(jf)^ + 3j)Y+?'‘)(«’7“^‘“. > /■yc'' , asy, 

+ (6j)< + fliy + 0j)V-‘-21fj'V'‘)(«y/i.\ «,“6y /“/y, 

+ (G// + 9f/-'/’'- + il 7 'y- 21 »y)(Wi‘/'‘, />W, ^^yv, g%*a*'^y*zis, iifzx, ahvy, sNiz) 

+ (Cj'* + yr‘y“H-B/y --21jjy)(cyy, C-ay, /iy< hf^b^’^s^xy, ?(Ar//, ?/^«) 

+ (7® + + r") (/«, a"5y®2*, »*«;*) 

+ (/■" + O/y’* + S/y + if) (g\ , fitf) 

4- ( + Ojjy + Off + 7“) (/i* , c* ][a.y . ) 

+ 9 ifr" + </-y + '>'*'} f + »y + jy + //•'7'‘ — 1 4/jy/’®) 

N (/y^'“» yya®, lfa?b%xSfz“, fz^w\ zVtv\ ai-y-^'f) 

+ 3 {/ + 3y (2f/'^ + j") - I- .3_/)® (f/ - + f/r»} 

X (yy, h*b\ g'^cf, (ff^affz, fwaf, z\iS‘x, ttfyz^) 

+ 3 {(/® + ;y (2r“ + y) + 3r/ (•;•< - 7ry) + 

X (/'’/*. /®c“, hHtf, a*(f§m/z\ sfwif, afwhj, vjf’zaf) 

+ 3 {}•* + iir* ( 2if + <f ) + (p* - 7py ) + y (/) 

N (/y» ¥a'‘fisl‘yz^, ti^wz\ fvfz, w^anf) 

+ 3 (y + 3j/ (2r’- + (f) + 3y y - + f/y} 

N Ay. yc*. d'b^fyz^ yhtfx, !fw9?, vfy^z) 

+ 3 {(f + Df (2p* + r» ) + 3y (p‘ - Yr'p’) + 

X (/i®/*, /y, a*<f^cify% zfwf, afvyy\ vfzfx) 

+ 8 (r* + Sr® (2(;* + y ) + 3r® y - Ifq*) + p®y} 

X (/yi f^*> /‘A®. b*a*‘'$jcfz‘, afutfz, fwnf, vfafy) 

/' — 3 {62p*(/“?^ — 28(7y+r*p‘+p*y)}(a®yA*, ¥h*f\ c*/“y, y, 


+ 3(3y— 14iyg^ + 1302^*^^*+ 136;)*g'*J’*~42gy) {f\ of^y^t 

+ ^ ^ ^ ^ lS(ky^)®+ 186g“r»p®- 42r®p®) (f , ¥'^zx, yw) 

, + 3 ( 3»-" - 1 4r*j)7 + 1 SOiyr/ + 1 86» Vf/® - 42p®y) (A® , c» ][a!y, zw ) 
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Goiikpa/riscyii with the Equcdion of the GentTo-suTface of cm Ellipsoid. 

22. In the Equation 

^ t y . ^ w ^ 

Id+ay {6+^ (e+yf 

for x, y, z, w write rf, o)“, and then S = oo , the equation is converted into 

^ , ._A 

(^ + a)= (0 + + y)= + ®‘ - ’ 

or writing a\ c“ for a, yS, 7 , and understanding yf, to mean aW, 6 y, (fs^, 

— 1 , this is 

aPaf^ cV ^ 

(£/ + a=)2 + (^ + h^f + (l9T^ -1 = 0. 

This is an equation, the envelope of which in regard to the variable parameter 9, gives 

the surface which is the locus of the centres of curvature of the ellipsoid ^ 4 -: = 1 , 

or say the Centro-surface of the Ellipsoid. (Salmon’s EolAd Geometry, Ed. 2 , p. 400, 
[Ed. 4, p. 466].) 

Making the same substitution in the foregoing equation {*\x, y, z, «;)* = 0 , the 
quantities f, g, h become equal to —B, and p, q, r to —aB, —bB, —oB respectively, and 
the whole equation divides by S“; throwing out this factor, we have a result which is 
obtained more simply by changing 

X, y,' z , w, a, b, c,f, g, h, p, q, r, 

into 

r. 7. 1» 1. 1> 7> 

where a, 7 now signify ¥ — c% — a®, a= — 6 = respectively, and if, a® are retained 
as standing for aV, b^y‘, cV, — 1 respectively ; viz. the equation of the centro-surface 
is found to be 

0 = (a«, /3«, 7 ', 1 ?“, r", ffl“) 

4 3()8=4f ) a* aW'h'T. M 

4 3 + «!> ) ( 7 *, , /3^ 

4 3 (a** 4 (i*, f. 7'a*/8‘][rV. IV”. T”®”, M 

4 3 (j 8 ‘ 4 3/SV 4 7”) t”. , vV , I”®" , |V ) 

4 3 (y 4 37^a=> 4 a* ) ( 7 “, , j 8 *, ) 

-I- 3 (a* 4 3a=^ 4 jS*) (a», J^^if , fV . T®" . I”®”) 

4 3(2a‘ 4 3a=^43aV -7)QV)(aS a»/3V,. yS*, 7‘$|®»?*|”, ®VI°. ’7”®“!”. ^®Y) 
4 3 (2)8‘ 4 3)3*7“ + 3/3*a* - ) (/8”. 7*. ®®?*l”. ^®V. |®®®l”) 

43 ( 27 * 437 * 0 * 4 37*;8*-7a*i3“)(7“, 7*a*)3*, o*, ; 8 *$^|*i?*, 

0. VII. 15 
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+ (jS“ + 0/3Y + + 7“) (1, «“ !’«") 

+ (7« + 97*a=> + ily-cr' + a") ( I , , i?W) 

+ («“ + 9a*^“ + })a'-^' + i8“) (1, 


+ 3 [a'* +\W (2j8- + 7“ ) + 3a“ (^ ~ 7 jS’V) + I > 7'‘> “V?'*) 

+ 3 |j8" + JljS* (27- + a- ) + ;l/S“ (7'* - 77“a“ ) + 7‘a“} ( 1, 7“, a* , |V7;“, 

+ 3 l7“ + 37'* (2a‘-‘ + (i-) + 37- (a'* - 7a-^'') + a‘;sfl (1, w'fY) 

+ 3 (a“ + 3a'‘ (27'- +(}■) + 3a“ (7^ - 7)^-7“) + /3Y| (I, 7“, ®Vf‘) 

+ 3 + T) + 3/S‘-‘(a^ -77-a») + 7Vl (1, «=. y\ y'a- I'’. ?W. TW- 

-(- 3 l7'' + 3y {'2j5'- + a») + :if{l3^~7a^/3'^) + a‘/S’‘l{l, /i“, a^ iVf--, ®"fV) 

f i) (jdV + + 7'«“ + 7““" + “"/S'-* + a-/i‘ -• 

(1, /?-7-’> 7“«“. vV^*, 

^ — 3 {(i2a“jSi'Y'’“ + (a''*, itf', 7 '', if) a>'') 

+ 3(3a"-14a''^7+130a^jtJ'Y+l3(ia»;8V-42^y) (1, |V) 

+ 3(3^«- l4/3'^a+ l3()i3YaH 13U/}'Ycr'-427‘a'‘) (1, 

1 + 3 (lY — I47"aj£l+ 1307 ^«‘'‘j 8'"+ I3(j7“cf*;£j"— 42a^/S'‘) (1, f"®') 


+fvrv^ 


TliiH a^freos with l!u‘ roHult giv<'n in .Salmon ’.s ^%li<i Gmitetn/, Ed 2, p. 151, [Kd 4, 
|). 173], aiul QiHirterli/ MatheniuliMl luiirnal, vol. II. p. 220 (1(S5.S); in the lattor pljice, 
iiowovor, thti tonn 

+ y-Vt" + a'Y®'* + aW?*®" 

is by niistakt! writtnii 

; 

viz, a I'antor a* is mnittod in oim of tint oottflicionts. 

Sonni of tint couffusittuts ai'it pntswikid ninlor slightly difforont forms; viz. instead ol' 

()2a'‘^Y - 2H (/3Y + r'a* + <**19“) 

14 (/SY + i 9 Y + T^®’ + t'®'* + ®*/ 9’'‘ + ®W + 20a*j8’Y ; 

:k“ - 14a«/S7 + I30a*/3Y + 136fl?/3Y - 42^, 

- ia" + 7(X« (jS* 4- y) + lf)6a*;8Y - 6H W + f) - 42i8Y, 

bnt these different forms are respectively equivalent in virtue of the relation 

a + /3 + 7=0. 


Salmon has 
and instead of 
ho has 
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437 . 

DEMONSTRATION NOUVELLE DU THEOREME DE M. CASEY 
PAR RAPPORT AUX CERCLES QUI TOUCHENT A TROIS 
CERCLES DONNES. 


[From the Annali di Mateimtica pwra ed appUcata, tom. l. (1867), pp. 132 — 134.] 

This is in fact the investigation contained in the paper 414, “ On Polyzomal Curves otherwise the curves 
Vj7+N/F+<fcc.=0,” Annex n. pp. 568 — 573, “On Casey’s theorem for the circle which touches three given 
circles,” viz. it is based on the identity of the two problems 1® to find a circle touching three given circles, 
2® to find a cone-sphere (sphere of radius zero) passing through three given points in space. 



116 


'438 


438 . 


NOTE BUll QUELQUKS TORHES MKXTIQUES. 


[Kniiti tlu' AiiiiaJii di Matamttim pnnt ed (ipplkaUt, Umi. ii. (1808), ])(). !)i), 100.] 

.Ik (linin' d’apjH'It'r iifcU'tition aiix surtaws (Idvcloppab^'.s, ou toiws, (IouiiA'h par 

rdepiat/ioii 

(ae — •U)d + 3(:“)“ — 27 (tfca - iid^ — h“e + ibod — (;'*)“ = 0. 

Dana d(piatu»n («., />, r, <1, r) aout doa fonctioiw liiidairoa (luolcoiuiuoa doa 

(|uatn‘ (•.(HirddUiK't'.a (.<•, //, s, t)\ wa <[Haiilitda aoiil, done lidiia [)ai' iiiki wpialiioii lindairt! 

aid + 4/lft + aGc H" 4iJ)(i + Ks — 0, 

ct jo niuianpu' (luo la elaaaiticatiion do-a toiw'a nompriatw aoua rt'(inatiou iiK‘,ntionnd<‘ 
ddp<!n<l doa propridttls iuvariantivi's do la fono.fcion (.^1, H, 0, D, IV. 

Kti offcit la Utt’so a uno oourbo ouapidalo, <m ardto do rubrouaai'niout, donudo ))ai’ 
loB d(iuati<)ns 

m — 4>t)d 4- 3c“ = 0 , dce — <id‘ — ¥e + tbed — c* = 0 , 

<‘t «n<i (tmirbo iiodalo dontidu par h'a dipiatioiia 

(10 — 6 * _ud~bc _ (le + ibd — So** _be — <d _ce — d* ^ 
a ~ do ~ id ~ e ' 

cos doux wurboH ac roiicoiitront dans loa pointH donnda par los dqaatiotis 

oi_^b __c d 
b~ l~d^ e’ 

losqxiola sont dca points stationnairea <lc la coiirbe cuspidalc. Pour trouver ces points, 
on dcrivant d:6:c:<i:e = T*:T’:T*:T:l, on obtient pour le parambtre t I’dqnation 

{A, B. C, D, j^^T, iy= 0 
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et Ton voit ainsi qu’il y a un rapport entre la th^orie de la surface et cette Equation ; 
k toute particularity invariantive de I’^quation, il y correspondra quelqne particularity 
de la torse. 

Les cas k considyrer sont: 

1”. Racines inygales, sans aucune relation invariantive. C’est le cas gynyral; je 
I’ai considyry dans le Mymoire, “ On a certain Sextic Developable,” Quart Math. Jotim., 
t. IX. (1868), pp. 129—142, [398]. 

2°. Deux racines egales. Ce cas n’a pas dtd considdry; je remarque que la 
courbe cuspidale est du cinquibrne ordre. En effet on peut supposer que les racines 
dgales soient =0, ce qui revient a prendre D = 0, .E = 0. On a done Aa + 4!Bb + QGc = 0, 
e’est-k-dire les dquations a = 0, b = 0 impliquent rdquation c = 0; et on voit de 1&, que 
les surfaces ae — ihd + 3c® = 0, ace — a<P — + 2hcd — c® = 0 se coupent selon la droite 

a — 0, 6 = 0; il reste ainsi une courbe du cinquieme ordre pour la courbe cuspidale. 

3°. Trois racines dgales. On peut supposer que ces racines sont = 0, ce qui donne 
0=0, D = 0, E=0\ et Ton a ainsi Aa +4sBh = 0, e’est-a-dire les plans a = 0, 6 = 0 
sont ici un seul plan. L’yquation de la torse contient le facteur a, et en rdcartant 
elle se reduit an cinquieme ordre; on obtient ainsi la torse gdnyrale du cinquibme ordre. 

4“. Deux paires de racines dgales. On peut supposer que ces racines sont =oo, 0; 
cela donne J. = 0, B = 0, D = 0, E = 0, et Ton a ainsi identiquement c = 0. L’yquation 
de la torse est {ae - 46cZ)® - 27 (- ad® - 6®e)® = 0. J’ai considdry ce cas dans le Mdmoire, 
“On a Special Sextic Developable,” Qiart. Math, Journ., t. vii. (1866), pp. 10.5 — 113, 
[373]; la courbe cuspidale est du quatribme ordre, une courbe excubo-quai’tique d’une 
forme particuliere. 

5”. Quatre racines dgales; en prenant ces racines = 0, on a B = 0 = D = E = 0,donc 
identiquement a = 0; I’dquation de la torse contient le facteui' 6®, et en rdcartant elle 
se rdduit au quatridme ordre: on a dans ce cas la torse gdndrale du quatrieme ordre. 
Il y a encore deux cas 6, considdrer. 

6°. L'in variant T de la function (J., B, G, I), E Jt, 1)* est = 0 ; 

7°. L’invariant J de cette fonction est = 0 ; 

Mais je n’ai pas encore examind ce que cela veut dire(®). Il n’y a pas le cas 
^ considdrer oti Ton a la fois 7 = 0, J=0; car cela revient au cas 3“ de trois racines 
dgales. 

Gcmhrid^e, le 19 mai 1868. 


® La courbe cuspidale ^taut du genre 0 (unioursale), on peut considdrer la sdrie des points de la courbe 
•oomme correspondant anhannoniiiueinent aux points d^une droite. Si le syst^me des quatre points stationnaires 
•est harmonique on a J=0; si ce syst^me est 6qui-anhaimonique, on a 1=0. 
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ADDITION A 


LA NOTE SIJR QUELQUES TORSES SEXTIQUES. 


[From till' Anmtli di Mdemaika pimt ed applkata, tom. ii. (18(>.S), pp. 219—221,] 


J,K vioiis do tvonvor co (pu( signiiiit la condition J ^0. CoiiHiddrons dcnx aurfaous 
<luadn((u<>H (pii .s(( tonohotifc (d’un contiwt onlinairo). Lcs dipiationK t!Uigontioll(!.a ])oiivont, 
HVitivin- Hons la Ibnuo 

+ /)»/•' + « r + 2H'?a) = (), 

+ 6V + c'?* + 2nTw = 0, 

ot Tou Hiitlslait a con (inuationa par doa valoiu’s do f, contiimnout uu para- 

iu6tro fU'bitniirt! 6, (Ui dcrivant 


f ^ : (o-a(e + 0^ : : € : 7 + 

on liffot ci'la donuo 

acL‘ + bf3‘'‘ + 2« 7 e «= 0, %i a“ — 2i» ^‘ + c e* + 2« Be = 0, 

«'a“ + b'0^ + 2n'ye * 0, 2a'a“ — + cV + 2'a'8e = 0, 

CO (^ui (idterinino los valoum do a : ;8 : 7 : 8 : e. L’dquation du plan tangent commun 
HOiu done 

aw( 5 +^j + y/8^0--g)+« + M» 7(^ + ^) + sj=0> 

ou, on multipliant par 12^, cette Equation Hcra 

(a, h, c, d, I)*®©, 
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les valenrs des coefficients dtant 

a = 12 Tty; 

6= 3(0® +^y), 
c = 2 (Sty + ez ), 
d= 3(aa!-/3y), 
e = 12 yw. 

En reprdsentant par Aa + 456 + 6(7c + 4iDd + Be = 0 1’ Equation qui lie les fonctions 
lindaires a, b, c, d, e, cette Equation sera a — e = 0; on a done A=- E = l, B=C-1} = 0\ 
I’invariant J de la fonction (A, B, C, 5, B'$t, 1)* est done =0. 

Nous arrivons ainsi 6; la conclusion que la torse sextique 

{ae — 4hd + 2(ff — 27 (ace — ad^ — Ifie — c® + 26cd)® = 0, 
oti les fonctions line'aires a, b, c, d, e sont lides par une Equation 

Aa + 456 + 6(7c + 4sDd + Ee = 0, 

telle que I’invaiiant 

J = AGE-AI> - E& - 0® - 25(75 


de la fonction (A, B, C, D, E'$t, ly est =0 (cas 7® de la Note), est la torse enve- 
loppde par le plan tangent commun de deux surfaces quadriques qui se touchent d’un 
contact ordinaire. J’ai trouvd I’dquation de cette torse dans le Mdmoire, “On the 
Developable Surfaces which arise from two Surfaces of the Second Order,” Gamb. and 
Dubl. Math. J our,, t. v. (1850), pp. 46 — 57, voir p. 56, [85] : a, 6, c, n, a', 6', c', n' y 
ddnotent les mSmes coefficients comme ^ present, et en dcrivant 

6c' - 6'c = f, an' — a'n =p, 
ca' — c'a = g, bn' — b'n = q, 
ah' - a'b = h, cn' — c'n = r, 

(et de 16, pf->r qg + rh = 0), I’^quation trouvde est 

pg^hW . . . + 4pgr (qa? + p'ff = 0. 

Je vais verifier ces termes, Partant de I’dquation (a, 6, o, d, e\d, 1)* = 1, I’dquation 
de la torse, eu y introduisant pour commodity le facteur —■^pqi', sera , 

• ~ 4- ezf + 12T“ty® — 3 (aW - 

— [2 (Sty + ezf - 9 (Sty + e^) (a®®® — — 27 (Sty + ez) yW + 64 (a?s^ + /S®y*) Tty]®} = 0. 



(*20 ADDITION A DA NOTH SUTl QlTKLQirKS TORSES SEXTIQUES. j^439 

Eu prouiUll. ye = (ib' -a'b = h, on obtioiit pour a, (S, y, S, e los valoui-s 

oi‘—'lq, /3'- = -2p, ye = l>, e-=— ^ , Se— . 

do 111 

^ -2p(K “ >/'• ’ ’■ 

Los tiormi'.s on w’ ot (a?, ;y“y sont 

- ■> 1 (! P<V' {[•* ^ ~ ~ 727'>Sy] w" - 108 - p^fY ] , 

= - 1 rt V<1>' ~ ’ 

CCS tonnes sent, done 

= - :UM'- “{i"' O"'' +l’S’>i 

K 4- 4fpqr Up^ + P}f")\ 

ooimne <^ela <loiti oln‘. 


(hmhviihjc, Iv 22 septetnhre 18 () 8 . 
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NOTE SUE UNE TRANSFOEMATION GEOMETEIQUE. 


[From the Jouoyial fur die reine und angewandte Mathematik (Crelle), tom. Lxvii. ( 1867 )^ 

pp. 95 , 96 .] 

La lecture de la Note de M. Hesse, "Ein Uebertragungsprincip’’ (t. lxtl . p. 15 
de ce Journal) m’a sugg&^ les remarques suivantes: 

Soient (oi, 6i, Ci, di), (Og, 63, Cs, 4 ), (03, 63, Cg, c^) des constantes donn6es, on pent 
supposer que les coordonndes (x, y) d’un point quelconque dans un plan soient exprim^es 
en fonctions des parambtres variables {ii, v) par les Equations 

Oi + hiU + + diuv _ 1X2 + c^v + d^uv 

^ + 63^4-03^4- djuv’ ^ d^uv^ 

En introduisant une nouvelle inddterminde s, ces Equations peuvent 6tre ecrites dans la 
forme 

5£i? = cti 4- 4- CiV 4- diUv, 

= 0^2 4- 4- GzV 4- d^uv, 

s ==az+hzU + CzV’¥dzUv; 

pour des valeurs donndes des coordonndes {w, y) la quantity s est en gdndral ddter- 
min4e par une Equation quadratique, et les paramfetres u et sont des fonctions lindaires 
donn^es de 5; il y a cependant deux cas particuliers qu'il convient de distinguer. 

1 °. L’^quation quadratique en s peut avoir la racine 5 = 0 et, ddbarrass6e de ce 
facteur, se rdduire par consequent h, une Equation lindaire ; ce cas particulier a lieu si 

16 
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la aimlitiou (abc) {bed) ^ ((rhd) (acd) est romplio, oti la notation (abc) designo le deter- 
minant 

(fij bif Cl 
no, 6o, C.J 

b>^., C;j 

Dans c.e e.as u ot v Ht>nt des fonctions rationuollos do (i?;, y) ct la transformation a la 
signitication geometricinc snivante : 

Kn oonsiderant deux droites (pu‘leon(|nos L, M dans respaco ct cn nionant par Ic 
]>oint tlonnc (,r, y) la droito nni(|uc G (|ui rciuumtrc^ cos doux droites, on pout supposcr 
(pio u ot V soKiut dos ])araini^tr('H qui dotonnincut Ics positions des points <le rencontre 
sur les deux droites ivspective.ment ; c. a. d. (pu^ n suit la distance d'uu point fixe sur 
la droite L au point dt^ nmeonivi^. avec la droito f/, et dt^ inemc (pio v soit la distances 
<l’un point fixe sur la droiU^ M au point do rencontre avec la droito G, 


2 “. Su])pos<>ns hi : Ci^k^ : ('3 = 63 : c#, ou co (jui ost au fond la m^inc chose 
f)^ — s= 0, 63 — C3 == 0, bii — Cji =: 0 ; alors a ('st ddtermiudo par uno dquation simplo, main 
//. ot V n<^ sont plus dt^s fomd/ioius rationnollos do .v ; ou voit (pio dans ce oas n.-fy 
et uv sont dtfs foneti(>ns rationnelles dt\ (a*, ;y), ot (juo par cons( 5 qiiont u et v sont les 
ra<‘intis <ruiu^ e(piation (paadrali(|ne tpii contituit (w, y) lindaircinent. On pout supposor 
<pu^ u ot V soieut U‘s paramhtn^s do deux points sur uno droito donudo, c. jV d, qius 
i( et V statait less dist.ane<'s d(» cos deux points respoctivomeut i\ tm point fixe situd 
sur la (IroitHi denudes ; ou a aiiisi la transformation do M. Hesse. 

Jo idai pas cherehd la signification gdomdtrique <los fonnules gdndralcs. 


(ktmbndyei 10 octohve 1800 . 
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NOTE SUR L’ALGORITHME DES TANGENTES DOUBLES D’UNE 
COURBE DU QUATRlteME ORDRE. 


[From the Jounicd fur die reme und angewandte Matliematik (Crelle), tom. LXViil. (1868), 

pp. 176—179.] 

On n’a pas, je crois, assez fait attention ^ I’algorithme (tir^ de la consideration 
d’une figure dans I’espace) qu’a trouve M. Hesse (dans le memoire “Ueber die Doppel- 
tangenten der Curven vierter Ordnung,” t. XLIX de ce Journal, 1855) pour ddnoter 
les tangentes doubles (ou bitangentes) d’une courbe du quatribme ordre. Void en quoi 
cet algorithme consiste. En employant les huit symboles 1, 2, 3, ...8, les 28 bitangentes 
sent reprdsentdes par les combinaisons binaires 12, 13, 14, ...78. Cela posd, considerons 
une expression quelconque 12.13.14, ou 12.34,... ou disons un “terme” qui reprd- 
sente un systbme d’une seule ou de plusieuis des bitangentes. On pent opdrer sur ce 
terme avec deux espbces de substitutions; la substitution ordinaire qui consiste a 
changer I’arrangement 12345678 des huit symboles en un autre arrangement quelconque; 
et la substitution “bifide” reprdsentde par un symbols tel que 1234.5678, lequel ddnote 
qu’U faut entrechanger les combinaisons 12 et 34, 13 et 24, 14 et 23, 56 et 78, 
57 et 68, 58 et 67, en ne changeant pas les autres combinaisons. Par exemple en 
opdrant avec 1234.5678 sur 84.45.56.17 on obtient 12.45.78.17. Le nombre de 
ces substitutions bifides est 35, ou en comptant la substitution, unitd, qui ne change 
aucune des combinaisons, ce nombre est 36. 

Appelons “ homotypiques ” deux termes qui se ddrivent I’un de I’autre par une sub- 
stitution ordinaire; “ syntypiques ” qui se ddrivent I’un de I’autre par une substitution 
ordinaire ou bifide; “ sous-groupe ” le systbme entier des termes homotypiques a un 
terme donnd: “ groups ” le systbme entier des termes syntypiques k un terme donnd. 
Un groupe pent contenir un seul sous-groupe, ou plusieurs sous-groupes ; mais il importe 
de remarquer que la notion du sous-groupe p.’a pas de signification gdomdtrique, et ne 

16—2 
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sort (luo. conuuo luoyoii (Ui fonuor los teniu's du groupo. Ccla t^tant, Ic thdorome 
gi'onu'trupie ('st coliii-ci ; “ los systoinos do bikiiigotitcs rcpr($sentoes par dcs tenuos 
syutypi(iuos (on autromoiit (lit, par dos tcirnu's (jui appartiounent a\i ni&ne groupo) out 
los uviunos ])r()j)ri(jk's ge()iudl.ri(pu;s.” 

I’ai' ('X('.mplo, oil consiiksvant li's bitangontos deux a doux, on a doux sous-groupcs, 
I’un composd do ti'ruios homotypicpios k 12. IS; I’autro, do tenues homotypiciuos a 
12.S4 — oil disoiiH, lo sous-gnmpo 12. IS do KiS tormos ct lo sous-groupc 12.S4 do 210 
ti'riuos; mais cos doux suus-groiipt's no foriiuuit (ju’uii soul groupo: pour moutror 
oola il siittit d’opdror sur 12. IS, par o.xoinplo avoc la .substitution 1245.3678, co qui 
doniio 45. IS, tonne homotyjmpio a 12.34. t'lda vent diro ipi’il u’y a pas do ooiubi- 
ualsoii do doux bitangontos ipii so distingue d’uno manioro (luolconquo do touto autro 
ooinbinaisoii do diuix bitaiigoiitos. 


Mais ('ll (lombinant b's bitangonU's trois a t,rois, on a lo.s doux sous-groupos 
12.34.5(1 (420 tormos) (>(, 12.2S.S4 (840 toriiu's) (|ui tbrniont uii groupo do 12(50 
toniios; los trois bit,angon(,(‘.s ropivsonti'os par un ipiolcoiiquo dcs 1260 tormos out lours 
six points do ooiitaot sur uiio nii'''ino ooniipio. Los trois autros .soiw-groupos 12.23.31 
(5(5 tormos), 12.23.45 (KiSO tormos) ot 12. 13.14 (280 toniic.s) formont uii groupo do 
2016 tormos, i‘t pour trois bitangontos roprdsouti'ics pur un tormo (pmlcoiKpio do co 
groupo!, los six points do contact no sont pas .situds sur uno iiu'iuo coiiiquo. 


Oomiiio un autre exoinplo j’oxplii|U(! la (ionstitution dcs (53 “groupo.s” do Htciiior 
(voir lo nusmoiro do Stoinor, “ Eig(!nschafl.(>n dor (liirvon viorton Grades riicksichtlich 
ilirer Doppiiltaugontiiii,” t. .xis.K. d(! co journal, ltS55) on (pour dvitcr roiiiploi do co 
mot (/roupe (lau.H uno nouvolUi .signifitsition) disous los (53 tormos 0 do Stoinor, chaque 
tonni' «ompos(' do (I pairos do bitaiigoutos. On a ioi un sous-groiipo do 35 tonnes (?, 
do la foniio 

12.34; 13.42; 14.23; 56.78; 57.86; 58.67 


(pour abivgor on {lont ddnotor oo tormo par 1 234 . 5678), ot un sous-groupo do 28 
tonnoH Oa do la forme 

13.32; 14.42; 15.52; 1(5.62; 17.72; 18.82 

(pour abrtiger on pout do mi'nio ddiiotor co tormo par 12.345678), los doux sous- 
groupcs formont lo groupo dos 63 tormos G. 

Ktoincr a de plus considdrii los ‘‘ systiimes ” cm disons los tormos Si, St, composes 
chacun do trois tormos Cr ; savoir 315 tonnes Si ot 336 tormos Sf Les 316 tormos 
Si sont iei un groupo compost^ d’uu sous-ginupo do 105 tormos 3(?i do la formo 

1234.6678; 1266.3478; 1278.3456 
et nn sous-groupo de 210 tormos 2(?j + Qi de la forme 

12.346678; :)4. 125678 ot 1234.6678. 

Et do m6mc los 336 tormos St sont un gi'oupe composd d’un sous-groupo do 280 
tenuos de la forme 

1234.5678; 5234.1678 et 16.284678 
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et un sous-gi-oupe de 56 termes SGa de la forme 

12.3456'78; 13.245678; 31.245678. 

11 va sans dire que je me suis servi de I’abrdviation 1234.5678 pour ddnoter le terme 
12.34; 13.42; 14.23; 56.78; 57.86; 58.67; et de m^me pour les autres termes 
G, ou 0,. 

M. Ai’onhold (dans le memoii'e “TJeber den gegenseitigen Zusammenhang der 
28 Doppeltangenteii einer allgemeinen Curve vierten Grades,” Berl. Monatsher. Juli 1864), 
partant de 7 bitangentes donndes, a trouvd une construction pour les autres 21 bitan- 
gentes. Les bitangentes donn^es doivent ^tre inddpendantes ; savoir pour trois quelconques 
de ces 7 bitangentes, les six points de contact ne sont pas situes sur une mSme conique. 
Les bitangentes reprdsent^es par les termes 12, 13, 14, 15, 16, 17, 18 sont un tel 
s 3 'stbme de bitangentes independantes ; et en denotant de cette maniere les 7 bitan- 
gentes donndes, la bitangente construite par le moyen de la conique qui touche cinq 
de ces droites, pai’ exemple les droites 38, 48, 58, 68, 78, (ou conique 34567) peut ^tre 
ddnotee par 12, et de m^me pour les autres bitangentes cherchees; on a ainsi le 
systeme entier des bitangentes ddnotees comme auparavant par 12, 13, 14, ... 78. 

J’ajoute que le groupe qui contient 18, 28, 38, 48, 58, 68, 78 est composd d’un sous- 
groupe 18, 28, 38, 48, 58, 68, 78 de 8 termes, et d’un sous-groupe 12, 23, 31, 48, 58, 68, 78 
de 280 termes; le groupe contient done 288 termes; savoir il y a ce nombre 288 
de systbmes de sept bitangentes ind^pendantes qui peuvent chacun servir k trouver 
par la construction d’Aronhold les autres 21 bitangentes. 


P.S. J’ai trouvd k propos de la mdthode de M. Aronhold une forme commode 
pour I’dquation de la conique qui touche cinq droites denudes ; en supposant que Ton 
ait identiquement x-\-y + z-\-v3=Q, que les droites denudes soient a;= 0, y = 0, js = 0, w = 0, 
et m + hy + cz + dw = 0, I’dquation de la conique est 

(a — dyQ) — c)“ {mu + yz) + {b — df (c - af {j/w zx) -I- (c — dy (a — bf {zw + xy) = 0. 

J’ajoute qu’en dcrivant pour abrdger 

a : B ■ 7 = (a — d)(b — c) : {b — d){c — a) : (c — d)(a — 6) 

(d’oii a + /3 -f 7 = 0) les coordonndes {x, y, z, w) des points de contact avec les droites 

« = 0 , y = 0, z = 0, w=0 sont ( 0 , 7 , <*). ( 7 > 0 , a, B), {B, «. 0 . 7 )» (“> 7. 0 ) 

respectivement ; et que les coordonndes du point de contact avec la droite ax-\- by+cz +dw = 0 
sont 

X : y : z : ‘W = {bcd) : — {cda) : (dah) : — {ahc) 
oil, pour abrdger, (5cd) ddnote {b — e){c—d){d — b), et de mSme pour (eda), {dab), (ahc). 


Gamhridge, le 23 sepimnhre 1867. 
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NOTP: 81JR LA. kSUUFA(!E DU QUATRlfiME ORDRE DOUEE DE 
fc5E[ZE DOINTB BINUULIER8 ET DE SEIZE PLANS SINGULIERS. 


[Fn)ui lilu' Journal /Hr die reiue mid anijewuudte Matlmiimtik (Ci’clhi), k«u. Lxxiu. (l<S7l), 

pp.' 292—29;).] 

Ij’KyUATKtS <li' M. Kuuiinin- w; tnuwformo, wxns difliciilk^ on collo-ci 

y « (7VV/ - - '"•) + ^J fin («'«"- - 7 V''’ - - «'«> - = 0 , 

o\'i 

a + /S+7 = (), «' + /)' + 7' = 0, «" + )Q" + 7" = 0. 

Or (U’tito ((tptal-iou nindiu' ratioiiiiclks prutul, iipr^K to(xt(iK los rdductiouB ndcoHHaircH, hi 
forme Hiiivaiifo : 

w'- {j? + / 'h j'* •- 'it/s — 2j.r — 2.(7/) 

+ ill! (aafa" (ifs — ;(/«“) + 130' 13'' {s'^ii; — sa?) + 777" (lAj - naif) + dxyz) 

+ {osJd'ijz + 00f0f'zx. yyy'ici/y = 0 , 

oi'i, pmir abrdgor, Ton a 6 crit 

e<=(0 -7)«'a" + (7 -a)0f0f' + ia -0)//', 

- 7 ')a"« +( 7 '-«')iS"iS+(a'-/S ')7 7 . 

- {0" - 7") a o' + (7" - a") ^ /S' + (a" - 0") 7 7' . 

= - i (08 - 7 ) (/S' - 7 ') 08" - 7 ") + (7 “ «) ( 7 ' - «') ( 7 " - «") + (« -- ^) («' “ ^0 (“" - /3")} . 

ridontit4 do cos difFdroutos valours do 6 4tant facile Ji verifier. 
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En repr^sentant par + (7 = 0 la forme rationnelle de Tequation de la 

surface, on trouve pour le discriminant AC — de cette Equation du second degrd en w 
la valeur 

(M+ j,) (5+#.*^). 

L’dquation de la surface rendue rationnelle est symdtrique par rapport aux trois 
systbmes de quantitds (a, y), (a\ y), (a", /3", y'); la forme iirationnelle de la 

meme Equation pent done etre prdsentee de trois manieres diffdrentes, savoir: 

\/ ^ ^ \/ yy'x ~ ^ ^ yz — a'a"y — ^ ^ = 0, 

isj a'x [y'yy — ^"^z ~ ~ y'yx — + j\J 7 '^ (^/3"i3x — af'ay — ^ = 0 , 

^a"a! ^77'?/ - ^/ 3 'z - ^) + yS"2^ ^oa'^ - yy'ot! “ ^) + /y/ t"'* (fi/ 3 'a! - ao'y - = 0 

et I’on voit de plus que les Equations des seize plans singuliers sent 

x = 0, y = 0, z=0, w = 0, 


^+^+£=0 
«^/8^7 ’ 


-+■^ + - = 0 


- + -^ + --0 
a" + /S" + 7"-'^’ 


y'y'\j-&P'z-'^- =0), a'a"^t-7'7"«-^ =0, yS'/S"* - aV'y - ■“ = 0. 

a /3 7 

7^7^ “ — ^ = 0, af'az — 7 " 7 /» — ^ = 0, y9"y3i» ~ a^az^ _ ^ = 0, 

77V - ^ — % =0, adz - yya> -^, = 0 , - ady -^, = 0 , 

les quantit6s a, )8, 7, etc. dtant li^es entre elles par les trois Equations 
« + iS + 7 = 0, a' + yS'+7'=0, a" + /S'' + 7" = 0. 

VoilSi ce me semble la forme la plus simple pour rdquation de cette surface. 


Cambridge, le 23 fivrier 1871 . 
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NOTE ON THE SOLUTION OF THE QUARTIC EQUATION 

a I/+ G)8i/ = 0. 

(Frtnu tho Mathemdtm'he Aimalm, vt)l. i. (18(50), i)|). 54, 55.] 

If U (U'uok! tlu; (iiiarti<! function (<r, h, c, d, <?][«, ?/)■*, H its Hc-ssiau 

= (tw- — 2 (ad — hr.), aa + 2bd — 3c'-, 2 (he - cd), ce — df^x, yf, 

a and <!yu.stuuts, thou wt* may tind tilu^ linear factorw of tho function all +{>0 11 
(or what Ik tho Hamo thiuff solve the o(iuation all + {\^n = 0) by a formula almost 
ulontical with that given by me (Fifth Memoir on Quimti(!s, Phil Tmm. vol. CXLVIII. 
(1H5H), see p. 44(5, [15(5]) in rtiganl to tlu! original (iuart;io function U. 

i“ 

In fact (roproduoing th(^ invo.stigation) if /, J are the two invariants, 

<1> the c\d)i<'.ovuriant 

= (- (C^d + '^ahr — 26”, &c3[.r, yf, 

then the identical cHpiation /I7”“-/I7”//+4//“=— may bo written (1, 0, — ilf, M\IH, JUf 
ss-lJP4>'*, whonco if Wi, ©a, ©a arc tho roots of tho equation (1, 0, -M, M\<o, iy=s0, 
or what is tho same thing o* - M(m ~ 1) = 0 ; thou tho functions 

ni-(o^JU, IH-a^V 

are each of them a sciuare; writing 

{<o,-(o,)(lH-<oJU)^ Y\ 

i(c^^a>,)(lH^<o,JU)=-Z\ 
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SO that identically + = the expression aX+/3r+7-^ will be a square if 

only a^-f + 0. (To see this observe that in virtue of the equation P + .^- = 0 , 

we have X + iF, X — iT each of them a square, and thence 

aZ + /3F+7F, + + 

is a square if the condition in question be satisfied.) 

Hence in particular writing 

Va)2 — 0)3 Vai" + 6y3o)i/, . , Vo)i — 0)0 Va/ + 

for a, ) 8 , 7 , we have 

(o)2 — 0)3) Va/ + 6 ^( 0 iJ V /Zf 4- (DiJU + . . . + (o)i — o)o) Vo/ + V 7 H + co^JU 

a perfect square, and since the product of the four different values is a multiple of 
{aU+6^Ey (this is most readily seen by observing that for the 

irrational expression omitting a factor is (0)3 ~ 0)3) (aJ + Q^co^J) + . . . + (o)i — 0)3) {al + 6/3o)3 J ), 
which vanishes identically) it follows that the expression in question is the square of 
a linear factor of a?7-l- 6/3 jH. 

It thus appears that the radicals (other than those arising from the solution of 
? 7 =sO) contained in the solution of the equation aU + 6^H=^0 are the three roots 

VaJ + QjScoiJ, Va/ + 6 ^ 80 ) 3 /, Vo/ 4 - 
Cambridge, September 2, 1868. 


0. vn. 
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ON THE CENTEO-SURFACE OF AN ELLIPSOID. 


[From the Proceedings of the London Mathematical Society, vol. ni. (1869 — 1871), 

pp. 16—18.] 

The President [Prof. Cayley] gave an account of his investigations on the centro- 
surface of an ellipsoid (locus of the centres of curvature of the ellipsoid). The surface 
has been studied by Dr Salmon, and also by Prof Clebsch, but in particular the theory 
of the nodal curve on the surface admits of further development. The position of a 
point on the ellipsoid is determined by means of the parameters, or elliptic coordinates, 
h, ki viz., if as usual a, b, c axe the semi-axes, and if X, F, F are the coordinates of 
the point in question, then 

js 7= ^ _ 

a^ + h'^b^ + h'^c^ + h ’ 


and hence 


if for shortness 

This being so, the coordinates of the point of intersection of the normal at (X, F, 2^ 
by the normal at the consecutive point of the curve of curvature 

X» F» -1 

a‘‘+lk'^b‘‘+k'^&‘+k 


a® 4- A c® -I- & ’ 

— ~ "h ^)> 

-ryaF® =h® (b= + h)(b‘+k), 

- aSZ^ = c® (c® -1- A)((J® -h k), 

a = 6 ® — c®, /3 = 0 ® — a®, 7 = a® — 6 ®, (a -I- ;8 + 7 = 0). 
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axe given by the formulse . 

- ~ {a^ + hy (a® + k\ 

- 7(x6y = (6^ 4- hy (6® + h), 

— OL^G^z^ = (c^ 4- hy (c^ 4 k ) ; 

viz., these equations, considering therein (Ji, k) as arbitrary parameters, determine the 
coordinates (^, y, z) of a point on the centro-surface. The principal sections (as is 
known) consist each of them of an ellipse counting three times, and of an evolute of 
an ellipse; the evolute and ellipse have four contacts (two-fold intersections) and four 
simple intersections, but the contacts and intersections respectively are in the different 
sections real and imaginary ; and if (as we may without loss of generality assume) 
a® + c®>26®, then the form of the principal sections is as shown in the figure (which 


z 



represents only an octant of the surface); viz., there is a real contact at P in the 
plane of ooz^ and a real intersection at Q in the plane of ayy. The surface has thus 
an exterior and an interior sheet, but (instead of meeting in a conical point, as in 
the wave surface) these intersect in a nodal curve QP. The curve has a cusp at Q, 
and a node at P; viz., the curve extends beyond P, but from that point is acnodal, 
or without any real sheet of the surface passing through it. For the nodal curve 

there must be two values Qi, k\ Qh, giving the same values of (x, y, ^); viz., 

there must exist the relations 

(a® 4 hy (a® -!-&)- {a^ 4 hy + h)> 

(6® 4 hy (b^ +k)^ (6^ 4 hy (6^ + h)> 

(c® 4 hy (c® 4 i?) = (c® 4 hy (c^ ; 

from which equations eliminating h hy should have between A, A a relation 
which, combined with the expressions of x, y, z in terms of (A, A), determines the 
nodal curve. But the better course is to eliminate A, hy thus obtaining a relation 
between h and h, in virtue whereof h be regarded as a known function of A; 
k and h then be readily expressed in terms of A, A^; that is, we have A as a 
function of A, hy or in effect as a function of A. The relation between A, h (aftor ^ 

17—2 
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reduction of some complexity) assumes ultimately a form which is very simple and 
remarkable; viz., writing 

the relation is 

(6J2 + 3QA+PA0 

-f- hi (3Q + 4iPh + 3/i^ ) 

+ V(P +3A ) = 0; 

this is a (2, 2) coi’respondence between the two parameters A, Aj; the united values 
Ai = A, are given by the equation 6(P + QA + PA^ + A®) = 0, that is 

(a"-+ A) (&2 + A) (c" + A) = 0; 

viz., the two points on the ellipsoid which have their common centre of curvatimc on 
the nodal curve are only situate on the same curve of curvature when this curve is 
a principal section of the ellipsoid, 

{Since the date of the foregoing communication, Prof. Cayley has found that the 
squared coordinates y-, of a point on the nodal curve can be expressed as 
rational functions of a single variable parameter cr.} 
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A MEMOIR ON QUARTIC SURFACES. 

[From the Proceedings of the London Matihematioal Society, vol. in. (1869 — 1871), 
pp. 19 — 69. Read February 10, 1870.] 

The present Memoir is intended as a commencement of the theory of the quartic 
surfaces which have nodes (conical points). A quartic surface may be without nodes, 
or it may have any number of nodes up to 16. I show that this is so, and I con- 
sider how many of the nodes may be given points. Although it would at first sight 
appear that the number is 8, it is in fact 7 ; viz., we can, with 7 given points as 
nodes (hut not in a proper sense with 8 or more given points), find a quartic surfece; 
such surface contains in its equation 6 constants, which may be such that the surfece 
has an additional node or nodes. Suppose that the surface has an 8th node: — there 
are two distinct cases; viz., (1) the 8 nodes are the points of intersection of 3 quadric 
surfaces, or say they are an octad, and the surface is said to be octadic; (2) the 8th 
node is any point whatever on a certain sextic surface determined by means of the 
7 given nodes, and called the dianodal surface of these 7 points; the quartic surfece 
is said to be a dianome. The two cases are in general exclusive of each other; viz., 
the 7 given points being any points whatever, the dianodal surface does not pass 
through the 8th point of the octad; and thus the quartic surface with the 8 nodes is 
either octadic or else a dianome. Assuming it to be a dianome, the constants may be 
further determined so that there shall be a 9th node ; it is necessary to examine 
whether this forms with 7 of the 8 nodes an octad. Supposing that it does not (viz., 
that there are not any 8 nodes in regard to which the surface is octadic), the 9th 
node is then any point whatever on a certain curve of the order 18, determined by 
means of the 8 nodes, and called the dianodal curve of these 8 points. And, finally, 
the constants may be further determined so that there shall be a 10th node ; supposing, 
as before, that this does not form an octad with any 7 of the 9 nodes (viz., that 
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there are not any 8 nodes in regard to which the surface is octadic), the 10th node 
is then any one. of a system of 22 [should be 13] points determined by means of the 

9 nodes, and called the dianodal system of these 9 points. But the quartic surface is 
now completely determined; viz., starting with any 7 given points as nodes, we have a 
dianome with 8 nodes, 9 nodes, or 10 nodes, say, an octodianome, enneadianome, or 
decadianome, hut not with any greater number of nodes ; these can only present them- 
selves when particular conditions are satisfied in regard to the 7 given nodes, and to 
the 8th and 9th node; and the consideration of the quartic surfaces with more than 

10 nodes would thus form a separate branch of the subject. 

The case of the decadianome (or quartic surface with 10 nodes formed as above 
with 7 given points as nodes) is peculiarly interesting. I identify this with the surface 
which I call a symmetroid ; viz., the surface represented by an equation A = 0, where 
A is a syTtwietrical determinant of the 4th order the several terms whereof are linear 
functions of the coordinates («, y, z, w); this surface is related to the Jacobian surface 
of 4 quadric surfaces (itself a very remarkable surface), and this theory of the symmetroid 
and the Jacobian, and of questions connected therewith, forms a large portion of the 
present Memoir. 

The theory of the Jacobian is connected also with the researches in regard to 
nodal quartic surfaces in general ; and, for greater clearness, it has seemed to mo 
proper to commence the Memoir with certain definitions, &c., in regard to this theory. 
It will be seen in what manner I extend the notion of the Jacobian. 

I remark that the present researches on Quartic Surfaces were suggested to mo 
by Professor Kummer’s most interesting Memoir “XJeber die algebraischen Strahlen- 
systeme u.s.w.” Berl. Ahh. 1866, in which, without entering upon the general theory, ho 
is led to consider the quartic surfaces, or certain quartic surfaces, with 16, 15, 14, 13, 12, 
or 11 nodes; the last of these, or surface with 11 nodes, being in fact a particular 
case of the symmetroid. 


Considerations in regard to the Jacobian of fow, or more or less than four, Surfaces. 


1. In the case of any four surfaces, 
coefi&cients of P, Q, B, 8 in regard to the 
as a square matrix in either of the ways 

F.Q,Ii,S ; 

S. 

K 


^ = 0, Q=0, B = 0, 8 = 0, the diflferential 
coordinates («, y, z, w) may be arranged 

^*1 ^y> ^zi 

P 

Q 

B 

8 
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and with either arrangement we may form one and the same determinant, the Jacobian 
determinant J (P, Q, P, S), or, equating it to zero, the Jacobian surface P (P, Q, P, = 
of the four surfaces. 

2. In the case of more than four surfaces, adopting the arrangement 

P, Q, P, P, . . 

S. 

S. 

and considering the several determinants which can be formed with any four ‘ columns 
of the matrix, these equated to zero establish a more than one-fold relation between 
the coordinates ; viz., in the case of five surfaces, we have J (P, Q, P, /S,‘ T) = 0, a 
twofold relation representing a curve ; and in the case of six surfaces, P(P, Q, P, S, T, !7)=0, 
a threefold relation representing a point-system; and (since with four coordinates a 

relation is at most threefold) these are the only cases to be considered. 

3. In the case of fewer than four surfaces, adopting the arrangement 

^Zi ^to 

P 

and considering the several determinants which can be formed with any 3 or 2 columns 
of the matrix, and equating these to zero, we have in like manner a more than one- 
fold relation between the coordinates; viz., in the case of three surfaces, we have 
J (P, Q, P) = 0, a twofold relation representing a curve ; and in the case of two 

surfaces J (P, Q) = 0, a threefold equation representing a point-system, (viz., this 

denotes the points SJP : 8yP : S^P : == 8a;Q : SyQ : S^Q : S^^Q) ; for a single surface 

we should ‘ have a fourfold relation, and the case is not considered. But observe that 
if the notation were used, P(P)=0 would denote = 0, SyP = 0, SzP=0, S«,P = 0, 
equations which are satisfied simultaneously by the coordinates (a;, y, js:, w) of any 
node of the surface P=0. Although in what precedes I have used the sign =, there 
is no objection to using, and I shall in the sequel use, the ordinary sign =, it being 
understood that while J (P, Q, P, ^ = 0 denotes a single equation or onefold relation, 
J (P, Qj P, S, T) = 0 or J (P, Q, P) = 0 will each denote a twofold relation, and 

J (P, Q, B, S, T, U) = 0 ox J (P, Q) = 0 each of them a threefold relation. 

4. It is not asserted that ... J (P, Q, R)^0,J (P, Q, P, 5)= 0, J (P, Q, P, 8, 2^ = 0,... 
form a continuous series of analogous relations; and there might even be a propriety 
in using, in regard to four or more surfaces, J, and in regard to four or fewer surfaces 
an inverted J (viz., in regard to four surfaces, either symbol indifferently) ; but there 
is no ambiguity in, and I have preferred to adopt, the use of the single symbol X 
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5. Suppose that the orders of the surfaces P = 0, Q = 0, ... arc a + 1, 6 + 1,... (so 

that the orders of the differential coefficients of P, Q... are a, 6,...), then we have 

for the orders of the several loci, 

J (P, Q) = 0, point-system, order a* + a^b + ah" + 6“ ; 

J (P, Q, E) = 0, curve, „ + 6“ + + 6c + ca + ah ; 

J (P, Q, E, S) = 0, sui'face, „ a + b + o + d; 

J {P, Q, E, S, T) = 0, ciuve, „ ab + ac... + de; 

J {P, Q, E, S, T, U) = 0, point-system, „ aJ)c + abd... + de/; 

see, as to this, Salmon’s Solid Omnetnj, Ed. 2, (1865), Appendix iv., “On the Order 
of Systems of Equations” [not reproduced in the later editions]. In particular, if 
a = 6 = c... = l, then the orders are 4, 6, 4, 10, 20. 


.4s to the Surface obtained by equating to zero a Symmetrical Determinant. 

6. It is also shown (Salmon, Ed. 2, p. 495) that the surface obtained by equating 
to zero any symmetrical deteminant has a determinate number of nodes ; viz., if the 
orders of the terms in the diagonal be a, 6, c, &c., then the number of nodes is 
= (2a . 2a6 — 2a6c), or, as this may also be written, ^ (2a“6 + 22a6c). In pai-ticular, 
the formula applies to the case of the surface 


4, JET, G, L 
H, B, F, M 
G, F, G, F 
L, M, N, D 


= 0 , 


(a, 6, c, d) being here the orders of 4, B, G, D respectively, and the oi-ders of F, G, &c., 
being |(6 + c), ^(a+c), &o. If the terms are all of them linear functions of the 
coordinates, or a = 6 = c = d = l, then the number of nodes is = 10. 


7. That the surface has nodes is, in fact, clear from the consideration that any 
point for which the minors of the determinant all vanish will be a node ; and that 
(for the symmetrical determinant), by making the minors all of them vanish, we 
establish only a threefold relation between the coordinates. The expression for the 
number of the nodes is, I think, obtained most readily as follows: 

The nodes will be points of intersection of the curve and surface 


4, 

E, 

G, 

L 

= 0, 

B, 

F, 

M 

E, 

B, 

F, 

M 


F, 

0 , 

E 

G, 

F, 

G, 

E 


M, 

E, 

D 


these, however, contain in common the points 


E, B, F, M 
G, F, G, E 
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and not only so, but they touch at the points in question ; so that, multiplpng 
together the orders of the curve and surface, and subtracting twice the order of the 
point-system, we obtain the expression for the number of nodes. In the particular case 
where the functions are all linear, we have a sextic curve and cubic surface inter- 
secting in 18 points; but the curve and surface touch in 4 points, and the number 
of nodes is (18 — 2 . 4) = 10. And in the same way the formula may be established for 
the general case. 

8. The subsidiary theorem of the contact of the curve and surface requires, how- 
ever, to be proved. Seeking for the equation of the tangent plane of the surface at 
any one of the points in question, we have first 


BB, 

BF, 

BM 

+ 

B, 

F, 

M 

+ 

B, 

F, 

M 

F, 

0, 



BF, 

BC, 

BN 


F, 

G, 

N 

M, 

N, 

D 


M, 

F, 

JD 


BM, 

BN, 

SD 


where, in virtue of the equations 


M, 

B, 

F, 

M 

= 0, 

G, 

F, 

c. 

N 



the last term vanishes. Expanding the other two terms, the equation becomes 

D {GhB + BhG - 2FSF) - (mB - iMNSF -h M^SG) + SM {FF - 031) + SN (BN --MF) = 0: 

but, in virtue of the same equations, the coefficients of BM and BF each of them 
vanish, and we have also 

N^SB + mo - 2 MMF = ^ (CSB + BBG - 2 F 8 F ) ; 

so that the equation becomes finally CSB + BBC - 2F8F = 0. Investigating by a like 
process the equation of the tangent of the curve 


A, 

E, 

G, 

L 

= 0 , 

E, 

B, 

F, 

M 


0, 

F, 

G, 

N 



we find between the differentials BA, BB, &c., a twofold linear relation, expressible by 
means of the foregoing equation GBB+BBG — 2FBF=0, and one other equation; that 
is, at each of the points in question the tangent of the curve lies in the tangent 
plane of the surface, or, what is the same thing, the curve and surface touch at these 
points. 

0. vn. 


18 
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Sv/rfaoes represented by m equation F(P, Q) = 0, &c. 

9. In the remarks which follow as to the surfaces F(P, Q) = 0, F(P, Q, P) = 0, &c., 
the function is a rational and integral function of (P, Q), (P, Q, R), &c., not in 
general homogeneous in regard to P, Q, R,.... but of such degrees in regard to these 
functions respectively as to be homogeneous in regard to the coordinates (as, y, z, w). 

The surface F(P, Q)=‘0 has in general a nodal curve Bj.F = 0, BqF=0; and if 
it has besides any nodes, these are points of the point-system J (P, Q) = 0 . 

The surface F(P, Q, R) = 0 has in general nodes BpF=0, BqF=0, 3jjP = 0 ; and 
if it has besides any nodes, these are points on the curve J (P, Q, R) = 0 . 

The surface F (P, Q, R, R) = 0 has not in general, but it may have, nodes 
Bj,F = 0 , Bf^F = 0 , BpF = 0 , B^F = 0 ; if it has any other nodes, these are points on the 
surface J(P, Q, R, S)=0. 


Nodes of a Qmrtie Surface ; Circumscribed Cone having its vertex at a Node. 

10. A quartic surface may be without nodes ; or it may have any number of nodes 
up to 16. Consider a quartic surface having a node or nodes ; and take the single 
node, or (if more nodes than one) any one of the nodes, as the vertex of a circumscribed 
cone ; then, considering any plane through the vertex, the section will be a quartic 
curve having a node at the vertex, and the generating lines in the plane will be the 
tangents from the node to the quartic curve; the number of them is therefore 6 , and 
the order of the cu’cumscribed cone is thus = 6 . Each tangent intersects the (jirartic 
curve in the node counting as two intersections, and in the point of contact counting 
as two intersections ; there are consequently no singular tangents ; and therefore in the 
circumscribed cone no singular lines arising from a singular tangency of the genemting 
line. Hence, in the case of a single node on the surface, the circumscribed cone is 
a cone of the order 6 without nodal or stationary lines ; and the class is = 30. But 
in the case of more than one node, say k nodes, the circumscribed cone passes through 
the remaining & — 1 nodes, and the generating line through each of these nodes is a 
nodal line of the cone ; that is, the cone has k-1 nodal lines, and its class is 
=30-24-1-2. The cone is not of necessity a proper cone; the maximum number of 
nodal lines is when it breaks up into 6 planes, and we have then 4 — 1 = 15 ; that is, 
the number of nodes of the surface is at most = 16. 

11 . It is easy to form a table of the different primd fade possible forms of the 
sextic cone, according to the number of nodes of the surface; viz., writing 6 for a 
proper sextic cone without nodal lines, 6 i, 62 ... 61 , for the proper sextic cone with 
1, 2, ... or 10 nodal lines; and so 5, 5i ... 5, for the proper quintic cones, 
4, 4i, 4.J, 4j, 3, 3i, 2 for the quartic, cubic, and quadric cones, and 1 for the plane, the 
table is 
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Circumscribed Sextic Cone. 


Nodes of 
Surface. 


1 

6 





2 

6x 





3 

62 





4 

63 





5 

64 





6 

63 ; 5,1 





7 

5 ^ 1 ) 1 





8 

67 ; 62, 1 





9 

^8 5 Ss, 1 ; 

4 , 2 




10 

69 ; ^ 4 , 1-; 

2; 

4 , 1 . 

1; 

3 , 3 

11 

610 j 5 g, 1 ; 

CM 

4 a, 1, 

1; 

3 i, 3 

12 

... Sgj 1 ; 

4 a, 2; 

43, 1 , 

1; 

3 i 5 

13 



... 


1; 

... 

14 



... 

... 


... 

15 

... 

... 

... 


... 

16 

• • « • • # 

... 

... 


... 


3, 2, 1 

Su 2, 1; 3, 1, 1, 1; 2 , 2, 2 

3j, 1, 1, 1; 2 . 2, 1, 1 

2i. 1, 1, 1, 1 

1 , 1 , 1 , 1 , 1 , 1 : 


and moreover, in the cases where there are two or more forms of the sextic cone, 
then the k sextic cones may be of the different forms in various combinations. The 
total number of cases prirnd facie possible is thus very great ; but only a comparatively 
small number of them actually exist. 

12. In the case where there is a plane 1, the sextic cone breahs up into this 
plane, and into a (proper or improper) quintic cone intersecting the plane in 5 lines; 
that is, there will be in the plane 6 nodes; the plane is, in fact, a singular tangent 
plane meeting the surface in a conic twice repeated; and the 6 nodes lie on this 
conic. Taking any one of these nodes as vertex, the corresponding sextic cone breaks 
up into the plane, and into a (proper or improper) quintic cone. 

13. In the cases k = l, 2, 3, 4, 5, and A: = 15, 16, there is only one form of sextic 
cone; so that each node (at least so far as appears) stands in the same relation to 
the surface. Considering the last mentioned two cases; A: =16, — each of the 16 nodes 
gives 6 singular tangent planes, but each of these passes through 6 nodes; therefore 
the number of planes is =16: similarly. A: =15, the number of singular tangent planes 
is 16 X 4 -i- 6, =10. 


18—2 
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For jfc=14, the cones are 3i, 1, 1, 1, or 2, 2, 1,1: it is easy to see that wc have 
only the three cases 


Cones 3j, 1, 1, 1 ; 2, 2, 1, 1 Singular tangent planes 


No. may be 

JJ 


14 

8 




0 gives (14 . 3 + 0 . 2) -h 6, = 7 

C „ ( 8.3+ 6.2) -r 6, =6 

12 „ ( 2.3 + 12.2)-^-6, =5 


and we may in the like manner limit the number of possible cases, for other values 
of k But I do not at present further pursue the inquiry. 


As to the Number of Constants contained in a Surface. 

14. We say that a surface P = 0 contains or depends upon a certain number of 
constants; viz., this is the number of constants contained in the equation P = 0 of the 
surface, taking the coefficient of any one term to be equal to unity; thus the general 
quadi'ic surface contains 9 constants; the surfiicc can in fact be determined so as to 
satisfy 9 conditions ; or, as we might express it, the Postulation of the surface is = 9. 
[I have elsewhere said Postdandim and Capacity : I prefer this last expression.] 
And if, in the general equation so containing 9 constants, k of these .arc given, or, 
what is the same thing, if the quadric surface be made to satisfy any k conditions, 
then the number of constants, or postuLation of the surface, is = 9 - k. 

15. But a different form of expression is sometimes convenient; the conditions to 
be satisfied ai'o frequently such that, being satisfied by the surfaces P = 0, Q = 0, ..., 
they will be satisfied by the surface aP + 0Q+ .,, = 0, where a, S> ••• are any constant 
multipliers whatever. When this is so, there will be a certain number of solutions 
P = 0, Q = 0, ... not connected by any such relation, or say of asyzygotic solutions, such 
that the general surface satisfying the conditioirs in question is aP + SQ+ ■•■ — 0; and 
hence, taking one of these coefficients as unity, the number of constants, or postulation 
of the surface, is equal to the number of the remaining coefficients, or, what is the 
same thing, it is less by unity than the number of the asyzygetic solutions P = 0, 
Q = 0.... Instead of considering the number of constants, or postulation, wo may consider 
the number of solutions (that is, asyzygetic solutions) or surfaces P=0, Q = 0, ... which 
satisfy the conditions in question. 

16. Thus, for the quadric not subjected to any conditions, there are 10 surfaces 

(for example, these may be taken to be the surfaces = y® = 0, = w^-0, yz = 0, 

zic-0, a;y = 0 , aw — O, yw = 0 , zw = 0); and the general quadric surface is by moans of 
these expressed linearly in the form (a, y, z, wy = 0. So for the quadric surfaces 
through k given points, the number of these is =10-1!:; thus for the surfaces 
through 4 given points, say the points (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), 
the 6 given surfaces may be taken to be yz=0, zx = 0, iey = 0, xw = 0, yw = 0, zw = 0, 
and every other quadric surfece through the 4 points is by means of these expressed 
linearly in the form (a, zx, xy, xw, yw, zui) = 0; for the quadric sur&ces through 

8 points there are two surfaces P = 0, Q = 0; and every quadric surface through the 
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8 points is by means of these expressed linearly in the fonn aP + /3Q = 0; and (as 
the extreme case) if the quadric surface passes through 9 given points, then there is 
the single quadric surface P = 0. 

17. In the questions in which such quadric surfaces present themselves, it is in 
general quite immaterial what particular surfaces are selected as the surfaces P = 0, 
Q = 0 , the selection may be made at pleasure and, being so made, the surfeces are 
to be regarded as completely determinate; viz., there would be no gain of generality 
if these were replaced by any other surfaces aP + ^Q... = 0. For instance, in the 
theory of the quartic surfaces with 6 given points as nodes, we have through the 6 
given points the 4 quartic surfeces P = 0, Q = 0 , J2 = 0, S = 0, and we consider the 
quartic functions (a, ...jJ^P, Q, R, Sf and / (P, Q, R, S): each of these is unaltered 
as to its form when P, Q, R, 8 are replaced each of them by any linear function of 
these quantities; viz., (a, ...][P, Q, P, (S)“ is changed into a new quadric function 
(a', Q, R, Sf, and J (P, Q, R, 8) into a mere constant multiple of its original 

value. We have herein a justification of the expressions in question, through 6 given 
points there are 4 quadric surfaces, &c. 


General theory of the Qmrtie 8wrfaoe with a given Rode or Nodes. 

18. A quartic surface contains 34 constants; and the number of conditions to 
be satisfied in order that a given point may be a node is = 4. Hence, if the surface 
has k given points as nodes, the number of constants is =34 — 4A; and it would at 
first sight appear that k might be =8, and that with the 8 given points as nodes 
we should have a quartic surface containing 2 constants. But this is not so in a 
proper sense; for through the 8 given points we have 2 quadric surfaces P = 0, Q — O; 
and we can by means of these form a quartic surface (a, h, o'$P, Q)“ = 0, containing 
2 constants, and having in a sense the 8 points as nodes. This, however, is no 
proper quartic surface, Wt is a system of 2 quadric sur&ces, each of them passing 
through the 8 points, and the two quadric surfaces therefore intersecting in a quadri- 
quadric curve tlmough the 8 points; which curve is therefore a nodal curve on the 
compound surface; and it is only as points on this nodal curve, and not in a proper 
sense, that the 8 given points are nodes of the quartic surface. The greatest value 
of k is thus k = 7. 

19. Of course, if A = 0, we have the general quartic surface Z7= 0, containing 34 
constants. The cases A = l, k = 2, k = B (viz., a single given node, 2 given nodes, 3 
given nodes), may be at once disposed of; taking for instance the 1st node to be the 
point (1, 0, 0, b), the 2nd node the point (0, 1, 0, 0), the 3rd node the point 
(0, 0, 1, 0), we find at once an equation 11=0, with 30, 26, or 22 constants, having 
the given node or nodes. 

Fovr given Nodes. 

20. The case of 4 given nodes is just as easy; but in reference to what follows, 
it is proper to consider it more in detail. The equation should contain 18 constants; 
we have through the 4 given points 6 quadric surfaces, P=0, Q = 0, J2 = 0, 5=0, T=Q, 
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17= 0, and we can by means of them form a quartic equation (a, Q, R, S, T, Uy = 0, 
having the 4 given points as nodes ; this contains, however, (21 — 1 =) 20 constants ; 
the reduction to the right number 1 8 occurs by reason that the functions (P, Q, R, S, T, U), 
although linearly independent, are connected by two quadric equations 

{*IP, Q, R, 8, T, Uy = 0, Q, R, S, T, C7)= = 0; 

hence writing the equation of the quartic surface in the form 

(a, = 

the coefiBcients X, p. may be so determined as to reduce to zero the coefficients of 
any two terms of the equation, and the number of constants really is 20 - 2 = 18, as 
it should be. 

21. In proof, observe that, taking the 4 given nodes to be the points (1, 0, 0, 0), 
(0, 1, 0, 0), (0, 0, 1, 0), (1, 0, 0, 0), the quadric surfaces may bo taken to be yz = 0, 
z® = 0, aiy=0, ajM) = 0, yw = 0, 2 W = 0; the equation of the quartic surface will thus be 

(a, ...\yz, zx, xy, cm, yw, zwy=(}\ 

but we have between the functions ocy, &c., the two identical relations 

coy .m—coz sy'w = 0, ay . z?/' — ®w . ?/z = 0 ; 
and the number of constants is thus =18. 


Five given Nodes. 

22. In the case of 5 given nodes, the number of constants should be = 14. Wo 
have through the 5 given points, 5 quadric surfaces P = 0, Q = 0, R = 0, 8 = 0, T=0, 
and we form herewith the quartic equation (ct, ...][P, Q, R, 8, T)° = 0, containing the 
right number 14 of arbitrary constants. The functions P, Q, &c. aro in this case not 
connected by any quadric relation, and the equation just written down is in fact the 
general equation of the quartic surface with the 5 given nodes. 

23. In verification, take the first 4 nodes to bo as above, and the 6th node to 
be the point (1, 1, 1, 1); we may write 

(P, Q, R, 8, T) = {co(y~z), x{y-w), y{x-z), y{x-w), xy-zw}-, 

and if from the 5 equations P = x{y — z), &c., we eliminate (®, y, z, w), we obtain 
one, and only one, relation between the functions P, Q, R, 8, T; this is found to be 

P8{Q + R-T)- QRiP + 8-T) = 0, 

or, what is the same thing, 

R(P-Q){8-T)-P(R-8){Q-T) = 0; 

viz., it is a cubic relation, and there is consequently no quadric relation between the 
5 functions. 
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Six given Nodes, 

24. In the case of 6 given nodes, the qnaxtic surfece should contain 10 constants. 

We have through the 6 given points 4 quadric surfaces P = 0, Q = 0, R-0, S=0; 

but if we form herewith the quartic sur&ce Q, R, Sy = 0 , this contains only 

9 constants. It is to be shown that the J acobian surface J (P, Q, R, S) = 0 of the 

4 quadric surfaces (or say of the 6 points) is a quartic surface having the 6 given 

points as nodes, and not included in the foregoing form (a, ...^^P, Q, R, 8)^ = 0; this 
being so, we have the quartic surface 

(a,...$P, Q, R, Sr + eJ(P, Q, P, -S) = 0, 

having the 6 given points as nodes, and containing the complete number of constants, 
viz., 10. 


25. The 6 given nodes being any points whatever, their coordinates may be taken 
to be ( 1 , 0 , 0 , 0), (0, 1 . 0, 0 ), (0, 0, 1 , 0), ( 0 , 0 , 0 , 1 ), ( 1 , 1 , 1 , 1 ), and (a, 7 , S). I 
proceed to find the Jacobian of these 6 points. For this purpose, let (a, b, c, f, g, h) 
be the 6 coordinates of the line through the points ( 1 , 1 , 1 , 1 ) and (a, 8, y, S); 

/=a-8, 

6 = 7 -a, g-8-b, 

c = tt -8, h = y -B, 

whence af+ bg + ch = 0 , and also 

. h — g + a~0, 

— h .+^+6 = 0 , 

9 • + c =0, 

- a -b —0 .=0, 

we have through the 6 points the plane pairs 

X ( . —hx — gz + aw) = 0 , 

y {—hx . +/5 + bw) = 0 , 

^ ( S'® -fy ■ +cw) = 0, 
w{—ax — by — cz . ) = 0, 

where, adding the four equations, we have identically 0 = 0. For this reason, we cannot 
take these to be the equations of the 4 quadiic surfaces, but we may take the first 
3 of them for the surfaces P = 0 , Q = Q, P = 0 ; and for the 4th surface 8=0,1 take 
the quadric cone having its vertex at the point ( 0 , 0 , 0 , 1 ); viz., the equation is 

a/xyz + b8zx + cyxy = 0; 

that is, I write 

(P, Q, R, 8) = {x(hy-gz + aw), y(-hx+fz + bw), z(jgx-fy + cw), (accyz + b8^ + cya!y)}- 
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26. The Jacobian is then easily found to be 

+ CY«y) (— agh, hhf, cfg, ahc, — af^, — gB, IiG, aA, iPg, — y, z, wf 

4 (cyxy + aa.yz) {agh, —hhf, cfg, ahc, fA, —hg-, —IiG, — af, bB, c% '^x, y, z, iu)- 

+ (aayz + h^zx) {agh , hhf, —cfg, ahc, —fA, gB, —cJr, af, —h-g, cG "^x, y, z, w)'- = 0; 

where for the moment A, B, G denote hg-ch, ch-af af-hg respectively. Collecting 
and reducing, the whole divides by 2ahc ; and if finally we replace a, b, c, f g, h by 
their values, the result is 


'' (j8 — 7) yz {aw- — Baf) + {a —B) osno {Bz^ — 72/“) 

J a= . Jr {y — a) zx {Bvfi — B\f) + (j8 — S) yio (7.'?;“ — az"^ ) 
^ 4 - (a - y 9 ) xy {jtii^ —Bz-) + {y- B) zw {ay- - 


= 0 . 


27. It may be shown a, postmion that J is not a quadric function of P, Q, R, B. For, 
attempting to express it in this form, J does not contain the terms y'hu‘\ zhv-, and it 
thence at once appears that the coefificients of P‘, each of them vanish. Hence, 

introducing for convenience the factor 2, 1 assume (0, 0 , 0 , JD, F, G, H, L, M, Q, R, Sy‘=2J. 
Comparing the terms in ^v'^{yz, zx, xy), we obtain 

hcF = OA, caQ — bB, abH — cy ; 

and comparing the coefficients of w {y% z^x, aft/, y^, za?, xy-), we obtain 

-Ff^aaMJ^, Ff + aaN:a.-^^, 

0 c 

-%46^ir=-f-. Qg + bBL=-f, 

G il 

-m4C7i=®, m + C7ilf = --^; 


substituting for F, Q, H their values, we obtain from the first 3 equations L, M, N 

f Ih f 1 

= -/ , — r, and from the second 3 equations, L, M, N={-, that is, 

be ca ah ^ be ca ab 

the equations are inconsistent, and the function J is not expressible in the form in 

question. 


Jacobian Surface of Six given Points. 

28. The equation 0 is the locus of the vertices of the quadric cones which 
pass through the given 6 points; calling these 1, 2, 3, 4s, 5, 6, we see at once that 
the surface passes through the 15 lines 12, 13, ...66, and also through the ten lines 
123.466 (viz., line of intersection of the planes through 1, 2, 3, and through 4, 5, 6), 
&c. In fact, taking the vertex at any point 0 in the line 1, 2, the lines drawn 
to the six points are 01 = 02, 03, 04, 05, 06 ; viz., there are only five lines, so that 
these lie in a quadric cone. And taking the vertex at any point in the line 123 . 466, 
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the lines to the 6 points lie in these planes 123 and 456 respectively, and the quadric 
cone is in fact this plane-pair. Moreover, the surface containing the lines 12, 13, 14, 15, 16 
must have fche point 1 for a node ; and similarly, the points 2, 3, 4, 5, 6 are eact 
of them a node on the surface. It is to be added that the surface contains the skew 
cubic through the 6 points, or say the skew cubic 123456. See, as to this, post No. 108, 

29. The surface in question (the Jacobian of the 6 points) is a particular case 
of the Jacobian of any 4 quadric surfaces. This more general surface will be considered 
in the sequel; I only remark here that it contains 10 lines, corresponding to the 
10 lines 123.456, &c., but it has not any other lines, or any nodes. 


Jacobian Curve of Seven given Points, or of an Octad of Points. 

SO. In connexion with what precedes, we may here consider a curve which presents 
itself in the sequel; viz., the curve which is the locus of the vertices of the quadric 
cones which pass through seven given points. The general case is when no one oi 
the points is the vertex of a quadric cone through the other 6 points. We have 
through the 7 points the three quadric surfaces P = 0, Q=0, B=0; hence, forming 
the equation aP+^Q 4 - 7 -R = 0 of the general quadric surface through the 7 points, 
and making this a cone, we find as the locus of the vertex J (P, Q, P) = 0 ; the 
analytical form shows that this is a sextic curve. It appeal's, moreover, that the curve 
is symmetrically related to all the 8 points P — 0, Q = 0, P = 0 ; and instead of calling 

it the Jacobian of the 7 points, we may call it the Jacobian of the octadL But in 

further explanation, take the points to be 1, 2, 3, 4, 5, 6. 7 ; the vertex will lie on 
each of the Jacobian surfaces 123456 and 123457 ; and it is at present assumed that 
7 is not a point on the first surface, nor 6 a point on the second surface. The two 
surfaces have in common the lines 12, 13, ...45, and they consequently besides intersect 
in a curve of the 6th order, or sextic curve, which is the locus in question. At the 
point 1 there is on the first surface a tangent cone through the lines 12, 13, 14, 15, 16, 
and on the second surface a tangent cone through the lines 12, 13, 14, 15, 17 ; these 
two cones have for their complete intersection the lines 12, 13, 14, 15, which lines 

belong to the complete intersection of the two surfaces, but not to the sextic curve. 

It thus appears, d posteriori, that the sextic curve does not pass through the point 1; 
and similarly, that it does not pass through any of the points 2, 3, 4, or 5. As to 
the points 6 and 7, each of these is on only one of the quartic surfaces, and there- 
fore the curve of intersection does not pass through either of these points. 

31. Suppose, however, that one of the seven points is the vertex of a cone 
through the other six; it is of course the same thing whether we take this to be 

one of the points 1, 2, 3, 4, 5, or one of the points 6 and 7, but the result comes 

out more easily in the latter case; viz., in the former case, taking 1 to be the point 

in question, the two tangent cones at 1 are one and the same cone, and all that 

appears is that there is nothing to hinder a branch or branches of the sextic curve 
firom passing through the point 1. But in the latter case, taking 7 for the point in 
question, then 7 lies on the surface 123456, being a simple point on this surface, but 
a node on the surface 123457; and it thus appears that there are through 7 two 

19 
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branches of the sextic curve ; so that any one of the seven points, being the vertex of 
a cone through the other six, is an actual double point on the sextic curve. 

32. In the case where two of the points are each of them the vertex of a cone 
through the other six points, then the seven points lie on a skew cubic; and the 
sextic curve of the general case becomes this skew cubic twice repeated. 


8euen given Nodes. 


33. In the case of 7 given nodes, the number of constants should be = 6 ; the 
7 given points determine 3 quadric surfaces P = 0, Q = 0, P = 0 ; and wc have hence 
the quartic surface (a, ...][P, Q, By = 0, containing 5 constants only. That this is not 
the general quartic surface with the 7 given nodes, is also clear from the consideration 
that the surface in question has 8 nodes; viz., the 8 points of intersection of the 
three quadric surfaces. Suppose that a particular quartic surface, having the 7 given 
nodes, but not of the last mentioned form, is A = 0 ; then a quartic surface having the 
7 given nodes is 

(a,. ..IP, Q, By + 0A = O; 

and this, as containing 6 constants, will be the general quartic surface with the 7 given 
nodes. 


34, It follows that, if A' = 0 be another quartic surface having the 7 given nodes, 
we must have identically A'— jjA = (*][P, Q, Bf, where jj is a determinate constant and 

Q, By a determinate quadric function of (P, Q, B). The formula extends to 
the case where A' = 0 has the 8 nodes (P = 0, Q = 0, B = 0), but we have then p = 0, 
and the meaning is simply that the general quartic surface having the 8 node.s is 

(*$p, <3, py=o. 

35. A particular quartic surface haviug (in an improper sense) the 7 given nodes, 
but not having the 8th node, is MB = 0, where M=0 in the plane through any 3 of 
the 7 points and fl = 0 is the cubic surface through these same 3 points, and having 
the remaining 4 points as nodes. The equation of the cubic surface, if the 4 points 
are taken to be (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), is obviously of the form 




c d 

+ - + - = 0, (that is, ayzw + bzxw + cxyw + dxyz — 0), 


and by making the surface pass through the 3 points we determine linearly the 
coefficients (a, b, c, d), that is, their ratios. The equation of the quartic surface thus is 


(a,...][p, Q, By+dMa=o, 


the 7 given points being here proper nodes; and the formula being precisely equi- 
valent to the preceding one containing A. 


36. We can with the 7 given points form 35 such combinations ikffl = 0 of a 
plane and a cubic surface, and so present the equation of the quartic surface under 
35 different forms; these are of course equivalent in virtue of the before mentioned 
formula for A' —pA ; viz., we must have identically Ml - pM'H' = (»$P, Q, By: a 
theorem of some interest, which it might be difficult to verify d posteriori. 
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Investigation of the cases of 8 Nodes. 

37. It has already been shown that a quartic surface cannot in a proper sense 
have 8 given nodes. In regard to the quartic surfaces with 8 nodes, we start from 
the surface with 7 given nodes ; viz., 

(a,...5P, Q. RY+e^ =0, 

or, what is the same thing, 

(a, . Q, Ry + eMD, = 0 ; 

and we inquire in what cases this surface has an 8th node. Obviously if 6 = 0. that 

is, if the surface is (a, Q, Ry=0, the surface will have an 8th node, the 

remaining intersection of the quadric surfaces P = 0, Q = 0, R = 0 (observe that this is 
a point in no wise depending on the particular quadnc sur&ces, but uniquely deter- 
mined by means of the 7 given points); and we have thus one Tn'rid, say the 
“octadic” surface, of the quartic surfaces with 8 nodes; viz., the nodes are the 
8 points of intersection of any 3 quadric surfaces, or they are an octad of points. 
By what precedes, 7 of the nodes may be given points, and the remaining node is 
then a uniquely determinate point, the 8th point of the octad. 

38. But if 6 be not = 0, there may still be an 8th node ; viz., this must then 

be a point on the J acobian sur&ce J (P, Q, R, V ) = 0, which is of the order 6. It 
is clear d priori that this must be a surface depending only on the 7 points, but 
independent of the particular surfaces P = 0, Q = 0, R = 0, V = 0; to verify this, observe 
that, substituting for V the function V', =p'V -1-(*][P, Q, Ry, we in fact leave the 
Jacobian unaltered; I call it the dianodal surface of the 7 points. 

39. I say that the 8th node may be any point whatever on the dianodal surface ; 
in feet, regarding for a moment the coordinates of the node as given, and expressing 
that the point is a node on the quartic surface, we have 4 equations containing 

<^Po'^hQo+gR,), hPa+hQo+fR^, gPa+fQo-i- oRit, 

(P(» Qo> Po the values of P, Q, R at the node,) but which, if only the point be on 
the dianodal surface, reduce themselves to three equations; viz., we have between the 
coeflScients (a, h, c, /, g, h) and 9 three equations which being satisfied, the point in 
question will be a node. And it thus appears that, taking the 8th node to be a 
given point on the dianodal surface, the equation (a, ...JP, Q, Ry + d'7 =0 of the 
quartic surface will contain 3 constants. Observe that we may through the 8 nodes 
draw 2 quadric surfaces P = 0, Q=0; and this being so if A = 0 be a particular quartic 
surface with the 8 nodes, then the general quartic surface will be 

(a, b, c'^P, Qy+ 6A = 0, 

containing the right number 3 of constants. But there is not here any simple form 
of the surfece A = 0, such as the form MS1 = 0 for the surfece through 7 given points. 

19—2 
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40. It is clear d pi-iori that the relation between the 8 nodes is a symmetrical 
•one ; so that the Sth point being situate anywhere on the dianodal surface of the 
7 points, each of the points will be situate on the dianodal surface of the remaining 
7 points. This is a remarkable property of the dianodal surface, which will have to 
be again considered. 

41. In what precedes, we have the second kind of quartic surfaces with 8 nodes, 
say the “ dianome ” ; viz., each node is a point on the dianodal surface of the remaining 
7 nodes; any 7 of the nodes may be taken to be given points, and the remaining 
node to be any point whatever on the dianodal surface of the 7 points. 


The Dianodal Surface. 

4i2. Consider the seven points 1, 2, 3, 4, 5, 6, 7. As already mentioned, through 
three of these, say 1, 2, 3, we may draw a plane If = 0 ; and thi-ough the same three 
points, with the remaining points 4, 5, 6, 7 as nodes (3 4 . 4 = 19 conditions), a cubic 

surface fl = 0; this surface passing through the six lines, 45, 46, ...67. Hence we have 
A, =Mil, =0, a quartic surface with the seven points as nodes. And using this form 
of A, it may be shown that the dianodal J(P, Q, B, A) = 0 passes through the 21 
lines 12, 13, ...67, and through 35 plane cubics such as M=0, il = 0; viz., this is a 
cubic in the plane 123 passing through the points 1, 2, 8, and through the inter- 
sections of the plane with each of the six lines 45, 46, ...67 (nine points determining 
the cubic) ; the complete intersection by the plane 123 being therefore composed of 
this cubic and of the three lines 12, 13, 23. For the passage through the cubic, we 
have only to observe that 

J{P, Q, B, Jlffl) = /(P, Q, B, Q)M+J{jP, Q, B, ilf)ll = 0 

is satisfied by Jf=0, fl = 0; and for the passage through the lines, taking ai = 0, y = 0, 
5 = 0, w = 0 for the equations of the planes 567, 674, 745, and 466 respectively, each 
of the functions P, Q, B is of the form ayz + hux + cxy+fm + gyw + Im;, and the 
function Cl is of the form Ayzw + Bzivx + Cwsoy + Dxyz. Hence, wanting in the derived 
functions for instance 5 = 0, w = 0, the first and second lines of the determinant 
J (P, Q, B, fl) will be of the form 


oy. o'y, c"y, 0 , 
cx, c'x, d'x, 0 

•or the determinant vanishes for 5 = 0, w = 0; that is, for any point of the line 45 we 
have XI =0 and also J (P, Q, B, XI) = 0; consequently / (P, Q, B, MCI) = 0, and the 
like for the other lines. The theorem is thus proved. 

43. I say that the dianodal surface passes through each of the 7 skew cubics, 
such as 123456. To prove this, it is only necessary to show that the skew cubic 
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123456 lies on the dianodal surface. For this purpose it will be enough to show that 
the skew cubic meets the plane 712 in a point of the surface; for then it will, in 
like manner, meet each of the 15 planes 712, 713, ...756 in a point of the surface; 
that is, we shall have 15 intersections of the curve and sur&ce, and there are, besides, 
the intersections 1, 2, 3, 4, 5, 6, in all 21 intersections ; that is, the skew cubic must lie 
on the surface. 

44. The plane 712 meets the surface in three lines and in a plane cubic deter- 
mined by the points 7, 1, 2 and the six intersections of the plane with the lines 
34, 35, ...56. We have therefore to show that this plane cubic meets the skew cubic 
123456. Consider for a moment the points 1, 2, 3, 4, 5, 6 and another point 7'. As 
seen above, we have in general, through the points 1, 2, 7' and with the points 
3, 4, 5, 6 as nodes, a determinate cubic sur&ce, which surface passes through the lines 
34, 35, . . . 56. But the cubic surface becomes indeterminate if the points 1, 2, 7', 3, 4, 5, 6 
are on the same skew cubic; that is, if 7' is any point whatever on the skew cubic 
123456 (the proof presently). Taking, then, T as the intersection of the skew cubic 
by the plane 712, we have in this plane the points 7', 1, 2, and the intersections of 
the plane by the lines 34, 35, ... 56, nine points through which there pass an infinity 
of plane cubics; that is, the plane cubic determined by the points 7, 1, 2 and the 
six intersections will pass through the point 7'; viz., it meets the skew cubic 123456. 

45, For the subsidiary theorem, taking X, Y, Z, W as current coordinates, viz., 

X = 0, F= 0, F = 0, W = 0 as the equations of the planes 456, 563, 634, 845 respectively, 
(®i. yi> ^i> ^i) (®a> y 3 > coordinates of the points 1 and 2 respectively, 

and (ss, y, z, w) for those of 7'; the equation of the cubic surface passing through 
7', 1, 2, and having the nodes 3, 4, 5, 6, : 

i I 

X’ 7’ 

1 1 

w’ y’ 

1 1 _ 

Vi’ 

1 1 
’ Vi’ 


7 ’ W 

1 1 
z ’ w 

L 1 

Zi’ Wi 
1 

Zi’ Wz 


and this ceases to be a determinate function if only 



1 

1 

1 
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y’ 

z’ 

w 

1 

1 

1 

1 


yi’ 


Wl 

1 

1 

1 

1 


2/a’ 


Wj 
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viz., considering y-,, Zi, w^), ((Bj, y^, z^, Wj) as given, this is a twofold relation 
between the coordinates {x, y, z, w) of the point T. The relation may be represented 
by the four equations (yzw) = 0, (zwx)=0, {wxy)=0, {xyz) = 0, if for shortness 


(yzw) = 


zw , 

wy 


yi^ii 








and the like as to the other symbols. The four equations represent quadric surfaces, 
each two intersecting in a line [e.g., (yzw) = 0 , (zwx) = 0 in the lino z=:0, w = 0 ], .and 
the four surfaces besides intersecting in a skew cubic, which is the required locus of 
the point 7', and which, as is seen at once, passes through the points 1, 2, 3, 4, o, 6 . 

46. By what precedes, we have on the dianodal surface through the point 1 the 

lines 12, 13, 14, 15, 16, 17, and the skew cubics 123456, &c. The six linos aro not on 
the same quadric cone, and it thus appears that the point 1 must be a cubic-node 
(point where, instead of the tangent plane, we have a cubic cone) on the surface. It 

is to be remarked that the lines 12, 13, 14, 15, 16, and the tangent at 1 to th(? 

skew cubic 1234.56, lie in a quadric cone; viz., this tangent is given as the sixth 

intersection of the cubic cone with the quadric cone through the lines 12, 13, 14, 1.5, 16. 

47. I revert to the equation of the dianodal surface as given in the form 

J=J{P, Q, B, il/fl) = 0 , where M = 0 is the plane through the points 1 , 2 , 3, and 
fl = 0 the cubic surface through these points, and having the points 4, 5, 6 , 7, as nodes. 
We can find the orders of the several functions P, Q, B, M, fl in the coordinates 
(®i. Vi, Wi), &c., of the several points; viz., writing for shortness to denote the 

order 2 in regard to (xi, yi, z^, Wi), and so in other cases, we have 

P — Q = B = x^{xi, Xq, XjY (xi, x^, x-j, x^^, 

M=x {Xt, Xg, Xr), 

D,=a?{Xi, Xg, x^y{xx, % Xg, x^^] 

{where, of course, the a?, x, x^ show in like manner the orders in regard to the 

current coordinates (x, y, z, w); the proof in regard to Cl is easily supplied.} The 

order of J is equal that of PQBMCl, less 4 as regards the current coordinates, by 
reason of the differentiations; that is, we have J = {xiXgXg^ {xgXgXgX,y‘ ; and wo thus 
see that the equation of the dianodal surface as above obtained is encumbered with 
a constant factor of the form (xiXgXgY (xgXgXgXry. In fact, the relation between the 7 

points and the current point (x, y, z, w), or say the point 8 , as expressing that the 

8 points are the nodes of a dianome, should be a S 3 unmetrical one in regard to the 
coordinates of the several points; and being of the order 6 in regard to the coordi- 
nates (x, y, z, w), it should be of the same order in regard to the other coordinates; 

that is, the true form would be J=(xxiXtXgXiXiXgX,y = 0. 

48. It is possible that taking the 4 points, say 1 , 2 , 3, 4 , to be ( 1 , 0, 0 , 0 ), 

( 0 , 1 , 0 , 0), ( 0 , 0, 1 , 0 ), ( 0 , 0 , 0 , 1 ), and the 3 points, say 5 , 6 , 7, to be ( 1 , 1 , 1 , 1 ), 
(a, 7 , 8 ), (o', 7 ', 8 '), the extraneous factor might exhibit itself, and that the 
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equation divested of this factor might be of a tolerably simple form. I have not, 
however, worked this out, but I have, by an independent process, obtained in regard 
to the dianodal surface of the 7 points a result which may be interesting, 

49. The dianodal surface, qud, surface having the first-mentioned 4 points for cubic 
nodes, has its equation of the form 

yzw(y, z, wf+zxw{z, x, w'f+x}jw{x, y, wf+xyz{x, y, zf+xyzvj{x, y, z, wf^O; 

where in the cubic functions the terms x^, y\ !?, none of them appear. If for 
instance w = 0, the equation becomes (x, y, zf — 0, which, by what precedes, is a 
known cubic curve, viz., the curve through the points 1, 2, 3 and the intersections of 
the plane 123 by the lines 45, 46, 47, 56, 57, 67 ; and we can by this consideration 
find the cubic function {x, y, zy, and thence by symmetry the other cubic functions. 
I take 

(fl,h,c,f,g,h)'\ . ^(1, 1,1, 1), (a, /3, 7,3) 

(a!, b', d, g', h') ■ for coordinates of line through - (1, 1 , 1, 1), {a\ y, S') 

(a, b, c, f , g, h)j y(oL, yS, 7 , S), (o', /S', 7 '. S') 

respectively; viz., I write 

a = ^- 7 . /=a-S a' = /S'-7', = a=/37'-/3'7, f = aS'-a'S 

6=7-2, g = fi-B 6' =7' -a', 5r'=/3'-8' b = 7a'-7'a, g = yeS'-/ 3 'S 

c — a — $, h = y — B c' = a' — B', h' = y' — 8 ' c = a/S' — a'jS, h = 7S' — 7'S 

and I write moreover 

\ = . h - g + a, 

/i= — h . -|-f-f-b, 
v= g-f . + c, 

«• = — a — b — c 


50. This being so, the cubic curve through the last-mentioned six points has its 
equation of the form 


A ^ B ^ C JD 

ax + by + cz^ a'x + b'y + c'z &s + h.y + ^z'^'\x + /iy + vz~ ’ 


and to make this pass through the points 1, 2, 3, we write therein successively 
(y = 0, z= 0), {z = 0, x = 0), (« = 0, ^ = 0) ; viz., we have for the ratios A : B : C : I) 


the three equations 


- + - + - + ? = 
a a a, X 
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In eliminating, for instance, B for the first and second equations, the resulting equation 

divides by ah' — a'h, =a + b + c, and we thus obtain, between A, G, D, the three 

equations (equivalent to two) 

6c ^ be ^ /iv ’ 

cd ca vx 

ab^ ah ^ ’ 

from which the ratios A : G : JD may be obtained by actual calculation. After all 
reductions, we have 

A= ahe {(a'a' + fi'y') af + (^'S' + -yV) bg + (y'S' + a'0') ch}, 

5 = - a'b'c' {(a B + ^ j ) &{+ (B B + rf a)hg + (y S + a B ) ch), 

G = a b c {(aa'X + BB'f* + 77 *' + SS'w), 

D= — Xfiv {(aa'a + /SyS'b + 'yy'c) ; 

viz., A, B, G, JD are proportional to 'these values respectively. Multiplying by the pro- 
duct of the denominators, I find without much difiSculty that the resulting cubic 
function is divisible by aq-b + c; hence, introducing the factor a;yz,md an indeterminate 
multiplier I, I write 

xyz {oo, y, zj = .I ' V" *2/^ (ax + by + cz) (a'se + b'y + c'z) (aaf -t- by H- ca) -i- /ty -i- vz) 

8< 'T“ D *T C 

(A B G D 1 

\a® + by + CZ ctJx + b'y + c'z a® -t- by -f ca X® + y>y + vz] ’ 

where A, B, C, D have the values above written down. 


51. Considering the orders in regard to (a, y8, y, B), (o', B'> '/> obseiwing 

that a, b, c and a', b', d are linear functions of the two sets respectively, but that 
a, b...h, X...'Gs, are linear in the two sets conjointly, or say 


we have 


a', ... = 0'; a, ... =aa'; 
Aa'aX = a»a''‘.a»a'« = a^a% 


so that after the division by a-|-b + c, =-wtd, the order will be aV®. Hence I will be 
a mere numerical factor, and the last-mentioned equation gives, without any extraneous 
factor, the terms xyz (®, y, zy in the equation of the dianodal surface of the seven points. 


Octadio Surfaces with 9 or 10 Nodes. 

52. In regard to the surfeces with 9 and 10 nodes, I consider first the octadic 
surfaces. Starting as before with the given points 1, 2, 3, 4, 5, 6, 7, we have a deter- 
minate point 8 completing the octad, and the surface with the 8 nodes is 

{a,...\P, Q, By = 0, 
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(5 constants). SujDpose that there is another node 9 ; this must be a point on the 
Jacobian curve / (P, Q, P) = 0, which (as was seen) is a sextic curve not passing 
through any of the 8 points ; the node 9 may be an^ pohit on this curve, viz , taking 
its coordinates as given, the condition of its being a node gives 4 equations, and these 
for the very reason that the point is on the Jacobian curve, reduce themselves to 
2 equations, which can be satisfied by means of the constants (a , ...); the resulting 
ec [nation should therefore contain 3 constants. 

53. In order to find it, taking as above 9 a given point on the Jacobian curve, 
this will be the vertex of a quadric cone, say P = 0, through the 8 points ; we may 
draw through the 9 points another quadric surface Q = 0, and through the 8 points a quadric 
surface P = 0 ; this being so, we have the quartic surface (a, 6, 0, 0, ff, h^P, Q, Rf = 0, 
having the 9 nodes, and containing, as it should do, 3 constants; this may be written 

(aP + 2hQ 4- 2gR) P + = 0 ; 

viz., if bR' = aP + 2hQ + 2gR, that is, if R' = 0 be the general quadric surface through the 
S points, then the equation is Q- ~ PR' = 0, where observe that R' is considered as 
containing implicitly 3 constants. 

54. If there is a 10th node, say 10, this is also a point on the Jacobian curve 
J (P, Q, R) = 0, and it may be any point whatever on the curve ; taking it as a given 
point on the curve, the resulting equation should contain 1 constant. We may take 
P = 0 to be the quadric cone, vertex 9, through the 8 points, P = 0 the quadric cone, 
vertex 10, through the 8 points, Q = 0 the quadric surface through the 8 points and 
the points 9 and 10 (viz., the surface through 9, 10 and any *7 of the 8 points will 
pass through the remaining 8th point). The equation of the quartic surface then is 

(0, 6, 0, 0, g, 0$P, Q, RY = 0: 

that is, bQ^ + 2gPR = 0, containing 1 constant; we may reduce this to Q^-PP = 0, the 
constant being considered as contained implicitly in one of the functions. It is clear 
that the constant cannot be so determined as to give rise to an 11th node, nor 
indeed to any other singularity in the surface. 

55. In the case of the surface with 9 nodes, it is clear that this is octadic in 
one way only ; the node 9 cannot form an octad with any 7 of the remaining nodes. 
But in the case of the surface with 10 nodes, the question arises whether the nodes 
9 and 10 may not be such as to form an octad with some six, say with the nodes 
1, 2, 3, 4, 5, 6 of the remaining 8 nodes; that is, whether we can have 1, 2, 3, 4, 5, 6, 7, 8 
forming an octad, and also 1, 2, 3, 4, 5, 6, 9, 10 forming an octad. I will show that 
this is impossible if only the points 1, 2, 3, 4, 5, 6 are given points, that is, points 
assumed at pleasure and not specially related to each other. For this purpose, assuming 
that the points form 2 octads as above, take through 1, 2, 3, 4, 5, 6, 7, 9 the quadnc 
surfaces P=0, Q = 0, then each of these passes through 8, 10; take P-0 any other 
quadric surface through 1, 2, 3, 4, 5, 6, 7, 8, and 8^0 any other quadric surface 

through 1, 2, 3, 4, 5, 6, 9, 10. Then P = 0, Q=0, P = 0 intersect in the 1st octad, 
" on 

C. VII. 
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and P = 0, § = 0, S=0 intersect in the 2nd octad ; the quai-tic surtaco (if it exists) 
must be simultaneously of the forms (*][P, Q, Rf—O, (*][P, Q, 8)^ = 0; and this implies 
an identical equation (*][P, Q, R, Sy = 0. The quadric surfaces ai’e surfaces through 
the points 1, 2, 3, 4, 5, 6, and taking thi’ough these six points any other (juadric 
surfaces A = 0,G = 0,JS=0, if = 0, we have F, Q, R, S each of them a linear function of 
A, C,E,H\ and the relation between P, Q, R, S gives a like relation G, E, Hf = 0 

between A, G, E, H. I assume rf = 123 . 456, 134 . 256, if = 145 . 236, G = 1 52 . 346 ; 

viz., rf = 0 is the plane-pair formed by the planes through 1, 2, 3 and 4, 5, 6 respectively ; 
and so for the other's : we have to show that there is not any such identical relation 
G, E, = 

56. We may through 3 draw the lines LM, QT to meet 14, 26 and 12, 46 
respectively; and through 5 the lines R8, RfP to meet 14, 26 and 12, 46 respectively. 
Obsei’ve that the points 0 in the figure are apparent intersections only; viz., NP does 



vot meet Ql\ ‘Mr LM meet R8. In fact, if NP met QT it would be n line in the 
series of lines meeting 14, QT, 26; or 5 would be situate in a hyperboloid, determined 
by means of the points 1, 2, 4, 6, 3; viz., 5 would not be an arbitrary point: and 
so LM does not meet RS. Now the quadrics E, H meet in the lines 14, 26, LM, NP, 
and the quadrics A, G in the lines 12, 46, QT, R8. Suppose that we had identically 
(*$^A, G, E, Hf = 0; putting therein P’=0, H=0, we should have (*^4, 0^ — 0, viz., 
(4 + \C) (4 4- /id) = 0 ; or there would exist quadrics of the forms 4-p\O = 0 containing 
the lines 14, 26, LM, NP. Now there is no quadric surface 4 4-\d=0 containing 
the line NP ; for 4 + Xd = 0 is a quadric containing the sides of the quadrilateral 
QR8T-, the generating lines of the one kind meet each of the lines R8, QT; those 
of the other kind neither. Hence NP, which meets B8 but not QT, cannot be a 
generating line of either kind ; and we have no identical relation (4, d, E, ITf = 0. 

57. In the octadic surface with 9 nodes; starting with any 7 nodes of the octad, 

9 is not the 8th point of the octad, and hence (by the theory of the dianome) it 

must lie in the dianodal surface of the 7 points; that is, the dianodal surface of the 
7 points must pass through 9, viz., through any point whatever of the Jacobian curve 

of the 7 points, that is, of the octad; or (what is the same thing) the dianodal surface 

of the 7 points passes through the Jacobian curve of the octad. This is an obvious 
property of the ^nodal surface, the surface J{P, Q, R, V) = 0 contains the Jacobian 
curve J{P, Q, .B) = 0. But it further appears that, starting with any 6 points of the 
octad and with the point 9 (that is, any point whatever of the Jacobian curve), the 
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diaiiodal surface of these 7 points must contain the remaining 2 points of the octad. 
And in the octadic surface with 10 nodes, starting with any 5 points of the octad 
and with the points 9 and 10 (that is, any two points on the Jacobian curre) the 
dianodal surface of these 7 points must contain the remaining three points of the 
octad. I have not attempted to verify these last properties of the dianodal surface. 

Dianomes with 9 or 10 Nodes. 

58. I now consider the dianomes with 9 and 10 nodes. Starting from the general 

form 

{a, b, e^P, Qy‘+6A = 0, 

where A = 0 is a particular quartic surface having the 8 nodes, it at once appears 
that if there is a 9th node, say 9, this must be a point on the Jacobian curve 
J (P, Q, A) = 0, or say on the dianodal curve of the 8 points, viz. (a = i = 1, c = 3, m 
the formula No. 5), this is a curve of the order 18; the node may be any point 
whatever on this curve, and taking it to be a given point on the curve, the number 
of constants in the resulting equation should be 1. Hence if P = 0 be the quadric 
surface through the 9 points, and A = 0 a particular quartic sur&ce having the 9 points 
as nodes, the general equation is aP^ 4- dA = 0. 

59. But we may consider the question somewhat differently. Starting with the 
7 given points 1, 2, 3, 4, 5, 6, 7 and with 8 a given point on the dianodal surface 
of the 7 points ; it is clear that 9 must be on the dianodal surfece 1234567, and 
also on the dianodal surface 1234568 ; the complete intersection is of the order 36, 
and we have to consider how this breaks up so as to contain as part of itself the 
dianodal curve of the order 18. 


Dianodal Carve of 8 Points, 

60. Consider first any 8 points whatever 1, 2, 3, 4, 5, 6, 7, 8 ; where 8 is not on 

the dianodal surface 1234567, nor 7 on the dianodal surfece 1234568. The two surfeces 
have in common the 15 lines 12, 13,... 56 and the skew cubic 123456, they therefore 

besides intersect in a curve of the order 18. At the point 1 the tangent cubic 

cones of the two surfaces intersect in the lines 12, 13, 14, 15, 16 and the tangent 

to the skew cubic 123456, 6 Imes lying in a quadric cone; they therefore besides 

intersect in 3 lines lying in a plane ; that is, the point 1 is on the curve of the 
order 18 an actual triple point, the 3 tangents lying in piano; and the like of course 

in regard to each of the points 2, 3, 4, 5, 6. But as 7, 8 lie each of them on only 

one of the two surfeces, the curve of the order 18 does not pass through 7 or 8. 

61. If, however, 8 lies on the dianodal surface 1234567, then each of the 8 points 

will lie on the dianodal surface of the other 7 ; and in particular 7 will lie on the 
dianodal surfece 1234568. The surfeces intersect as before in a residual curve of the 
order 18; the only difference is that 7 and 8 are now points on each surfece; viz., 
each of them is on one of the surfeces an ordinary point, and on the other a cubic 

node ; the points 7 and 8 are thus each of them an actual triple point on the curve ; 

and at each of them the 3 tangents are in piano. We thus see that the dianodal 

20—2 
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curve 12345678 is a curve of the order 18, such that each (jf the 8 points is a triple 

point on the curve, the tangents at each of them being in piano. 

Ten Nodes. 

62. Suppose there is a 10th node, say 10; sbii-ting from the equation +<?A = 0 

(P = 0 the quadric surface through the 9 points, A = 0 a particular quartic surface having 
the 9 points as nodes), it at once appears that the node must be one of the points 
J (P, A) = 0 ; hence, taking it to he one of these points, we have 4 equations, which, 
in virtue of the node being one of the points in question, reduce themselves to a 
single equation determining the ratio a : 0 we have thus a completely determinate 
surface, say 0=0 having the 10 points as nodes. The number of points J (P, A), 
writing in the formula No. 5, a = l, 6=3, is obtained as 1 + 3 + 9 + 27 = 40, but it 
is to be observed that the surface P = 0 passes through each of the 9 nodes of the 
surface A = 0 ; these count twice among the points J (P, A) = 0, and the number of 
residual points (or say the dianodal centres of the 9 points) is 40 - 18 = 22 ; vis., this 
is the number of positions of the node 10. [The nine points count each three times 

and the number of residual points, or positions of the node 10, is thus not 40 — 18 = 22, 

but 40 -27, = 1.3.] 

BiamdaJj Centres of 9 Points. 

63. In further explanation, observe that 9 is any point on the dianodal curve 
12346678; the node 10 must lie on this same curve, and also on the dianodal surface 
1234569. Take P = 0 the (luadric through all the 9 points, Q=0 a quadric through 
all but the point 9, J2 = 0 through all but the point 8, S — 0 through all but the 
point 7. The dianodal curve 12345078 is /(P, Q, V)=!0, and the dianodal surface 
1234569 is J(P, B, S, V) = 0; the total number of intersections is 6 x 18 = 108 ; these 
include the 4x18 = 72 points of intei-section of the dianodal curve J{P, Q, A) = 0 with 
the Jacobian surface J (P, Q, R, S)= 0, except the four points J (P, Q) = 0, which arc 
the vertices of the 4 quadric cones through 1, 2, 3, 4, 5, 6, 7, 8 (which 4 points are not 
situate on the curve J (P, B,S) = 0), and there are besides 40 points [108 = (72 - 4) + 40} 
which are the before mentioned points J{P, A) = 0; viz., these are the 9 points each 
twice [three times], and the residual 22 [13] points which are the dianodal contre.s of the 
9 pointa 

General result as to the Dimoines. 

64. We have thus established the theory of the dianome quartic surfaces; viz., we 

have 

The octodianome, 8 nodes, 7 of them aihitrary, and the 8th an arbitrary point 
on the dianodal surface (order 6) of the 7 points. 

The enneadianome, 9 nodes, the 9th an arbitrary point on the dianodal curve 
(order 18) of the 8 points. 

The decadianome, 10 nodes, the 10th any one of the 22 [13] dianodal centres of 
the 9 points. 

And as already mentioned, so long as the first 7 nodes are arbitrary, there cannot 
be more than 10 nodes in all. 
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The Symmetroid. 

The Lineolimar Gorre^ondence of QmrUo Surfaces. 

65. I consider four equations S = 0, T= 0, U=0, V= 0 , lineolinear in regard to 
the two sets of coordinates (x, y, z, w) and (a, S> 7 > ^)! of these equations 

is of the form 

(*5®, y, z, wja, S, 7. ^)= 0- 

This implies that the point («, y, z, w) lies on a certain quartic surfece 0 = 0, and 
the point (a, /3, 7 , S) on a certain quartic surface A = 0, and that the two surfeices 
correspond point to point to each other. In feet, writing the four equations in the form 

La + MS + My + PB = 0, 

L'a+ M'S+ M'y+ PB = 0, 

L"a + M"S + N"y + P'B = 0 , 

L"'a + M"'S + 2L"'y + P"B = 0, 

where L, &c., are linear functions of (so, y, z, iu), then eliminating (a, /3, 7 , B), we obtain 
the equation 


L , 

M , 

M , 

P 

= 0 ; 

F , 

M' , 

M , 

P' 


L", 

M", 

N", 

P" 


F", 

M'", 

N’", 

jptlf 



and similarly, writing the four equations in the form 

Ax+ By -V Gz+ Bvj = 0, 

A'x+ Py+ G'z+ Pw = 0, 

A''x+ P'y+G"z+ D"«; = 0, 

A'"x + B'"y + G'"z + D"'w = 0 , 

where A, &c., are linear functions of (a, S, 7 , 8 ); then eliminating (x, y, z, w), we 
obtain' the equation 

A , B , G , D = 0 . 

A' , F , G’ , U 
A", F', G", P' 

A"', F", G'", P" 

Moreover, ® being =0, the four linear equations in (a, j 8 , 7 , 8 ) are equivalent to three 
equations, and give for instance (a, /3, 7 , 8 ) proportional to the determinants formed 
with the matrix 


F, M' , 

M , 

P 

L", M" , 

M", 

P" 

F", M"\ 

N'", 

p//f 
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and similarly, A being =0, the four linear equations in (w, y, z, w) are equivalent to 
three equations, and give for instance (x, y, z, w) proportional to the determinants 
fonned with the matrix 


A' , 

B' , 

O' , 

F 

A", 

B", 

G", 

D" 

A"’, 

F", 

O'", 

F" 


which establishes the point-to-point correspondence of the two surfaces. 

66. It would at first sight appear that any quartic surface (*$«, % 8)* = 0 what- 

ever might have its equation expressed in the foregoing determinant form A = 0. This 
equation seems, in fact, to contain homogeneously as many as 64 constants. But if 
we multiply the determinant line into line by a constant determinant 

a , b , c , d 
a', b', c' , d' 
b", c", d" 
a'", b'", c"\ d'" 

and then column into column by another constant determiniuit, the coefficients, all but 
one of them, of these constant determinants may be used to specialize the fonn of the 
resulting equation, [say they are apoclastic constants] ; this equation will really contain 
64 — (2.16 — 1) = S3 constants; and in order that the quai'tic surffice 
may have its equation expressible in the form A = 0, a single relation must hold good 
among the coefficients ; but this in passing ('). 

67. Returning to the quartic surface 


A , 

B , 

0 , 

D 

= 0, 

A' , 

F, 

O' , 

F 


A", 

B", 

0", 

F' 


A'", 

F", 

O'", 

F" 



we may connect this not only with the foregoing surface (i) = 0, but in a similar 
manner with another quartic surface = 0 ; viz., taking the cunent coordinates (|, <t], a), 

we may form the lineolinear equations 

A^+A’r^+A''^-^A"'<o = 0, 

^ Applying the same reasoning to a oubio determinant A=0, the number of constants is 36-(2.9-l)=19; 
so that a onbio surface is expressible in the form in question. And so for the quadric determinant A=0, 
the number of constants is 16 -(2. 4-1)= 9; so that a quadric surface is expressible in the form in question, 
as is otherwise obvious. 
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whicli, by^ the elimination of (^, t), a), give A = 0, and by the elimination of (a, y, Z) 

a determinant quartic equation $ = 0 between the coordinates (^, tj, ©); and of 
course the two surfaces A = 0, $ = 0 have a point-to-point correspondence such as exists 
between the surfaces @ = 0, A = 0. The relation of the point (a, y, S) on the sui'face 
A = 0 to the point («, y, z, lu) on the surface @=0, and to the point (f, ij, w) on 
the surface 4> = 0, may be conveniently indicated by means of the diagram 

@ 

^ 's 

io , y > z , w 

A', F , O', D' r,[^ 

A", F', C" , D" f 

A"\ F", G"\ F" © . 

68. It is to be observed that, writing for A, B, ... their values as linear Unctions 
of (a, 7j ^)> have in all 64 constant coefficients, which we may conceive arranged 
in the form of a cube, thus : 


a b 



and taking these in fours height-wise, (a, Oj, cu_, a*), &c., we compose with them the 

linear functions aa + aiB + (hy + (k^, which enter into the equation A = 0; taking 

them in fours length-wise, (a, h, c, d), &c., we compose the linear functions a!B-\-hy+cz+iAo, 
&c., which enter into the equation @ = 0; and taking them in fours breadth-wise 
(a, a', a", a'"), &c., we compose the linear functions + a'lj -I- + a'"©, &c., which 
enter into the equation 4> = 0. 

69. The process may be indefinitely repeated; we obtain always the same three 
surfaces over and over again, but on them an indefinite series of corresponding points ; 
viz., we may write 

...®, A, 4>, ®, A, ®, A, $... 

...PuQuRx, P,Q.R. F,q,F... 

viz., a point Q on A corresponds to a point P on @ and to a point B on B 

corresponds to ^ on A and to a new point P' on ®; P' to P on $ and to a new 

point O' on A, and so on. And in the opposite direction P corresponds to Q on A, 
and to a new point Pj on *J>; iZx to P on ® and to a new point Qi on A; and so 
on. And of course the correspondence of any two points of the series, whether belonging 
to the same surfece or to different surfaces, is a one-to-one correspondence. 
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The SyDimetncal Case; Symnietraid and Jacobian. 

70. I have established the foregoing general theory; but it is only a paiticular 
case of it -w-hich connects itself with the theoiy of nodal quartics; viz., the cube of 
coefficients is a symmetrically arranged cube 

a h g I 

■ h h f m 

: 9 f 0 n 

I m n d 

Oi hi ... 

: hi bi 


or say its upper face is the symmetrical square matrix 

a, h, g, I 

h, b, f, m 

g, f, c, n 

I, m, n, d 

and the other horizontal planes, the like squares with the several terms affected by 
suffixes. 


The surface V = 0 is here a surface of the form 




A, H, G, L 
H, B, F, M 
G, F, C, F 
L, M, N, P 


= 0 


{A, B, &c. linear functions of (a, B, 7. S)} viz., V is a symmetrical deteiminant ; I call 
this a symmetroid; the surfaces V=0, <E> = 0 are one and the same surfece, the Jacobian 
of 4 quadric surfaces; moreover the points P and B, are one and the same point, and 
the correspondence to P' is a reciprocal one; so that, instead of the indefinite 
series of points, we have only 2 points Q, O' on the surface V, and 2 points P, P' 
on the surface ©(=<!>); viz., the diagram is ' 


... A, ®, @, A, @, @, A ... 

...O', P', P, Q, P. P', Q'... 

moreover the symmetroid surface V = 0 is a surface with 10 nodes, which is clearly 
not octadic, and which is therefore the decadianome. 
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71. Consider the quadric surfaces 

S = {a, b, c, d,/, g, h, I, m, n'^x, y, z, m))= = 0, 

= „ )» = 0, 

U={a„... ^ „ y = o, 

V={a„... „ )3 = 0, 

and a point (a, yS, y, S) in the same or in a different space, such that the surface 
aS + ^T+ yU + BV=0 is a cone, or say for shortness, 

aS + ^T+yU+BV= cone; 

(a, yS, y, B) is said to be the determining point, or determinator of the cone. And if 
we establish the equations 

Sa (ttS + 0T + yU + ST^) = 0, 

{ » ) ~ 0, 

.. ) = 0 , 

^w{ » ) ~ 6 , 

which express that the surface is a cone, then the point {x, y, z, w) is the vertex of 
the cone. We have thus 4 equations lineolinear in (®, y, z, w) and also in (o, y8, y, B), 
so that the relation between the 2 points is of the nature of that above considered. 
The relation between {x, y, z, w) is given by the equation 

J{S, T, U, F) = 0; 


viz., the locus is the Jacobian of the 4 quadric surfaces. The relation between (a, y8, y, B) 
is given by the equation 


V = 


aa + Oi^ + asy + agB, ha+..., ga + ..., la +... 
ha+ ... , ba +..., /a + ... , ma+... 


= 0 , 


ga+ ... , fa +..., oa + ..., na+... 

la + ... , ma+..., m + ..., da + ... 


so that the locus is (by the foregoing definition) the symmetroid. And the deter- 
minator point on the symmetroid thus corresponds to the cone-vertex on the Jacobian. 

72. But the Jacobian may be obtained in a different manner; viz., if we establish 
the equations 

(f S* + yBp -f ^Bg + wSro) S ~0, 

( „ )T=0, 

( „ )U=0, 

( „ )T^=0. 

then the elimination of (^, y, o) leads to the equation ^{S, T, U, F)=0 of the 
Jacobian surfece. And since each of the equations is symmetrical in regard to (x, y, z, w) 

C. VII. 
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and (f, vj, a), it appears that the point (|, 17 , < 0 ) is also a point on the Jacobian 

surface. We have on the S 3 unmetroid a point related to {|, tf, ®) in the same way 
that (a, /S, 7 , 8 ) on the symmetroid is related to the point («, y, z, w ) ; and this completes 
the system of the 4 points, Q on the symmetroid, P and P' on the Jacobian, Q' on 
the symmetroid; but in what follows I make no use of this last point Q'. 

73. The points (ts, y, z, w), (f, y, f, a>) on the Jacobian coiTespond in such wise that, 

taking the polar planes of either of them in regard to the quadrics S — 0, T=0, U = 0, V = 0 , 
these intersect in a single point, viz., in the other of the two corresponding points. 
Or, what is the same thing, the line joining the two points cuts each of the four 
quadrics harmonically, whence also it cuts harmonically any quadric surface whatever 
of the series a 5 l + jST+ 7^7+87=0, (a, 7 , 8 being here arbitrary multipliers); viz., 

this property is an immediate interpretation of the equation 

(fS* + + ® 8 to) (p-S + + 7 !7 + 8 F) = 0, 
or, as this is more conveniently written, 

(a, ... 5 ?, y, mjx, y, z, w) = 0, 

if for a moment (a,...) denote the coefficients of the quadiic function ayS + /9r + 7 i 7 + 87. 

74. Consider any 6 pairs of points (rj, y-i, z^ Wi), (^ 1 , yi, <Ui), &c., related as 

above; the quartie surfeces S~0, T=0, U — 0, 7 = 0 are surfaces cutting harmonically 
the lines joining the two pairs of points respectively; or say they are quadrics cutting 
harmonically 6 given segments; and the general quadric surface which cuts harmonically 
the 6 given segments is aiS + y32’ + 7 l 7 + 87= 0 . We thus see that the Jacobian surface 
J(8, t, U, V) = 0 iB in fact the locus of the vertices of the quadric cones which cut 
harmonically 6 given segments. The surfece so defined by M. Chasles {Oomptes Bmdm, 
tom. Lil., 1861, pp. 1157 — 62), and shown by him to be a quartie surface, is thus 
identified with the Jacobian of any 4 quartie surfaces; and included herein we have 
the particular case, also considered by him, of the locus of the vertices of the quadric 
cones which pass through 6 given points, or Jacobian of the 6 given points, 

75. It is to be shown that there are 10 systems of values (a, 8, 7 > S), or, what 

is the same thing, 10 points on the symmetroid, for each of which the quartie surface 
(x8+8^ + ^U + BV=0 is a plane-pair. For any such system of values the plane-pair 
may be regarded as a cone, having its vertex at any point whatever on the line 

which is the axis of the plane-pair; that is, each point of this line is the vertex of 

a cone of the system of surfaces a8+ 8^+<yV'+8V=0j or, what is the same thing, 
the axis of the plane-pair lies on the Jacobian surface ; viz., there will be on' the 

Jacobian surface 10 lines. Moreover, to the pint (a, 7 , 8 ) on the symmetroid there 

corresponds indifferently any pint whatever on the axis of the plane-pair. The analytical 
expressions for (®, y, z, w) in terms of («, 0, 7 , 8 ) must therefore, for the values in 

question of (a, 0, 7 , 8 ), become indeterminate ; and this can only happen if for the 

values in question the first minors of the determinant V all of them vanisL But a 
point (a, 0, 7 , 8 ), for which the minors of V all of them vanish, is obviously a node 
on the symmetroid; and it thus appears that there are on the symmetroid 10 nodes. 
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each corresponding to a line on the Jacobian, and that the condition for determining 
these is 

aiS + + yU + 8F= plane-pair ; 

viz., the values of (a, jS, y, 8), which satisfy this condition, belong to a node of the 
synimetroid, and the line on the Jacobian is the axis of the plane-pair. 

7 6. Reverting to the equation V = 0 of the symmetroid, where V is a symmetrical 
determinant the terms of which are linear functions of the coordinates (a, yS, y, 8), it 
has already been shown, mte No. 7, that this is a surface with 10 nodes; but this 
may be also proved as follows. Writing as before 

aS + 0T+yU+BV=iA, B, G, J), F, G, H, L, M, JST^ai. y, z, w)>=0, 

the condition that this shall be a plane-pair implies a threefold relation between the 
coeflScients A, B, &c., and the required number of nodes is equal to the order of this 
threefold relation. Establishing between the coefficients A, B, &c., any 6 linear relations 
whatever, we should have a ninefold relation to determine the ratios of the 10 quantities ; 
arid the number of solutions would be equal to the order of the threefold relations. 
But taking the 6 linear relations to be of the form (A,'...'^a>i, yi, — the 

question is in fact to find the number of the plane-pairs which pass through 6 given 
points; and this is clearly =10. 

77. Applying the conclusion to the system of quadric surfaces aS+B^'+yU +8F=0, 
we see that there are in the system 10 plane-pairs; and that the lines of intersection, 
or axes of the plane-pairs, are lines upon the Jacobian surface. 

78. The equation V = 0 of the symmetroid seems to contain homogeneously 40 
constants. But starting with any given symmetrical determinant, we may multiply it 
line into line by a constant determinant, and then column into column by the same 
constant determinant, in such wise thsjit the resulting product is still a symmetrical 
determinant; and the coefficients of the constant determinant may then be used to 
specialise the form of the equation. The equation V = 0 of the symmetroid thus really 
contains 40 — 16 = 24 constants; this is as it should be, for the symmetroid, gud, quartic 
surface with 10 nodes, contains 34 - 10 = 24 constants. 


Symmetroid with given Nodes. 

79. A symmetroid can be formed with 7 given points as nodes ; but there is no 
propter symmetroid with 8 given points as nodes. If we endeavour to form such a 
symmetroid, we obtain a system of 2 quadric cones, each of them passing through the 
8 points; viz., these are any 2 out of the 4 quadric cones which pass through the 
8 points. This will be shown in a moment; for the complete d posteriori identification 
with the decadianome, it would be necessary to show that a symmetroid could be found 
having for nodes 7 given points, an 8th point anywhere on the dianodal surface, and 
a 9th point anywhere on the dianodal curve; but this I have not succeeded in 
effecting. 


21—2 
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80, We have for any node (a, jS, 7 , 8 ) of the symmetroid, 

aS + + yU+BV= plane-pair. 


If, then, 4 of the given nodes are ( 1 , 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), we 
must have 8, T, U, V each of them a plane-pau*. We may without loss of generality 
assume S=si?+y\ + this, however, does not determine the signification of 

the coordinates («, y, z, w), for 8 will remain unaltered if we write therein 

® cos ^ y sin 0 , « sin 0 — ?/ cos 0 for ®, y ; 

and similarly T will remain unaltered if we write therein 

z cos + ii) sin di, z sin Bi—w cos dj for 2 , w. 


Hence, if we go on to assume 


U = h {(z + m y ■‘rfiz-h- fio){x + 711^ y ■>r n z + p' w), 
V ==ki{!s + m^y ■>rihz +piw) (« -|- vvi'y + n{z -t- 
we may imagine the 6, di so determined that, for instance, 

m + m' = 0, Pi -Ypi = 0 ; 

8 = a? + y\ 


we have thus 


U=k {x + my +11 z +pv3){3i—my ■‘r'fi! z+p'w), 
V = hi{iB + miy + niZ +pi'w) {x + m(y 4 - ni'z ~piw) ; 
formula which contain the 12 constants 


(k, m, n, p, n', p', hi, Wj, pi, mi', <). 

This is right, for the symmetroid containing 24 constants, the symmetroid with 4 given 
nodes should contain (24 — 4.3=) 12 constants. And each additional given node will 
determine 3 constants: hence for 4 new given nodes the expressions become deter- 
minate (not of necessity uniquely so). 

81. But for any 4 new nodes, the equations may be satisfied by writing therein 
n = n', p = -p', = viz., they then assume the form 

8 == «?+ y\ 

T= 2» + 

Xf^{ax+oz'f+(hy + d'wf, 

F = {olx -f- c'z)® + (h'y + d'wy, 

containing 8 constants, which may be determined so that the nodes shall be the 4 given 
points. If now with the last mentioned values we form the value of a/Si-l-y 8 r-l- 727 -|- 8 F, 
this will consist of two terms (*][«, 2 )’ and (*^y, w)’, the first of which will be a 
square if 

(o + 7a» + 3 a'“)(^+ 7 c’ + Sc'“)-( 7 ao + 8 aV)“ = 0, say this is A =0, 
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aaid the second will be a square if 

(a + 76 “ + 8b'^) (/3 + yd^ + Bd'^) — {ybd + Bb'd'Y = 0, say this is A' = 0 ; 
so that the condition 

a8 + 8T + 7 I 7 + SF = cone 

will be satisfied if A = 0, or if A' = 0 ; that is, the equation of the symmetroid will 
be AA' = 0, or the symmetroid breaks up into the 2 quadric surfaces A = 0 , A' = 0, 
each of which is a cone. 

82. It is to be further observed that, considering the first mentioned 4 points 
(1, 0, 0, 0), &c., and any other 4 given points whatever, the equation of any one of 
the 4 quadric cones through these 8 points will be of the form 

7“> /3fi, 7 S) = 0; 

viz., any equation of this form, being a cone, will admit of being expressed, and that 
in one way only, in the form A = 0. Consider then any one of the 4 cones through 
the 8 points, and let its equation be thus expressed; we have the values of the 
coefficients a, c, a', o', which enter into the expressions of 8, T, U, F; and similarly, 
considering any other of the 4 cones, and expressing its equation in the like form, we 
have the values of the coefficients b, d, V, d' which enter into the expressions of 
8, T, U, F. 

83. If instead of taking 2 different cones through the 8 points, we take in each 
case the same cone, the expressions for 8, T, U, V would be 

8 = 

T= + w\ 

U={aa!+czy + {ay+ cw) 

V = (a' a: + o'zy + {a'y + c'wf ; 

and we have identically 

(ao' - a'o) {aa'S — gc'T) — a'o'U+acV = 0. 

This solution may be disregarded. 

84. Instead of the assumption 8-a^ + y\ T=z^ + vf‘, we may take a;= 0 , y = 0, 
z = 0, w = 0 to be planes of the plane-pairs 8, T, U, V respectively; it is then easy 

. to fix the remaining constants so that the 5 th and 6 th nodes of the symmetroid shall 
be given points. Suppose that the coordinates of the 5th node are ( 1 , 1 , 1 , 1 ); to 
obtain the result in the most simple manner, I take for the moment fl an arbitrary 
quadric function («, y, z, vif, and I write 

■vhy-gz-^-m), 

T = y {ByQ. -hx +fz-\-ho), 

U=z + gx -fy + ow), 

V=w(BwO,-ax-by-cz ), 
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where the coefficients are arbitrary. We have identically S+ T+ U+V= 211 ; wherefore 
the given point ( 1 , 1 , 1 , 1 ) will be a node of the symmetroid if only fl = 0 be a 
plane-pair; and it is easy to see that we may without loss of generality take one 
factor to be x+y + z + w, and write 

£l = (x + y +z + w)(lx + my + m + pw ) ; 

viz., n having this value, the symmetroid, aS + 0T + yU + BV = cone, will have the 5 
given nodes; the equation contains, as it should do, 9 constants. 

85. In order that the symmetroid may have a 6 th given node («i, ^i, 71 , Si), I 
observe that the constants may be determined so that ai)S + /Sir-l- 7 i? 7 q-SiF shall bo 
equal to an arbitrary quadric function, say 

oiiS + 0iT+yiU+BiV=(&, b, c, d, f, g, h, 1 , m, nj®, y, z, wf; 
this in fact gives 

,, . /a b c d\ 

( 1 , m, n, ^)- 

and then, completing the comparison, 

S =x 


T^y. 


V^wi 


a 



-1- 

“ 2h 

. / 


1 

[ 


+ 

T 2g 

_ _ _ «> 1 

171 ” «! 

1 

1 


-f 

rr 21 

Ol 


1 r 2h ^1 /a b\1 

J “ A «i “ A U 7i)j ^ 
r 2g J 0^1 ^ . r 21 81 /'a , d' 

Lai-7i ai-7iU 7i/J 


.7i 


[«! - Si 

«! - 8i 


y 

2 m 

Bi 

U-Si 

A-5: 


y 

r 2 n 

Si . 


w 


w 


w 


viz., these values give 

iSf-l- T+ Tf+ V=i{x+y+z + 'w)i^^x+~y+^z + ^'w^, 

ttiS + ^iT + yiU+BiV:={$,, b, c, d, f, g, h, 1, m, n][®, y, z, w); 

hence, taking the function (a, ... 5 ®, y, z, w)“ to be a plane-pair equal to (® -t- iy + jz -I- 
(x+iiy+jiz + kiw) suppose, or considering the coefficients (a, ...) as given functions of 
{% j> h ii, ji, ki)> ■we have the symmetroid having the 6 given nodes and containing the 
last mentioned 6 constants. 
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The Jacobian with given Lines. 

86 . The Jacobian contains 24 constants ; obviously it is uniquely determined if 
4 of the plane-pairs thereof are given; and it is also determined, but not uniquely, 
if 6 of the lines thereof are given. We may enquire how many given nodes of the 
symmetroid may be considered as corresponding to given plane-pairs, or Knes of the 
Jacobian. Take as given any 4 nodes of the symmetroid; the corresponding 4 plane- 
pairs may be taken to be given plane-pairs; and we may besides take as given a 
5 th node of the symmetroid. For let the first 4 nodes of the symmetroid be (1, 0, 0, 0), 
( 0 , 1 , 0 , 0 ), ( 0 , 0 , 1 , 0 ), ( 0 , 0 , 0 , 1 ); the given plane-pairs Pi 4 = 0 , PaQ 2 = 0 , PaQs = 0 , 
PtQ 4 = 0 ; (li, la, k, h) any system of values such that we have 


kPiQi + kPaQi + hPiQs + ^ 4 P<iQ 4 = plane-pair ; 


and ( 1 , 1 , 1 , 1 ) the 6 th node of the symmetroid; we have only to assume 

T, U, l^)=(iiPiQi, laPaQa, hPaQa, hPiQi)- 

87, Suppose, however, that on the Jacobian we have given, not the 4 plane-pairs, 
but only the 4 axes of the plane-pairs; the plane-pairs may be taken to be 

(1, bi, Cj^Pi, Qj)* = 0, (1, 64, C45P4, 

where the 8 constants ( 61 , 62 , ba, 64 , Cj, Ca, c,, O 4 ) are in the first instance undetermined. 

If we attempt to find li, 1^, I 4 , so that 

?i(l, 61 , c^^Pi, Q{f +^ 4 ( 1 , hi, c^Pi, § 4 )* = plane-pair of given axis, 

we have between the coefficients ( 6 , c) 4 equations; and similarly, if we attempt to 
find TWi, m 2 , m 3 , ?re 4 such that 

hi, c^Pi, Qif +mi(l, bi, Ci'^Pi, 0 ,)= = plane-pair of another given axis, 

we have 4 more equations between the coefficients ( 6 , c); viz., these will be deter- 
mined by the 8 equations (this is in fact the before mentioned property that 6 lines 
of the Jacobian may be taken to be given lines). But considering only the first 

system of equations; in order that to the given axis may correspond a given node 

on the symmetroid, say the node ( 1 , 1 , 1 , 1 ), we have only to write 

• 8=li0., hi, Ci$Pi, Qi)\ V^k{l,bi, C4$P*, Qif; 

that is, we may take as given 5 nodes of the symmetroid, and the corresponding 
5 lines of the Jacobian; the formulae will contain 4 constants; we may by means 
of them make the Jacobian have a 6 th ^ven line, thus deter minin g the constants; 
or we may make the symmetroid have a 6 th given node, leaving in this case one 
.constant arbitrary. 
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Correspondence on the JacoUan: Lines and Skew Cubics. 

88. I consider the correspondence of two points on the Jacobian; it is to be 

shown that when one of the points is on a line of the Jacobian, the corresponding 
point will be on a skew cubic; that is, that corresponding to each line of the 
Jacobian we have (on the Jacobian) a skew cubic. Call the plane-pairs of the system 
of quadric surfaces 1, 2, S, ...10; selecting any 4 of these, say 1, 2, 3, 4, the polar 

planes of any point of the Jacobian in regard to these 4 plane-pairs will meet in a 

point which will be the required corresponding point. And observe that, in regard 

to any one of the plane-pairs, say 1, the polar plane of a point P is the plane 

through the axis harmonic to the plane through the axis and the point P. Hence, 
for a point on the axis of 1, the polar plane in regard to 1 is indeterminate; the 
polar planes in regard to the plane-pairs 2, 3, 4 respectively meet in a point which 
is the required corresponding point. We may for any point whatever take the polar 
planes in regai-d to the plane-pairs 2, 3, 4 respectively, and call the interaection of 
these planes the corresponding point; this being so, if the first mentioned point 
moves along a line, the corresponding point moves along a curve, which is easily 
shown to be a skew cubic cutting the axis of each plane-pair twice ; that is, in 
regard to the plane-pairs 2, 3, 4, the locus corresponding to any line whatever is a 
skew cubic cutting the axis of each plane-pair twice. In particular, the corresponding 
curve of the axis of 1, is a skew cubic cutting the axis of the plane-pairs 2, 3, 4 
each twice; but the axis of 1 does not stand in any special relation to the plane- 
pairs 2, 3, 4, as distinguished from the remaining plane-pairs 5, 6... 10; we have 
therefore the more complete theorem, that the skew cubic cuts the axes of the plane- 
pairs 2, 3, ...10 each twice; or, instead of the plane-pairs, speaking of the lino 1, 2, 
3,... 10, we may say that corresponding to any one of the lines we have a skew cubic 
meeting the other 9 lines each of them twice. 

89. I stop for a moment to prove the subsidiary theorem assumed in the fore- 
going demonstration. Let the 3 plane-pairs be PQ = 0, M==0. TU=(i, and let the 

line be that joining the points (iUo, yo, Zft, Wo) and yi, Wi)] the coordinates 

of any point in the line may be taken to be Xx^ + iMk, Xyo + /*yi, H + Xwo + w; 

and hence for the. polar plane in regard to the plane-pair PQ = 0 we have 


{(Xa5o ■+• /ijCi) Sj, , . . -f- (Xwo H- fjiWi) Sid} PQ = 0 ; 

viz,, this equation may be written 

X(PQo + PoQ) + /^(PQz + PiQ) = 0; 

forming the like equations in regard to the other 2 plane-pairs respectively, and 
eliminating \ p, we obtain for the required locus 

PQo+PoQ, ItSo + ES, TU, + T,U 

PQ, + P^Q, jR8, + ES, TU.JrTJJ 


= 0 , 
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a skew cubic ; and on writing herein P = 0, Q = 0, the equations become 


RS, + B,8, TU,+ ToU 
RS, + M,S, TU, + TjU 


= 0 ; 


viz., the line (P — 0, Q — 0) meets the skew cubic in the points where the line meets 
the quadric surface deterained by this last equation, that is in 2 points. 

90. We have thus on the Jacobian the 10 lines 1, 2, ...9, 10, and corresponding 
thereto respectively the 10 skew cubics 2', ...9', 10', where each line meets twice 
each of the skew cubics except that denoted by the same number; a relation 
to that which exists between the lines 1, 2, 3, 4, 5, 6 and 1', 2', 3', 4', 5', 6', which 
compose a double-sixer on a cubic surface. 

Suppose that there are given on the Jacobian the lines 1, 2, 3, 4, 5, 6; meeting 
each of these twice, we have the skew cubics T, 8', 9', 10' ; and then 

7 8', 9', 10' 

8 9' 10' 7' 

the lines _ meet twice each of the cubics 

9 10, 7', 8 


10 


7', 8', 9' 


so that the determination of the remaining 4 lines depends upon that of the skew' 
cubics 7', 8', 9', 10', which meet each of the given lines twice. 

91. To determine a skew cubic cutting twice each of 6 given lines, I proceed 
as follows. Let the lines be 1, 2, 3, 4, 6, 6 ; take 17= 0 the general quadric surface 
through the lines 1 and 2, F = 0 the general quadric surface through the linAs 1, 
3 (the equations contain each of them homogeneously 4 constants). The 2 sur&.ces 
intersect in the line 1, and in a skew cubic cutting twice each of the lines 1, 2, 3 ; 
we have therefore to determine the constants so that the 2 surfaces may meet the 
line 4 in the same 2 points, the line 5 in the same 2 points, the linA 6 in the 
same two points. Imagine for a moment the equations of any one of the lines 4, 
5, 6 to be z = 0, w = 0; the equations of the 2 surfaces, substituting therein these 
values, would assume the forms 

(a, h, ojx, yf=Q, {a!, V, o%!e, y)® = 0; 

and the conditions for the intersection in the same 2 points would be —, = \-, = %,=n 

a 0 c ^ 

suppose. This is in fact the form of the conditions, understanding o, h, c to be linear 
functions of the coefficients of U, and a', V, c’ to be linear functions of the coefficients 
of F. We have in this manner 3 sets of equations involving respectively the indeter- 
minate quantities J9, q, r\ viz., these may be represented by 

a = pa', b=pV, c=j}c'; d = qd', e=qe', f=^qf' ; g = rg', h=rh', i = n\ 

where the unaccented letters a, are linear functions of the coefficients of E7, 

and the accented letters a', ¥,... i' linear functions of the coefficients of V. FliTininfl.tirg 

C. rn. 22 
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the coefficients of U, V, we have between p, q, r a twofold relation, which may be 
represented as follows: 
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it being understood that the I’s represent constants, and the p’s, q’s, and /s linear 
functions of these variables respectively. The several equations of the system, regarding 
therein p, g-, r as coordinates, represent each of them a quartic curve; any 2 of those 
intersect in 16 points; but the number of points common to all the curves is = 10. 
But each of the curves passes through the 3 points (1, 0, 0), (0, 1, 0), (0, 0, 1); those 
are consequently included among the 10 points, but they do not give a proper solution 
of the question ; and the number of solutions is thus reduced to 10 — 3 = 7. There 
is yet another solution to be rejected; viz., ?7 = 0 being a quadric surface through 
the lines 1, 2, and F = 0 the quadric surfece through the lines 1, 3, it is possible 
to determine the coefficients of U, V so that each of these surfaces shall be the 
quadric surface through the lines 1, 2, 3; and if we then have identically U=0V, 
it is clear that coiresponding values of p, g, r are p = g = r(=^). We have thus the 
point p = g' = r common to all the curves of the system; this solution counts, I believo, 
once only, and the number of relevant solutions is 7-1=6. 

92. It may be observed, in regai-d to the foregoing solution, that if wo take 
123 = 0 as the equation of the quadric surface through the lines 1, 2, .3, and so in 
other cases, then the equation of the surfaces 17=0 and F = 0 may be taken to be 

\ . 123 + . 124 + v . 125 + p . 126 = 0, 

V. 132 + /. 134 + y'. 135+/. 136 = 0, 

respectively, the coefficients of the two surfaces being here put in evidence. And it 
is clear that for /t=i/ = p = 0, / = i''=p'=0, the surfaces become each of thorn the 
surface through the lines 1, 2, 3. 

93. The conclusion is, that touching twice each of the six lines 1, 2, 3, 4, 5, 6, 
we have six skew cubics; it would appear that any four of these may be taken for 
the skew cubics 7', 8', 9', 10' (so that there are 15 such tetrads of cubics). I am 
not, however, able to verify that we then have the remaining 4 lines each cutting 
twice 3 of the 4 skew cubics; assuming that for each system of 4 skew cubics there 
is one and only one, such system of lines, then of course to the given system of 
lines 1, 2, 3, 4, 5, 6, there will belong 15 systems of lines 7, 8, 9, 10, and there- 
fore also 16 Jacobian surfaces. 
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Further Investigations as to the Jacobian, &c. 

94. Taking r), cd) as plane-coordinates, two quadric surfaces 
(a, b, 0, d, f, g, h, I, m, v), a)= = 0 

and 

{A, B, G, D, F, G, H, L, M, NJx, y, z, w)= = 0 

are said to be interverts (or interverse) one of the other, when we have between the 
coefficients the relation 


that is 


(a, b, c, d, f, g, h, I, m, nJA, B, G, D, F, G, E, L, M, N) = 0 , 
a A -i- , . . -f* ^fF "I" , * , “0. 


The condition that the two surfaces may be inteiwerts of each other is linear in 
regard to the coefficients of each surface separately; hence, using a before explained 
locution, we may say — ^interverse to a given quadric surface we have 9 quadrics; 
interverse to two given quadrics 8 quadrics; or generally, that interverse to k given 
quadrics we have 10 — & quadrics. And, moreover, if the quadrics of the two s)rstems 
be L = 0, M = 0, &c., and 8 = 0, T=0, 17=0, &c., then every quadric XL + ... = 0 

is interverse to each of the quadrics ol8+ 8I' + yn+ ... = 0. 


If the quadric (a, ...Jf, 17 , w)° = 0 be an intervert of the plane-pair 

(lx + my + m + pui^l'x + m'y + n'z q- p'w) = 0 , 

the condition is 

(a, .. m, n, p\V, m', n', 'p') = 0\ 

viz., this expresses that the two planes are harmonics in regard to the pair of planes 
drawn through the axis of the plane-pan* to touch the quadric surfece; or say, that 
the plane-pair is harmonic in regard to the quadric. 


95. To apply this to the Jacobian surface, I recall that, starting with the given 
quadric surfaces 8 = 0, T = 0, U = 0, 7=0, and taking (a, 0, y, 8 ) to be such that 

a8 + 0T+yU+BV= plane-pair, 

there are 10 such plane-pairs, and that the axes of these are the lines of the Jacobian. 
If instead of the given quadric surfaces, we consider the six interverse surfaces 
(Oi, ...$|, 7 ), S; ®)“ = 0, ...(ffls, V> t <of=0, then the condition is that the plane- 
pair be harmonic in regard to each of these surfeces. Let the quadric sur&ces 

be called 1, 2, 3, 4 , 5 , 6 ; then, attending to any - three of these, say 1 , 2 , 3, the 
plane-pair is harmonic in regard to these three sur&ces. Through the axis of the 
plane-pair draw tangent planes to 1, 2, and 3 respectively; each of these pairs of 
planes is harmonic in regard to the planes of the plane-pair; that is, the three pmrs 
of tangent planes are in involution ; or, as we may also express it, the axis is (quoad 
its planes) in involution in regard to the three quadric sur&ces. Conversely, when 
the axis is thus in involution in regard to the surfaces 1, 2, and 3, we may by 

22—2 
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means of the surfaces 1 and 2 determine the two planes of the plane-pair, and then 
these will be harmonics in regard to the surface .S. It thus appears that the axis 
is given as a line which is {quoad its planes) in involution in I’egard to the surfaces 

1, 2, 3, to the surfaces 1, 2, 4, the surfaces 1, 2, 5, and the surfaces 1, 2, 6, 

respectively; or, as we may express it, as a line which is (quoad its planes) in 
involution in regard to the surfaces 1, 2, 3, 4, 5, 6. 

96. It is substantially the same thing, but it is rather easiei*, to consider the 

whole question under the reciprocal form; viz., instead of a plane-pair and a quadric 
surface represented by an equation in plane-coordinates, to take a point-pair and a 
quadric surface represented by an equation in point-coordinates ; we have thus a line 
which is (quoad its points) in involution in regard to three given quadric surfaces, 
or as we may more simply express it, which cuts in involution the three given suifaces ; 
and we thus anive at the problem of finding a line which cuts iu involution six 

given quadric surfaces; viz., this is equivalent to the above problem where the line 
has to satisfy (quoad its planes) the like condition; and in each problem the number 
of solutions should be = 10. 

97. Consider a line which cuts in involution the three given surfaces (uj , . . . ][», y, z, w ) = 0 , 

( 03 , y, z, w)^ = 0, (oa, ...'([a;, y, z, w)* = 0. I will presently show that this implies 
a cubic relation (»][a, b, c, f, g, h)® between the six coordinates of the line. But 
assuming it for the moment, suppose that the line cuts in involution the three 
surfaces and a fourth quadric surfece (uj, ...][», y, z, w)®= 0 . Considering the line as 
cutting in involution the surfaces 1, 2, 4, we have between the six coordinates a 
second cubic relation; there is, however, a reduction, and the order of the resulting 
twofold relation between the coordinates is 3 . 3 - 4 = 5. To explain this, observe 
that every line which cuts in the same two points the surfaces 1 and 2 respectively 
(that is, which cuts the curve of intersection twice) will in an improper sense cut in 
involution the surfaces 1, 2, 3, and also the surfaces 1, 2, 4. There is thus a reduction 
equal to the order in the six coordinates of the twofold relation which expresses 

that the line cuts twice the curve of intersection of the surfaces 1 and 2 . Join 

hereto the relations that the line meets each of two given lines; the coordinates of 
the line are determined by the twofold relation (say its order is =\) two linear 

equations, and the universal equation af -f- bg -I- ch = 0 ; the number of solutions is =2\. 

But the number of solutions is equal to that of the lines which meet the quadri- 
quadric curve of intersection twice, and meet also each of two given lines ; or what 
is the same thing, it is equal to the order of the scroll generated by the lines which 
meet the curve twice, and also a given line. We have for the curve of intersection 
(m the order, h the number of apparent double points) m = 4, A = 2; whence order of 
the scroll is 2-f^.4.3=8; that is, 2 \= 8 , or \=4, which is the required reduction. 

98. If the line cut in involution 5 given quadric surfaces (say the 5th surface is 
(ub, ...$«, y, z, w)® = 0}; then we have between the 6 coordinates a threefold relation, 
the order of which is 3.5 — reduction. This should be =10, and consequently the reduction 
= 5; for admitting the value to be 10, the order (in the ordinary sense) of the scroll 
generated by the lines which cut in involution the 5 given quadrics should be =20; 
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and conversely. But the value 20 may be verified without difficulty. For the question 
may be transformed as follows: — ^If a point-pair be harmonic in regard to each of 
5 given quadrics, how many of the axes (or lines through the 2 points of a point- 
pair) cut a given line. Take («, y, z, w), (»', y', z\ w') as the coordinates of the 
2 points of a point-pair; the harmonic condition in regard to a quadric surface U—0 
is ai\U +y'ByU + +v/B^U = 0 {where U is regarded as a function of the {ai, y, z, vi) 

belonging to a point of the point-pair} ; the condition for the intersection with a given 
line is a lineolinear equation in the cooidi nates («, y, z, w) and («', y', /, vf), or say 
it is Lxf + My' -|- Nif + Pw' = 0, where Z, M, N, P are linear functions of the coordi- 
nates; we have thence for («, y, z, w) the threefold relation 

Z, SaCTj, Sj-fTa, SxU), BxJIs =0, 

M, ByU, . 

N, . 

P, 

which denotes a system of ^ . 6 . 5 . 4 = 20 points. 

It would seem that if the line cuts in involution 6 given quadrics, there should 
be between the 6 coordinates a fourfold relation of the order J.10 = o; this would imply 
a reduction 25, viz, we should have 5 = 3 . 10 — 25. I do not understand this, and I drop 
the question. 

99. I return to the question to find the relation between the coordinates (a, b, c, f, g, h) 
of a line which cuts in involution the 3 quadric surfaces 

(Oi, k, Ci, di,/i, gu Aj, li, TOi, y, z, w)® = 0, {<h, y, e, w)- = 0, {ck, ...\x,y, z, wf=^. 
Writing down any two of the equations of the line, for instance 

hy — %z ■¥ ZkW = 0, 

- ha; -1- & 4- bw = 0, 

if we substitute the values of {x, y) in the equation of the first surface, it becomes 

(oi, ...][& -fbw, gz-m, hz, hM;)® = 0; 

or if we write for shortness 

n=(f, g, h, o), n' = (b,-a, 0 , h), 

then the equation is 

(oi , . . . z® + 2 (oi, . . .]{;n$no .zw+(ai,.- .in')= . = o, 

and forming the like equations for the other two surfaces, the condition of involution 
is at once found to be 

(ai,...$n')= =o. 

(a,....$n)>, ( 0 ,. ...][n$n'), 

(a*, ...in)*, (a,....inin'), (os-.-in')* 
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100. It is convenient, in working this out, to consider 11, 11 ' as standing, in the 
first instance, for {x, y, z, w), {cd, y', vf), these symbols being ultimately replaced by 
the above-mentioned values. Writing also, for shortness, {ahc) to denote the deter- 
minant Ui ( 62 O 3 — 63 C 3 ) -f &c., and so in other cases, it is at once seen that the function 
on the right-hand side is a sum of such determinants each into a proper factor, con- 
taining the coordinates (a, b, c, f, g, h), originally of the order 6 , but where each term 
contains the factor h®, which may be omitted; or finally the result is of the order 3 
in the coordinates. Thus we have a term 


where the second factor is 


iabc) 


a?, xx', od- 

y\ y^> f- 

0 ®, zz', z'^ 


aP^ d {yz' — y'z) -f y-z'a/ (zx' - z'x) -f- z^x'y' (xy' — x'y), 


= dx'y',{xy' -x'y), 


= h® (— ab) (— af — bg), = — abch’. 


or, omitting the factor — h“, the term is (aid) abc. 


101. There are in all 120 terms, but 16 of these are found to vanish (viz., these 
are the terms in agh, ihf, cfg ; ahl, bfm, cgn ; agl, bhm, cfn ; dmn, did, dim ; fgn, ghl, kfm). 
The final result contains therefore 104 terms; viz., as a further abbreviation writing 
abc &c., instead of (abc) &c., to denote the above-mentioned determinants, the equation is 


abc . abc — bed . agh — cad . bhf — aid . cfg 
+ bof , a® -t- cog . b® -1- dbh . c® -t- adl . f® + bdm . g® + edit . h® 

+ abn .c(bg— af)-i- a<^.f(ch — bg) 

+ bcl . a(ch-bg)-l-&d^ .g(af — ch) 

+ cmi . b (af — ch) -I- cdh . h (bg — af ) 

— beg . a®b — bch . a®c -|- bom . a®g — ben . a®h 

— call . b®c — oaf. b®a -|- oa/n . b®h — cal . b®f 

— abf . c®a — dbg . c®b + abl . c®f — abm . c®g 

-adg .hP + adh.cP+adm.f^g + adn.Ph 

— bdh . eg® + bdf. ag®-t- bdm . g®h-f . g®f 

— cdf . ah® + edg . bh®-|- cdl . h®f + cd/ni . h®g 


+ 2 ; 

I 


afg . b®e — afh . be® -f afl . bef — afm . c®h — afn . b^ ' 
+ bgh . c®a — bgf . ca® -j- bgm . cag — bgl . a®f — bgl . c®h 
+ chf . a®b — chg . ab® -t- chn . abh— ohm . b®g — chm . a®f j 
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' agm . tcf- agn . b^f - ahm . c=f + ahn . bcf ' 

+ 2« + 6Aji .ca,g — hfl.<^g—bfti , a^g + bf I . csig -r 
,+ of I . abb- chm . a-h - cgl . b% + cgm . abb ^ 

^ — amn . af® — ard . bf^ — aim . cP + dfg . ch® ' 

+ 2- —bnl . h^-bhn . og^-bmn. ag“ + dgh . af^* ► 

. — dm , cb“ — cnin . ab^ — ord . bb® + dhf . bg'® ^ 

'-dfl . fgh- dfm . g®b - dfn . gb^ ^ 

+ 2 ' — dgm . fgb- dgn . b^f - dgl . hf^ ► 

^ — dim . fgh — dkl . Pg — dhm. fg= ^ 

fgh .hch.-fgm.acla.-fm,n.&gh-Jkl .hgh—flm.ogh'' 

+ 4' + ghm.c&i — ghn .\>ai—grd .bbf — ^im.cbf —gmn.dai >■ 

^ + hfh . abg — hfl . cbg— him . cfg — hmi . afg — hnl . bfg ^ 

— 4/jfA . abc = 0. 

And observe, by wbat precedes, this triple system of lines contains each of the following 
double systems: viz., the lines which meet the quadriquadric curve (2, 3) twice, those 
which meet the curve (3, 1) twice, those which meet the curve (1, 2) twice. 

Fersymmetrical Case : the Hessian of a Cubic. 

102. Keverting to the general equation 

a8+fiT+yU+BV=cone, 

which coimects the symmetroid and Jacobian, it is evident that if 8, T, JJ, V are the 
derivatives, in regard to the coordinates, of a single cubic function JJ, ={*'^x, y, z, wf, 
then the symmetroid and the Jacobian become one and the same surfece; viz., this is 
the Hessian surface 27=0 derived from the given cubic surfe,ce. The two corresponding 
points on the symmetroid and the Jacobian respectively, and the two corresponding 
points on the Jacobian, become one and the same pair of corresponding points on the 
Hessian; viz., either of these points is such that its first polar surface in regard to 
the cubic is a quadric cone having for its vertex the other corresponding point. And 
the Hessian surfrice unites the properties of the Jacobian and the symmetroid, viz., it 
has 10 nodes and 10 lines. It is, in fe,ct, known that there are five planes such that 
the intersection of every two of them is a line on the Hessian surface, and the inter- 
section of every three of them a node on the surface ; viz., if the equations of the five 
planes are « = 0, y = J), z—0, w = 0, w=0, then the equation of the Hessian surface is 

fa , b c d e\ » 

xyzwu --1 — I — I 1-- =0) 

^ \x y z w uJ 

a form which puts in evidence the properties just referred to. 
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Qmrtics with 11 or more Nodes. 

103. I mention two results which, although they relate to quadric surfaces with 
more than 10 nodes, present themselves in such immediate connexion with the present 
Memoir, that it is natural to speak of them. If, in the equation 


A, 

H, 

G, 

L 

= 0, 

H, 

B, 

F, 

M 



F, 

G, 

N 


L, 

M, 

N, 

D 



of the symmetroid {A, 5, ... linear functions of the coordinates), we have identically 
J. = 0 , then the surface has evidently a node H =0, Q — 0, X = 0 ; viz., this is a 
node in addition to the usual 10 nodes, or the surface has in all 11 nodes. And so 
also if (identically in every case) 5 is = 0 , there are 12 nodes; if (7 is = 0 , there are 
13 nodes; and if I) is =0, there are 14 nodes. These are, in fact, quartic surfaces 
with 11. 12 , 13, and 14 nodes respectively, mentioned in Rummer’s Memoir. 

104. We may consider the symmetroid derived from the quadric surfaces which 
pa«=i through 6 given points ; viz., taking as before (see No. 25) the coordinates of the 
6 points to he ( 1 , 0 , 0 , 0 ), ( 0 , 1 , 0 , 0 ), ( 0 , 0 , 1 , 0 ), ( 0 . 0 , 0 , 1 ), ( 1 , 1 , 1 , 1 ), (a, 7 , S), 

and (a, 6 , c, /, g, h) as the coordinates of the line joining the last-mentioned two 
points; and, to avoid confusion, taking for the present purpose {X, Y, Z, W) instead 
of (a, 7 , S) for the coordinates of a point on the symmetroid, the equation is obtained 

by arranging in the form of a determinant the coefScients of the quadric form 

Xx{ hy- gz + m) 

+ Ty (- hx + fz + bw) 

+ Zz{ gx- fy -i-cw) 

+ W {aayz-¥l^ zx+cyxy ); 

viz., the equation in question is 

, A(Z-F)-t-oy TT, g{Z-X) + h^W, aZ =0; 
h{X-Y) + cr^W, . , f{7-Z) + aaW, h7 

g{Z-X) + l^W, f{Y-Z)+aAW, . , oZ 

aX , bY , cZ , . 

or, as it may be more simply written, 

'daX{f{7-Z) + mW\ + >Jb7\g{Z-X)-^b^W] + ^cZ{h(X-Y) + <^W} = 0. 

This is, in fact, a surface with 16 nodes. It would appear that additional nodes correspond 
to the six common intersections of the quadric surfaces, or nodes of the Jacobian; 
and it would seem that for four quadric surfaces having in common 1 , 2 , 3, 4, 5, or 
6 points, the corresponding symmetroid would have 11, 12, 13, 14, 15, or 16 nodes. 
But I reserve this for future consideration. 
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I take the opportunity of mentioning some results which have a connexion, although 
not an immediate one, with the subject of the present Memoir. 


Quadric Surface through three given Lines. 

105. To find the equation to the quadric surface through the three lines 
(ui, hu Cl, /i, hi\ (as, bs, Gs, fs, gs, A.), (Oj, h, (h, f, gz, Jh). Take on one of the lines 

the points (a, 7, B) and (a', yS', 7', B'); then the equation of a quadric surface through 

this line will be of the form 


yz zx xy xio yw zw 

cfi 7 ® joc aB ySS yB 

2aa! 2/3y3' 277 2BB' Sy' + ^'y yo-' + y'a a^' + a'/S aB'+a'B ^B' + S'B yB' + y'B 

a '2 ^'2 ya g'2 2'^' 2'S' y'B' 



i 


and if we form thus a determinant with three of its lines relating to the line 1, 
three of them to the line 2, and three to the line 3, we have the equation of the 
quadric surface through the three lines. But considering in the determinant the three 
lines which refer to the line 1, it is clear that the determinant is a fimction of the 
order 3 of the coordinates (oi, bj, Cuf, gi, hi) of the line in question; and the like 
as regards the other two lines respectively. Now observe that if two of the lines 
intersect, the problem becomes indeterminate (in fact, the plane of the intersecting 
lines, and any plane whatever through the third line, constitute a solution) ; the con- 
dition for the intersection of the lines 1 and 2 is Oifs -h Osfi -I- bigs + bsgi + Cshi -p Cihs = 0; 
hence, if this condition be satisfied, the determinant must vanish; it therefore divides 
by the factor ai/2-|-&c. ; but, similarly, it divides by the factors aj/s-f&c. and aj/i-h&c.: 
and throwing out the three factors, the result should be of the order 1, that is 
linear, in regard to the three sets of coordinates respectively. I have obtained this 
reduced result in my “Memoir on the Six Coordinates of a Line” (Gamb. Phil. Trans., 
t. XL, 1869, p. 311 [435]); viz., writing (ahc) to denote the determinant (taCs - Sa) + &c., 
and so for the other like determinants, the result is 

(agh)a^ + (bhf)f ■¥ (cfg)!^- + {abc) 

-t- [(ahg) - (ca/i)] ceu) + [(bfg) -1- (cA/)] F 
+ [Q>oh ) - (a6/)] yw + [(cgh) -k (afg)} zx 

+ [(c«/) “ ^ + [(®V) + (W] 


Condition thcd five given Knes may lie in a Cubic Surface. 

106. Taking the lines to be (oi, 61, Ci, fi, gi, ^), •••(oj. hi Cj, fs, gsi Jh)i and 
(a, 0, 7, B), (o', 0', 7', S') the coordinates of any two points on one of the lines, the 
equation of a cubic surfece through this line would be 
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. xyzy 



a0y, 

3a%', 

2aa'/S +a®/3', 

a'/3 7 + a^'y + y, 

3aa'=“, 

2aa'y8' + a'^/S, 

oL^y' + (t^y + oL^'y, 

a'* 




and hence it at once appears that, forming a determinant of 20 lines, wherein four 

lines relate to the line 1, four to the line 2, , four to the line 5, and equating 

this to zero, we have the required condition. But the condition so obtained is of the 
order (J4.3=)6 in regard to the coordinates of each line; and, as for the quadric, it 
is satisfied identically if we have any such equation as Oif^ + &c. = 0 ; it consequently 
contains the several factors a^/a + Ac., which can be formed with the coordinates of any 
two of the five lines ; and throwing out these factors, the condition should be of the 
order 2 in regard to the coordinates of each line. We in fact know that the required 
relation between the five lines is that they shall all of them be cut by a sixth line; 
and moreover that, writing + (hfi + ^9^ ■+ ^i9i + o-^lu + cjii = 12, &c., then that the 
condition for this is 


• > 

12. 

13, 

14, 

15 

21, 

• 5 

23, 

24, 

25 

31, 

32, 

• ) 

34, 

35 

41, 

42, 

43, 

• i 

45 

51, 

52, 

53, 

54, 



being, as it should be, of the order 2 in regard to the coordinates of each line. 


Gondition that 7 given lines shall lie on a Quartic Surface. 

107. Taking the lines to be (ui, 6i, Ci, h^\ ... (a^, Cy, /r, gi, then in 

precisely the same way we form a determinant of the order (1-5 . 4 =) 10 in regard 
to the coordinates of each line; this determinant however divides out by the several 
factors Oi/ss + &c., which can be formed with the seven lines ; or throwing these out 
and equating the quotient to zero, we have an equation of the order 4 in regard to 
the coordinates of each line. It would not be practicable to obtain the reduced 
equation in this manner, and I do not know how to obtain it otherwise, but the 
material conclusion is that the order is =4. 


The Jacobicun of 6 points. 

108. Any 6 points whatever may be regarded as points on a skew cubic ; and 
the coordinates (Xy y, Zy w) may be taken so that the equations of the skew cubic 
\ Xy yy z 

shall be = 0. This beiog so, the coordinates of the 6 given points may be 

\y, 

taken to be (1, ti, t^y tf}y,..(ly V, V); and the equation of the Jacobian surface of 
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the 6 points can then be expressed in a veiy simple form, putting in evidence the 
passagB of tho surfaco through the skew cubic j viz. writing 

moreover, 


and therefore 


□ = I {Qxyzw — 4x2^ ~ 4^% + SjfV - x^), 

8* D = — xrn? — 2^® + Zyzw, 

8^0= Syz^ — 6yhu + %xzw, 

Sj □ = %y^z — + Zayz, 

= — oN) — %f + %xyz ; 


then the equation of the Jacobian surface is 


3 ( + fPi - 2 m; ) 8 * P 

+ ( — wpi) 83, □ 

+ ( )8*P 

+ 3 (2api - yps - wp^) 8a, □ = 0. 

There is not much difficulty in the direct investigation ; but a simple verification mav 
be obtained by showing that the surface contains upon it the 15 lines 12, 13, ...56. 
Write in the equation 


(x, y, z, + Xs + pt, \«« + 

the values 8j;D icc. are found to contain the factor — and omitting this common 
factor the values are as 


J (As* - jdf), — (Xs* - fif), (Xs - (d), — |(X - /i ) : 
the equation thus becomes 

{X(-2s= + s^+ ps)+/t(-2t» + 1?p^+ p^}(^-[d?) 

-{X(- s«Pi + 2s*Pj ) + p(- fpi + 2t% 

+ {X(-2^4+ pf ) + fi(-2tpi+ Pi )}(Xs-/tt) 

-{X(- s®ps- ^5 + 2p,) + /4(- fpi- tp5+2p,)j(X ) = 0, 

viz., coUecting the terms, the coefficient of Xp vanishes, and the whole is 

- 2X® (1, pi, Pj, Pi, Pi, Pi, pi'$s, - ly 

+ V (1, Pi> Pi, Pi, pt, Ps, pt'Si, - i)®=o ; 

viz., this equation is satisfied if s denote any one of the quantities (ti, %, 4 , ti, ti, ^), 
and t any one of the same 6 quantities; that is, the equation of the surface is satisfied 
when (flj, y, z, w) are the coordinates of a point on the line joining any 2 of the 6 
points. 


23—2 
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Locus of the vertex of a Quadric Cone which touches each of Six given Lines. 

109. Representing as before each line by means of its six coordinates, let {x, y, z, w) 
be the coordinates of the vertex, and (X, F, Z, W) current coordinates. Suppose that 
(a, 6, c, f g, h) are the coordinates of any one of the lines, the equation of the plane 
through this line and the vertex is 

a{xW—wX)-\-h (yTT — wF) + c {zW — wZ) 

+f QyZ - z7) +g{zX -xZ) + h(xY -yX)=0; 

or, what is the same thing, writing for shortness 


the equation is 


P = . hy — gz + aw, 

Q = -~ hx . + fz + hw, 

S = — ax — hy — cz . 

FX+Q7 + BZ + SW = 0. 


The plane in question is a tangent plane to the cone touched by the 6 lines. Now 
when 6 planes touch a quadric cone, their traces on any plane whatever touch a conic 
the intersection of the cone by that plane. Hence taking the plane TF=0, the equation 
of the trace is 

FX + Q7+IiZ = 0, 


and forming in like manner tne equations belonging to each of the given lines, the 
condition that the 6 traces may touch a conic is 

(i^, R*, QE, RF, FQ) = 0, 

where the left-hand side represents a determinant of 6 lines, the several lines being 

respectively Pi®, Qi®, Pi®, QiRi, PiPi, PiQi, Ps®, &c Or more simply we may denote 

the equation by 

[(P, Q, P)®] = 0. 

To ascertain the form of this, write for a moment y = 0, z = 0; the equation is 

[(aw, —hx + hw, gx + cw)®] = 0, 

or attending only to the highest and lowest powers of w, this is 

w“[(a, b, c)®] ... +M)*a!®[(a, —h, 5 ')®] = 0; 

and it is thence easy to infer that the whole equation divides by to*; so that, omitting 
this factor, the form of the equation is 

((a, h, c, f g, hY$x, y, z, wf = 0-, 

viz., the equation’ is of the order 8 in the coordinates («, y, z, w), and of the degree 
2 in the coordinates (a, b, c, f, g, h) of each of the lines. It would not be very 
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difficult to actually develope the equation ; in fact, starting from the term [(<x, 6, c)^] the 
other terms are obtained therefrom by changing a, &, c into 

c+^igso—fy) respectively; the equation may therefore be written in the symbolic form 
. exp. {{hy - gz) ^a + i-hos +fz) Sj + -fg) S,} . [(a, h, c)“] = 0. 
or, what is the same thing, 

. exp. ^ {x (gB^ - hBb) + y (hSa -/Sc) + 2 (/Sj . [(a, b, c)=] = 0, 

where exp. 6 (read exponential) denotes and [(a, 6, c)®] represents a determinant as 
above explained. The equation contains, it is clear, the four terms 

aj«[(a, -h, gy] + y^[{-h, b, -//] + [(- / c)“] + «/*[(«, b, c)*]. 

I am not sure whether this surface of the eighth order has been anywhere considered. 
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ON THE MECHANICAL DESCRIPTION OF A NODAL BICIRCULAR 

QUARTIC. 


[From the Proceedings of the London Mathematical Society, vol. ill. (1869 — 1871), 

pp. 100—106.] 

The ingenious method, devised by Mr S. Roberts (P7'oceedings, vol. ii. p. 133) for 
the description of a nodal bicircular quartic suggests a further investigation. We have 
a quadrilateral 0AA'0\ in which the adjacent sides OA, AA' are equal to each other, 
and the other two adjacent sides 00', O'A' are also equal to each other; 0, 0' are 
fixed points; and we have thus a link A A', the extremities of which are connected 



with the radii OA, 0' A' respectively, and consequently describe circles about the centres 
0, 0' respectively, the radius OA of the one circle being equal to the length AA^ of 
the link, and the radius O'-d' of the other circle being equal to the distance 00' of 
the centres. The theorem is, that any point 0, rigidly connected with the link AA\ 
describes a nodal bicircular quartic, that is, a quartic curve with three nodes (or 
unicursal quartic), two of the nodes being the circular points at infinity. Any such 
curve is the inverse of a conic, and it is also the antipode of a conic; viz., if at each 
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point of the curve we draw a line at right angles to the radius vector from the node, 
these lines envelope a conic having for its pedal the curve in question. It is worth 
noticing at the outset that to a given position of A' there correspond two positions 
of A^ viz., the broken line OAA' may occupy two positions situate sjnnmetrically on 
the opposite sides of the line 0A\ But to a given position of A, there corresponds 
only one position of A'] viz., the broken line AA'O' is situate symmetrically with AOO' 
on the opposite side of the axis of symmetry O'A ; the only other position would be 
A^ coinciding with 0, that is, A A' with AO, and the locus of G would then be a 
circle. If the equalities OA = AA\ O'A' = 00' did not subsist, then to a given position 
of A' there would correspond two positions of A, and to a given position of A two 

positions of A , and the locus of G would be of a higher order than in the actual 

problem. 

I have called AA^ the link ; 00' may be called the bar. OA is then the link- 

radius, O'A' the bar-radius; moreover AA'G may be called the constant triangle; and, 

producing OA, O'A' to meet in K, then AA'K may be called the variable triangle. 
Since at any instant the motion of is normal to KA, and the motion of A' normal 
to KA , it is clear that the motion at that instant of the constant triangle is a motion 
of rotation about the point K. 

Imagine any two positions of the link; say these are AiA^', and A^^A^. Join 
AiAii, and at its mid-point draw a perpendicular thereto; join in like manner 
and at its mid-point draw a perpendicular thereto ; and let these two perpendiculars meet 
in T; we have the two equal triangles A^AiT, A^A^^'V (viz., VAi = TA^, r^/ = rA 2 ', 
AiAj' — AiA 2 ) with the common vertex P, and which may be brought to coincide with 
each other by a finite rotation about this point P. Considering any particular given 
position of P, if we take the constant triangle AA'G equal to A^Ai'T or A^A^'V 
(viz., AG^AiF, A'G^^Ai'F), then the constant triangle AA'G will, in the course of 
its motion, come at two different times to coincide vrith the triangles AiAi'F and 
A 2 A 2 T respectively; that is, P will be a node on the locus described by the point 

G] and moreover, if Kj and Kz be the corresponding positions of K, then by what 

precedes, the directions of the motion (or tangents at the node) will be normal to iTiP 
and KzV respectively. 

It is to be observed that the point P is determined by means of two arbitrary 
positions AiAi, A^A^ of the link; that is, the position of P depends upon two 
arbitrary parameters, and therefore P may be any point whatever in the plane ; if, for 
an assumed position of P, the two positions A^A^, A^Ai of the link are real, then P is 

a crunode on the locus; but if imaginary, then P is an acnode on the locus. The 

transition case is when the two positions A^Al, A^Al, coincide with each other, P being 
in this case a cusp on the locus. But from the foregoing general construction for P, 
it appears that when A-^^A-l and A^A^ coincide, P is in fact the point K, the vertex 
of the variable triangle. I find that the locus of j? is a nodal bicircular quartic, 
symmetrical in regard to the axis 00', and having the point 0 for a node ; viz., when, 
as in the figure, AA! is < 00', then the point 0 is an acnode, but when AA' is > OO', 
then the point 0 is a crunode. The curve in question—say the “cuspidal locus” — 
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is a curve such that any point whatever thereof is a cusp on the curve described by 
some point C; it separates those points F, such that each of them is a crunode on 
the curve described by some point G, from the points F which are such that each of 
them is an acnode of the curve, described by some point G. If (as in the figure) 
AA' is < 00\ then the cuspidal curve is a closed curve (the inverse of an ellipse), 
the interior region being crunodal, and the exterior region acnodal If AA^ is > 00', 
then the cuspidal curve is a figure of eight (inverse of a hyperbola), the two interior 
regions being crunodal, and the exterior region acnodal. 

Passing now to the analytical investigation, I take the origin at 0, the axis of 
X being in the direction from 0 to O', and the axis of y, at right angles thereto, 
upwards from 0. The inclinations of OA, AA\ O'A' to the axis Ox, are taken to be 
6, <p, 0' respectively. I write also OA = A A' = a, and 00' = O' A' = a' ; and 

a' — a 

or, what is the same thing, 

m : 1 : 1 + m : 1 “• m = a — a : a' 4- a : 2a' : 2a ; 


and finally AB — h, BG=c. 

Observing that the angle AA'O' is = 0, we have 6'= 0 -h(f>; and then, in the 
quadrilateral OAA'O', the angles A, 0' are =7r-0 + <^, 7r-0-(j) respectively; whence, 
projecting on the diagonal OA', we have 

a cos ^ (0 — ^) = a' cos |(0 + <^), 
which, attending to the value of m, is 


whence, writing 
we have 


tan ^0 tan |</> = m ; 
tan ^0 == u, 


and the sines and cosines of the angles 0, <j), 0' can be all of them expressed in terms 
of the single parameter u. 

For the locus of G we have 


it' = a cos 0 4 6 cos (^ — c sin 
y = a sin 0 + 6 sin ^ 4 c cos (/>, 
or, instead of 0, ^ introducing u, we have 

— 1 , — 2mu 

2u , 2m\i 

^ 4 1 4 ^ 4 
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which, in fact, show that the locus is a bicircular quartic. To put in evidence the 
third node, I assume that the values belonging thereto are u = U 2 , and that 

the coordinates of the node are a, ^8 ; we have thus 


— imui uj — l , uj - 

4-1 ^ Ui 4- ^ ^2® 4- 1 4- ^ + 


p = 2^^ , 2mui ^ , 2mw2 4- 

^ 4- 1 4- ^ 4- ^ 4- 1 + 

These give 6, c, a, y8 in terms of a, m, Wg; and we may then express the values 
of oc — a, y — ^ in terms of a, m, iaj, U 2 , u, I find 


6 = - -1 + 
m 


mq* 1 




C=- 


m 


and then 


m4- 1 


2^2 — 1 a , _ 

^ = -a-T-n 4- — 1 4- 


a 

H 

m 


2u a , - 

y= a.-:rT-^ + --|-l + 


m4-l 
m + l 


[ - 0*1 + *%) (™ — WiWa) ]| ; 

[(mi + m,)* + (1 - m) (1 - Miti,)]! 


v? — m^ 

2mu 


w® + 1 m 


U^ + TTi; 

2mu 

I /a# _I_ ->» V.S J_ / I yviT \ / I <«» .'ll \ l\ 

0«i“+ 


Thw/ + 1) 


a { m 4- 1 r / \ / V -1 

«i (vTi)w+r)f -(“.+'^(>»-«.<o ] 


vP + Tn? 
u^ + m?’ 


a 

a = — 


m + l 


m(Mi® + l)(t42® + l) 

a 




^ W +T) w + 1) (“■+“■)(»+-.«.) ; 

and then 

2 (m + 1) a (u-Ui){u—U 2 ) 


(«-«) = - 


(V + 1) 1) (u^ + 1) («“ + m?) 


x[(l —itiv^)(v? + ‘m,) + {l-m)(ui + ii 3 )k], 


(y -^) = - («..yT)U + i) $ + W +^) 


where, of course, the factors (u—Ui), (•» — «,) indicate the node (a, yS). We have moreover 


(x-ay + QZ-^y 
so that, writing 

as — a 

(x-ay + (y-^y 
y-fi 

i(e-ay + {y-fff 
c. vn. 


4 (m + 1)® a® (« — Hi)® {u — 

(%“ + l)(a{,“+l) (it*+l)(tt»+m»)’ 

1 [(1 —UiV^{v? + 'm) + {l-m) {ui + «,) u] 

2 (m+l) a (u — tii)(u-U3) 

1 [(zti + + m) — (1 — m) (1 — MiMg) tt] 

2 (m + 1) a {u — Ui){u— v^) 


24 
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we have the locus as the inverse of a conic. To exhibit it as the antipode of a conic, 
taking X, Y as current coordinates measured from the node as origin, the equation of 
the line through a point of the locus, at right angles to the radius vector from the 
node, is 

X{co-a)+7{y-fi)-{x-ay-{y-^y = 0- 
or, substituting for {x-a), (y-/3) their values, this is 
X [(1 - til Its) + m) + (1 - m) (Ml + Ma) m] 

+ F[(Mi+ti2 ) (M® + m)-(l-m)(l — MiM2)u]H-2(m+ l)a(M-Mi)(tt-M2) = 0 ; 

and the antipodal conic is thus the envelope of the line represented by this equation. 
Putting for shortness 

P = X(\ — MiMj) + i (jti + tia ), Q = X(Mi + M3 ) — F'(1 “MiUj), 

the equation is 

{P + 2 (m + 1) a} + tt {(1 - m) Q - 2 (tn + 1) a (mi + tia)} + mP + 2 (m + 1) a Wiita = 0, 

and the equation of the conic therefore is 

4 {P+ 2 (m + 1) a} {mP + 2(m+l)a MxMa| -{(l-m)Q-2 (m + 1) a (mj + Ma)}® = 0, 

so that the conic touches each of the lines P + 2(m + l)a = 0, mP + 2 (TO + ])aMiM 2 = 0 
at its intersection with the line (1 -m) Q - 2 (m+ l)aMi = 0. If these lines were con- 
structed, one other condition would suffice for the construction of the conic. 


The before-mentioned equations 


a = 


a rn-fl 

m (lii^-f l)(Ma“+ 1) 


(1 -UiUa){m+UiUi), 


give 


and thence 


;8 = - 


m + 1 


TO (Mi® + 1) (Wa^ + 1) 

(to + 1)^ 


TO*(M“+l)(Ma^-bi) 

a TO 1 -MiMa 


(mi + Ms )(m-t-UiM2)» 
(TO-f-MiMa)^; 


0?+^ (TO + l)a m-f-MiUs’ 


yS _ TO Ui+Uj 

a^+ {m + l)a m + Uiuf 

which determine Ui + ii^ and UiV^ rationally in terms of a, j8. For the cuspidal curve, 

writing Wi = Ms = v, we have 

a _ TO \ — i? 

(to + I)® toH-c*’ 


/8 _ TO 2v 

a” -f ~ (to + 1) a m+iS^’ 
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which show that the cuspidal curve is the inverse of a conic (viz., of an ellipse, if, 
as in the figure, m is positive). The result in the very same form would be obtained 
by considering the curve as the locus of the vertex K of the variable triangle. 


If we imagine a plane rigidly connected with the link AA', and carried along 
with it, then (6, e) are the coordinates of the point Q in this moveable plane; and 
if, as above, (a, yS) are the coordinates of the node, then (6, c) and also (a, ^), are 
given functions of (wj, u^. We have thus (6, c) functions of (a, ;8), and reciprocally 
(a, functions of (6, c); that is, we have a correspondence between the points of the 
fixed plane and those of the variable plane. It is worth while to investigate the nature 
of this correspondence, although the result does not appear to be one of any elegance. 


Writing 


^_(TO+l)a 

a 

m 

a3 + y3»’ 

P_(TO + l)a 

/S 

m 

a' + yS*’ 


we may, in place of (a, yS), consider the point in the fixed plane as given by means 
of the inverse coordinates (4, B). And then, if p = Mi + i48, q = l-'WiUi, we have 


whence 


Hence 


4 = 


m + l—q’ 


P = 


_(m + l) B 
1 + 4 ’ 


B- 


2 = 


m + l — q’ 

(m + 1) 4 
■ 1 + 4 ’ 


j,. + 3. . (1 + V) (1 +«,•)- . 


5(i+^)= 

a \ mj 


a\ TO + 1 


p® + g® 
TO TO + 1 




[p=-(TO-l)3], 
p{m-l + q). 


a + 

which determine (b, c) in terms of (p, q); that is, of (A, B) or of (a, jS). 


In reference to some other constructions given in Mr Roberts’ paper, it may be 
remarked that if we have a moveable plane Ui always coincident with a fixed plane 
n, and if a condition of the motion is that a circle Oi, fixed in the plane Hi and 
carried along with it, always touches a fixed circle G in the plane 11, then this same 
condition may be expressed indifferently in either of the forms — (1) a circle Gi in the 
plane Hi always passes through a fixed point of 11 ; (2) a point in the plane IIj is 
always situate on a fixed circle G in the plane 11. But if either of the circles G, Gi 
reduce itself to a line, then we have two distinct forms of condition; viz., first, if a 
fixed line Li in the plane Hi always touches a fixed circle G in the plane 11, this 
is equivalent to the condition that a fixed line Li in the plane IIj always passes 

24—2 
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through a fixed point of the plane 11. And secondly, if a fixed circle (7i in the plane ITi 
always touches a fixed line L in the plane 11, this is equivalent to the condition that 
a fixed point in the plane ITi is always situate in a fixed line in the plane IIi. 
The different forms of condition therefore are : 

(a) A fixed circle in the plane Hi always touches a fixed circle G in the 
plane 11 (where, as above, either circle indiffei'ently may be reduced to a point). 

(/3) A fixed line in the plane Hi always passes through a fixed point G in 

the plane H. 

( 7 ) A fixed point (7i in the plane Hi is always situate in a fixed line L of the 
plane 11 . 

Hence, if the motion of the plane Hi satisfy any two such conditions (of the 

same form or of different forms, viz., the conditions may be each a, or they may be 

a and )S, &a), then the motion of the plane IIi will depend on a single variable 
parameter, and the question arises as to the locus described by a given point, or 
enveloped by a given line, of the plane 11 ; and again of the locus traced out, or 

enveloped, on the moving plane Hi by a given point of the plane TI. The case con- 

sidered in the present paper is of course a particular case of the two conditions being 
each of them of the form a. 

It may be remarked, that if the two conditions be each of them /S, then there 
will be in the plane Hi a fixed point Oi which describes a circle ; and similarly, if 
the two conditions be each of them 7 , then there will be in the plane Hi a fixed 

point Gi which describes a circle (^); that is, the combination is a particular case 

of and the combination 77 a particular case of ay. 


1 The theorem is, that if an isosceles triangle, on the base A A' and with angle =2w at the vertex C, 
slide between two lines OA^ OA' inclined to each other at an angle w, in such manner that C is the centre 
of the circle circumscribed about OAA'y then the locus of C is a circle having 0 for its centre. 
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ON THE RATIONAL TRANSFORMATION BETWEEN TWO SPACES. 

[From the Proceedings of the London Mcdhemaiical Sodety, vol. lu. (1869—1871), 
pp. 127 — 180. Account of the Paper given at the Meeting 11 March 1869.] 

Two figures are rationally transformable each into the other (or, say, there is a 
rational transformation between the two figures) when to a variable point of each of 
them there corresponds a single variable point of the other. The figures may be 
either loci in a space, or locus in quo of any number of dimensions; or they may 
be such spaces themselves. Thus the figures may be each a line (or space of one 
dimension), each a plane (or space of two dimensions), or each a space of three 
dimensions; these last are the cases intended to be considered in the present Memoir, 
which is accordingly entitled, “ On the Eational Transformation between Two Spaces.” 
I observe in explanation (to fix the ideas, attending to the case of two planes), that 
any rational transformation between two planes gives rise to a rational transformation 
between curves in these planes respectively (one of these curves being any curve what- 
ever): but non constat, and it is not in fact the case, that every rational transformation 
between two plane curves thus arises out of a rational transformation between two 
planes. The problem of the rational transformation between two planes (or generally 
between two spaces) is thus a distinct problem fi:om that of the rational transformation 
between two plane curves (or loci in the two spaces respectively). 

I consider in the Memoir, (1) the rational transformation between two lines; 
this is simply the homographic transformation: (2) the rational transformation between 
two planes; and here there is little added to what has been done by Prof Cremona 
in his memoirs, “ Sulle Trasformazioni Geometriche delle Figure Piane,” (Mem. di 
Bologna, t. II., 1863, and t. v., 1865 ; see also “ On the Geometrical Transformation 
of Plane Curves," BrMsh Assoc. Report, 1864) : (3) the rational transformation between 
two spaces; in regard hereto I examine the general theory, but attend mainly to 
what I call the lineo-linear transformation; viz., it is assumed that the coordinates 
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of a point in the one space, and the coordinates of the corresponding point in the 
other space are connected hy three lineo-linear equations (that is, each equation is 
linear in the two sets of coordinates respectively). The lineo-linear transformation 
presents itself in the preceding two cases; viz., between two lines, the homographic 
transformation (which, as already mentioned, is the only rational transformation) is 
lineo-linear; and between two planes, the lineo-linear transformation is in fact the 

well-known inverse transformation {^' • V' ^ - ^ - ^ regards two spaces, the 

lineo-linear transformation has not, I think, been discussed in a general manner, and 
it gives rise to a theory of some complexity, and of great interest. 


The General Principle of the Rational Transformation between Two Spaces. 

1. In all that follows, the two spaces (lines, planes, or three dimensional spaces, 

as the case may be), or any corresponding loci in the two spaces respectively, are 
referred to as the first and second figures respectively. The two figures are in general 

considered, not as superimposed or situate in a common space, but as existing, each 

independently of the other, as a separate locm in quo or figure in such locus. The 
unaccented coordinates {x, y), (x, y, z), or {x, y, z, w), as the case may be, refer 
throughout to a point of the first figure ; the accented coordinates refer in like 

matmer to the corresponding point of the second figure (^). Moreover X, F, ... are 
used to denote functions of the same order, say n, of the coordinates (x, y, ...); viz., 
(X, Y) are each of them of the form (*'^x, y)“; (X, F, Z) each of the form 
(*]1®» y, (-F, F, Z, IF) each of the form {*\x, y, z, wf, as the case may be; 
and in like manner X', Y', ... are used to denote functions of the same order, say 
n', of the coordinates {of, y', ...). This being so:' 

The condition of a rational transformation is that we have simultaneously 
x':f,...^X: F....; x:y,...=X' : F, ... 

■viz., these equations must be such that either set shall imply the other set. 

2. If, to fix the ideas, we attend to the case of two planes, or take the sets 

to be 

a/ :y' : zf=X . 7 : Z; x : y : z = X' : F : Z', 

1 The ooordinates (a;, y) of a point in a line may be conceived as proportional to given multiples 
(a times, j8 times) of the distances of the point from two fixed points on the line ; similarly the ooordinates 
(aj, z) of a point in a plane as proportional to given multiples (a times, )3 times, y times) of the perpen- 
dicular distances of the point from three fixed lines in the plane; and the ooordinates (a;, y, w) of a 
point in a space as proportional to given multiples (a times, j8 times, y times, $ times) of the perpendicular 
distances of the point from four fixed planes in the space. Observe that even if the coordinates (a, y) and 
(x'i y’) refer to the same line, and to the same two fixed points in this line, they are not of necessity the 
same coordinates ; viz., the factors for a;, y may be a, jS, and those for a/, y' may be a', If these are 
proportional (viz., if a : a* : then (a/, ?/') will be the same coordinates of P' that (a:, y) are of P; 

and in this case, but not otherwise, the equation a;y'-a;'y=0 will imply the coincidence of the points P, P'. 
The like remarks apply to the coordinates (a;, y, z) and (x, y, z, w). 
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then starting with the set : y' : ^ — X : Y : Z, for any given point (x, y, z) what- 
ever in the first figure, we have a single corresponding point {sJ, y\ z') in the second 
figure ; but for any given point {x\ y\ z‘) in the second figure, we have yrirnd fade 
a system of points in the second figure, vi^., these are the common points of 
intersection of the curves d \ f \ a! ^X •. Y \ Z (in which equations x, f , d are 
regarded as given parameters, x, y^ z current coordinates, and the equations there- 
fore represent curves of the order n in the first figure). The curves may however 
have only a single variable point of intersection; viz., this will be the case if each 
of the curves passes through the same n^ — l fixed points (points, that is, the positions 
of which are independent of x\ j/, d ) ; and in order that the curves in question may 
each pass through the -1 points, it is necessary and sufficient that these shall be 
common points of intersection of the curves Z = 0 , F= 0 , Z-0, {Observe that the 
condition thus imposed upon the curves Jf = 0, F= 0 , Z=^0 will in certain cases 
imply that the curves have common intersections; or, what is the same thing, that 
the functions X, F, Z are connected by an identical equation, or syzygy, aX + ^Y+yZ=0, 
This must not happen; for if it did, not only there will be no variable point of 
intersection, and the transformation will on this account fail ; but there would also 
arise a relation ax' + + 7 ^ = 0 between {x\ y\ /), contrary to the hypothesis that 

{d, y\ z') are the coordinates of any point whatever of the second figure. It thus 
becomes necessary to show that there exist curves Jf = 0 , F = 0 , Z = 0 , satisfying the 
required condition of the 'd — l common intersections, but without a remaining common 
intersection, or, what is the same thing, without any syzygy aX + ^Y+yZ==0] 

3. The curves x : y' : / = X : Y : Z having then a single variable point of 

intersection, if we take (x, y, z) to be the coordinates of this point, the ratios x \ y \ z 
will be determined rationally; that is, as a consequence of the first set of equations, 
we obtain a second set x \ y \ z = X' \ Y' : Z\ where X\ Y\ Z' will be rational 
and integral functions of the same order, say n\ of the coordinates {x\ z'); that 

is, we have a second set of equations, and consequently a rational transformation, as 
mentioned above. 

4. It is easy to see that we have n' = n ; in fact, consider in the first figure 

a curve aX + ^Y+yZ —0, and an arbitrary line ax + by + cz — 0; to these respec- 
tively correspond, in the second figure, the line + + 7 ^= 0 , and the curve 

aX' + bY' 4 - = 0 ; the curves are of the orders n, n' respectively, or the curve and 

line of the first figure intersect in n points, and the line and curve of the second 
figure intersect in n' points; which two systems of points must correspond point to 
point to each other; that is, we must have n' = n. It will presently appear how 
different the analogous relation is in the transformation between two spaces. 

6 . Ascending to the case of two spaces, we have here the two sets 

d : y' :d : w'^X : Y : Z : W; x : y :z : w^X' : Y' : Z' : W\ 

the theory is analogous; the surfaces d \ f \ d \ vi ^X \ Y \ Z \ TT (surfaces of the 
order n * in the first figure) must have a single variable point of intersection, and they 
must therefore have a common fixed intersection equivalent to 1 points of inter- 
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section: I say equivalent to n’ — 1 points, for this fixed intersection need not be 
»!.* — 1 points, but it may be or include a curve of intersection (^). The surfaces 
X = 0, F=0, Z—0, Tr=0 must consequently have a common intersection equivalent 
to n* — 1 points; there is (as in the preceding case) a cause of failure to be guarded 
against, viz., the condition as to the intersection must not be such as to imply 
one more point of intersection, that is, to imply an identical equation or syzygy 
aX + ^Y+yZ+BW=Q between the functions X, Y, Z, W; but it is assumed that 
they are not thus connected. There is, then, a single variable point of intersection of 
the surfaces x' ^ vf = X Y : Z •. W] or taking the coordinates of this point 
to be (x, y, z, w), we have the ratios x : y : z : w rationally determined; that is, we 
have a second set of equations x : y : z : w = X' : Y' : Z' : W, where X', Y', Z', W' 
are rational and integral functions of the same order, say n', in the coordinates 
{af, y', /, vf)\ viz., we have the rational transformation, as above, between the two 


6. Suppose that the common intersection of the surfaces X = 0, F=0, F = 0, Tr=0 
is or includes a curve of the order v ; and consider in the first figure the two surfaces 

clX + )SF + STF^ = 0, otiX + /SjF + y\Z + SiTF= 0, 

and the arbitrary plane ax-\-hy + cz + dw = 0. The two surfaces intersect in the fixed 
curve V, and in a residual curve of the order n^ — v; hence the two surfaces and the 
plane meet in v points on the fiLxed curve, and in n^—v other points. Corresponding 
to the surfaces and plane in the first figure, we have in the second figure the two 
planes 

<xaf + ^y' + lyz' + Bv/ = 0, a^x' + ^Sij/ + yiF + B],w' = 0, 

and the surface aX' + bY' + cZ' + dW = 0 of the order n': these intersect in n' points, 
being a system corresponding point to point with the n^ — v points of the first figure; 
that is, we must have n' = r?—v. And conversely, it follows that in the second figure 
the common intersection of the surfaces X' = 0, F' = 0, Z' = 0, TF' = 0 will be or include 
a curve of the order v'; and that we shall have n = n'’‘—v. Hence also 

v — v' = {n- n') (n + n' + 1). 

7. The principle of the rational transformation comes out more clearly in the 
foregoing two cases than in the case of two lines, which from its very simplicity fails 
to exhibit the principle so well; and I have accordingly postponed the consideration of 
it : but the theory is similar to that of the foregoing cases. We must have the 
two sets (each a single equation) : y' = X : F, and x : y = X' : Y'. The equation 
a! : y' = X : Y must give for the ratio x : y a single variable value ; viz., there must 
he m — 1 constant values (values, that is, independent of x', y'); this can only be the 
case by reason of the functions having a common factor M of the order n—1; but 
this being so, the common factor divides out, and the equation assumes the form 
x' : ^ = X : Y, where X, F are linear functions of {x, y) : and we have then reciprocally 

^ The OTurre of intersection may consist of distinct carves, each or any of which may be 'a singular 
curve of any kind in regard to the several surfaces. 
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CG : y = X' : T\ where X', Y' are linear functions of (a?', y'). Thus in the present case, 
instead of an infinity of transformations for different values of n, n\ we have only the 
well-known hornographic transformation wherein n=n'^\. 

8. In the discussion of the foregoing cases of the transformation between two 
planes and two spaces, it was tacitly assumed that n was greater than 1, and the 
transformations considered were thus different from the homographic transformation ; 
but it is hardly necessary to remark that the hornographic transformation applies to 
these cases also ; viz., for two planes we may have of : y' : z' = X : Y : Z, and 
CG : y : z = X' : Y' : Z\ where (X, F, Z\ (X', Y\ Z') are linear functions of the two 
sets of coordinates respectively ; and similarly for two spaces x' \ 'i/ : z* •. X :Y : Z :W 
and X : y : z : w=^X' : Y' : Z' \ W\ where (X, F, Z, W), {X\ F', Z\ IF 0 are linear 
functions of the two sets of coordinates respectively. We may, if we please, separate 
off the hornographic transformation (as between two lines, planes, and spaces respectively), 
and restrict the notion of the rational transformation to the higher or non-linear trans- 
formations; in this point of view, the case of two lines would not be considered at 
all, but the theory of the rational transformation would begin with the case of the 
two planes. Such severance of the theory is, however, somewhat arbitrary; and more- 
over the hornographic transformation between two lines (being, as mentioned, the only 
rational transformation) is analogous not only to the hornographic transformation between 
two planes, and to the hornographic transformation between two spaces, but it is also 
analogous to the lineo-linear (or quadric) transformation between two planes, and to the 
lineo-linear (which is a cubic) transformation between two spaces. 

9. For the sake of bringing out this analogy, I shall consider in some detail the 
hornographic transformation between two lines; but as regards the hornographic trans- 
formations between two planes and between two spaces respectively (although there is 
room for a like discussion) the theories may be considered as substantially known, and 
I do not propose to go into them. 

The Hornographic Transformation between Two Lines, 

10. By what precedes, it appears that we have x' : f — X : F, where (X, F) are 
linear functions of {x, y)\ and conversely, x \ y — X' \ F', where X', Y' are linear 
functions of {pG\ f ) ; or what is the same thing, the relation is expressed by a single 
equation 

{ax + by)x' + {cx-^’dy) y' = 0 ; 
or, as this may conveniently be written, 

or, when the expression of the actual values of the coefficients is unnecessary, 

{*\x, y){x', 20 = 0. 

We thus see that the rational transformation between two lines is in fact the homo- 
graphic transformation; and also that it is the lineo-linear transformation. 

0. VII. 


25 
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11. A special case is when 
Writing here 


ad — bc = 0. 

c d y 

- = -,-=m, =-, 


the equation is 
that is 


(a® + hy ) ( ®' + my) = 0, 
(a® + hy) (aV + Vy') = 0 ; 


nZ; either asc + by = 0 , without any relation between of, y' ; or else a'so' + b'y' = 0, 
without any relation between ®, y; that is, to the single point ax + by = 0 of the first 
figure there corresponds any point whatever of the second figure ; and to the single 
point a'®' + 6y = 0 of the second figure there corresponds any point whatever of the 
first figure. 

12. In the general case where ocZ — we may either by a linear transformation 
{00! + by, ox + dy into y, — ® or into ®, —y) of the coordinates of a point of the fiorst 
figure, or by a linear transformation {ax' + ay', bx' + dy' into if, —x or into x', —y) of 
the coordinates of a point in the second figure (or in a variety of ways by simultaneous 
linear transformations of the two sets of coordinates) transform the relation indifferently 
into either of the forms xf — xy = 0, xx —yf = 0; the former of these, or ^ -.y' —x\y, is 

the most simple expression of the homographic transformation ; the latter, or : j/'=- : - , 

X y 

is its expression as an inverse transformation. 


13. If, to fix the precise signification of the coordinates (®, y), we employ the 
distances from a fixed point 0 in the line; taking the distances of the two fixed 
points (say A, B) to be a, and that of the variable point P to be p, then we 

have X, y proportional to given multiples p(p-a), q{p—^) of the distances from the 

two jGlxed points; or writing --n, we may say that the coordinate - of the point 


P is 


• n 




or in particular, if 1, then the coordinate is If for 

p ^ OL . — iSp+X 111/% 1 • 

write ^ Q-^d then take p = oo, we see that m a particulai* system 

of coordinates, A at 0, 5 at ao , the coordinate - is = p. Proceeding in the same 
manner in regard to the coordinates (®', f), for a particular system of coordinates, 
A! at P' at oo , the coordinate ^ of P' will be = And the correspondence 
of the points P, P' will be given by an equation 


(xpp^ + bp' + cp + c? = 0. 

14. The equation just mentioned is often convenient for obtaining a precise statement 
of theorems. Thus taking A, P at pleasure on the first line, A', B' the corresponding 
points on the second line, we have 


cp -hd 
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and thence 


and consequently 


which is of the form 


, _ ca + d 

^ aa + b’ 

a, _ o/S + d 
^ a/3 + b’ 

o' - a' = P-«) 

^ (aa+i )(up + b)’ 

, ^,_ (ad-bo)( p-^) 

^ ^ {a^ + b)(ap+ b)’ 

p — a! _a^ + b p — a 
aa+b p — ^’ 


P-^ 

P-^ 


m 


P- a 
p-^' 


where (the correspondence app' + 6p' + cp4-d = 0 being given, and also the fixed points 
A, B) m has a determinate value not assumable at pleasure. If, however, the fixed 
points A, B be not given, then we may determine a relation between them, such that 
m shall have any given value not being =1; we have in fact only to write 


that is 


aB + b = m (aa + b), 
a (/3 — ma) + i) (1 — to) = 0, 


(m = l would give a = B and the transformation would fail). In particular we may write 
m = — 1, we have then 

a (a + /S) + 26 = 0 ; 


or the sum of the two distances OA, OB has a given value =~— dependent on the 

transformation; one of these points being assumed at pleasure, the other is known: 
the points A',- B' are also known, and the equation of correspondence is 


p'-a! p-a 

p'-B''^p-B 


= 0 ; 


it is moreover easy to show that we have 

a(a' + / 3 ') + 2 c = 0 . 

15. In what precedes, the two lines are considered as distinct lines, not of 
necessity existing in a common space. But they may be considered, not only as 
AYiating in the common space, but as superimposed the one on the other. Suppose 
this is so, and moreover that the fixed points A', E coincide with A, B respectively, 
and that the coordinates («, y) and (»', are the same coordinates ; so that the 
equation xy' — x'y = (i will imply the coincidence of the points P, P'. 


25—2 
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16. If ad-hc=0, the equation of correspondence becomes 

(ax + by) (a'x' + b'y') - 0, 

and as before, to a single given point ax + by=^ 0, considered as belonging to the first 
figure, there corresponds every point whatever of the line, or second figure: to a 
single given point aV 4* b'y' = 0 (the same as, or different from, the first point), 
considered as belonging to the second figure, there corresponds every point whatever 
of the line, or first figure, 

17. Excluding the foregoing case, or assuming ad — bo^O, there are in general on 

the line two points such that to each of them considered as belonging to either 
figure there corresponds the same point considered as belonging to the other figure, 
or say there are two united points: in fact, writing x' : y : y, we find 
ao(^’i-(b -h c)xy + dy^ = 0, a quadric equation for the determination of the points in 

question. Unless 4(xd — (6 + c)^ = 0, this equation will have two unequal roots; and 
taking the two points so determined for the fixed points J5 = 5', the equation 

of correspondence will assume the form xy' — kx^y - 0. In this equation k cannot be = 1 ; 
for if it were so, the equation would be xy —x'y that is, the points P, F would 
be always one and the same point. The equation may, however, be xi/ + = 0 ; the 

points P, P' are then harmonics in regard to the fixed points A, B. It is to be 
observed, that if the equation xy' -kx'y-O be unaltered by the interchange of (^, y) 
and (x\ y') we must have — 1-0, or since —1 is excluded, we must have A = --l. 

18. The original equation + 6?/) + (c^r + dy) y' = 0 is unaltered by the inter- 

change, only if 6 — c = 0 ; the equation 4ac2 — (5 -i- c)“ = 0 becomes in this case ad — bo — 0, 
which by hypothesis is not satisfied ; the two distinct points A=^A\ B — B' consequently 
exist. That is, if the correspondence between the two points P, P' is such that 
whether P be considered as belonging to the first figure or to the second figure, 
there corresponds to it in the other figure the same point P' — or say if the 
correspondence between the points P, P' is a symmetrical correspondence — then as 

united points in the superimposed figures we have the two distinct points A, B: 
and the correspondence of the points P, P' is given by the condition that these are 
harmonics in regard to the points A, B, 

19. There is still the case to be considered where 4ad — (6 + c)^ = 0; the equation 

aiifi + (b + o)xy + dy^ — 0 has here equal roots, or the two united points coincide 

together, or form a single point. Taking this point to be the point A, the coordinate 
whereof is : y = 0 : 1, we must, it is clear, have d = 0, and therefore also 6 + c = 0 : 
the relation between the coordinates (x, y) and {x\ y') is then axx^ + b (xy^ — x'y) = 0 ; 
viz., this is the form assumed by the equation of correspondence when instead of two 
united points there is a double united point, and this is taken to be the fixed 

point A. 

20. It is to be observed, that we cannot have either 6 = 0, for this would give 
xx' = 0, which belongs to the excluded case ad-6c = 0; nor a = 0, for this would give 
xyf — x'y excluding these cases, the equation is of necessity altered by the inter- 
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change of {x, y) and {x', y') ; that is, in the case of a double united point, the 
transformation is essentially unsymmetrical. 

By what precedes, if the other fixed point be taken to be at infinity, the coordi- 
nates X : y and x' : y' may be taken to be p, p respectively; viz., p, p will denote 
the distances of the points P, P' fii*om the double united point A ; and the equation 
of correspondence then becomes /op' + 6(p-p') = 0 ; that is, (p-6)(p' + 6) + &- = 0. 

21. The original equation axxl -h hyx^ + cxy' -f dyy' = 0 can be reduced to the 

inverse form xx' — = 0 only (it is clear) in the symmetrical case 6 = c ; here, trans- 

forming to the united points, the equation is, by what precedes {ante. No. 17) xy-\-x'y=0. 
This equation can be written (lx -I- my) {W -h my') — {lx — my) {W — my') = 0, where I : m 
is arbitrary ; viz., we have thus an equation of the required form. 

22. In further explanation, start from the equation app' + 6 (p + p') 4- d = 0 ; that 

is, (ap -h 1) {ap + 6) + ad — 6^ = 0, or say (p — a) (p' - a) — = 0 ; this may be reduced to 

pp' — 1 = 0 ; viz., the point 0 from which are measured the distances p, p is here the 
mid-point between the two united points A, B; and the unit of distance is \AB: 
the equation expresses that the points P, P', harmonics in regal'd to the two points 
A, B, are the images one of the other in regard to the circle described upon AB 
as diameter. Take any two corresponding points i, P; if the distances of these be 
\ X\ we have XX' = 1 ; and hence 


(p — X ) (p' — X ) = 1 — X (p -f p') -i- X“ = X (X + X' — p — p'), 
(p — X') {p — X ) = 1 — X' (p + p') “h X'^ = X' (X -f X' — p — p') ; 

and consequently 

p X p *“ X X 
p'^'‘p'-x'""x'’ 

which, writing 

X Jc {p — “ X) X Jc {p X) 

F ’ y'^ p''^^ 

^ (so that ^ 1) ; or, k = X = :p, 

X A. 


becomes xx' — yi/ = 0 ] that is, the correspondence of the points P, P' being symmetrical, 
if the coordinate - of P be taken to be a multiple of the ratio of the distances 

y 

PL, PL' of P from any two corresponding points L, L' (and of course the coordinate 
— of P' to be the same multiple of the ratio of the distances P'i, PL)» the equation 

y 

of correspondence is obtained in the inverse form m' — yy'==0. 


The Rational Transformation between Two Planes. 

23. Starting from the equations x' : f : 2 ^ = X : Y : Z, where X = 0, Y=0, Z ^0 
are curves in the first plane, of the same order n, it has been seen that in order 
that we may thence have a rational transformation between the two planes, the curves 
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Z = 0, F=0, must have a common intersection of — 1 points, and no more ; 

that is, they must not have a complete common intersection of to* points. In the case 
TO = 2, taking the to* — 1 points in the first plane to be any three points whatever, the 
condition that the curves shall be conics passing through the three points does not in 
anywise imply that the conics shall have a common fourth point of intersection ; and 
we have thus a rational transformation as required ; viz., the first set of equations is 
af : y' •. z' = X : F : F, where X = 0, F = 0, F = 0 are conics passing through the same 
three points of the first plane ; and as it is easy to see (but which will be subsequently 
shown more in detail), the second set is the similar one x : y •. z = X' : Y' : Z', where 
X' = 0, F'=0, Z' = Q are conics passing through the same three points in the second 
plane; this may be called the quadric transformation between the two planes. 

24 But the like theory would not apply to the case to = 3 ; if the to* — 1 points 
in the first plane were any eight points whatever, the cubics X = 0, F = 0, F = 0, 
intersecting in these eight points, would have a common ninth point of intersection, 
and the transformation would fail; and so for any higher value of to, taking at pleasure 
any |to(to + 3) — 1 of the to*- 1 points of the first plane, the curves X = 0, F = 0, F = 0 
of the order to passing through these ^to(to + 3) — 1 points, would have in common all 
their remaining points of intersection, and the transformation would fail. A trans- 
formation can only be obtained by taking the — 1 points in such wise that these 
can be made to be the common intersection of the curves, and at the same time that 
the number of conditions imposed upon each of the curves X=0, F=0, F = 0 shall be 
at most = ^TO (to -I- 3) — 1. 

25. And this requirement may be satisfied; viz., the number of conditions may 
be made to be = ^to (to - i- 3) — 1, by assuming that certain of the to* — 1 points of inter- 
sections are multiple intersections of the curves. For if we have a given point which 
is an a-tuple point on each of the curves X = 0, F = 0, F = 0, then this counts for 
a* points of intersection of any two of the curves, and thus for a* points of the to* — 1 
points: but the condition that the given point shall be on any one of the curves, 
say the curve X=0, an a-tuple point, imposes on the curve, not a* but only ^a(a-H) 
conditions : and we have in this way a reduction whereby the number of conditions 
for passing through the n* — 1 points can be lowered from to* — 1 to the required number 
^TO(TO-f3)-l. 

26. In particular, for to = 3, we may for the to* — 1 points of the first plane take a 

point as a double point on each of the cubic curves X = 0, F=0, F=0 (which therefore 
reckons as four points), and take any other four points. Each of the curves is determined 
by the conditions of having a given point for double point, and of passing through 
the same four other given points ; that is, by 3 -I- 4 = 7 conditions ; and the three cubic 

curves X = 0, Fs=0, F=0 have for the common intersection the double point reckoning 

as four points, and the given other four points; that is, they have a common inter- 
section of 4 -I- 4 = 8 points ; but this does not imply that they have a common ninth 

point of intersection ; we have therefore a rational transformation as required ; viz., the 
first set of equations is : y' : F = X : F : F; where X = 0, F=0, F = 0 are cubics 
in the first plane having each of them a double point at the same given point and 
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also each passing through the same four given points; the second set of equations is 
iE y : z = X' •. Y' : Z', where X' = 0, Y' = 0, Z' = 0 are like cubics in the second plane. 

2 <. Generally suppose that the n^ — 1 points in the first plane are made up of 
points, which are simple points; ct^ points, which are double points; as points, which 
are triple points, . . . points, which are (n — l)tuple points = 1 or 0), on each of 

the three curves ; these mil represent a system of — 1 points if only 

a, + 4 a 2 + Qfls ... + (n- = n®- 1 . 

The number of conditions imposed on each of the curves X = 0, F= 0 , Z = 0 will be 
«! + SosH- 6 as ... (w— ; for the reason presently appearing, I exclude the case 

of this being 4- 3 ) — 2 ; and therefore assume it to be =|?i(?i + 3 )- 2 . In fact, 

writing 

ai + Sos + fias... +^n.{n — \) = -^ n (« + 3) - 2 , 

this combined with the former equation gives 

a 2 + Sos ... +^(n- l)(w- 2 ) c^-i = ^{n-l)(n — 2): 

viz., the singularities are equivalent to | {n — 1 ) (n — 2 ) double points, that is, to the 
maximum number of double points of a curve of the order n; or say each of the 
curves X = 0, Y=0, Z = 0 is a curve of the order n having a deficiency = 0; that is, 
it is a unicursal curve of the order n. Hence also, taking (a, b, o) any constant factors 
whatever, the curve aX + bY+cZ=0 is unicursal. 

28. It is important to remark that the conclusion follows directly from the general 
notion of the rational transformation; in fact, the equation aX + bY+cZ=0 is satisfied 
if X : y : 2 = X' : Y' : Z' ; atxf + b^ + c/=0. The last of these equations determines 
the ratios x' : y' : Y in terms of a single parameter (e.g. the ratio af ; y')) 

have then x •. y : z expressed as rational functions of this parameter; that is, the curve 
is unicursal. 

29. Suppose for a moment that it was possible to have 

01 + 302 + 60 :*...+ im(n-l)a„_i<i7i(ra + 3)-2. 

Combining in the same way with the first equation, it would follow that 

Os + Soj ... + ^ (u- l)(n - 2 ) a„_i 2 ), 

which would imply that the 'curves X = 0, F=0, Z—O break up each of them into 
inferior curves : but more than this, the coefficients a, b, c being arbitrary, it would 
imply that the curve aX + bY + cZ = 0 breaks up into inferior curves ; this can only be 
the case if X, Y, Z have a common factor, say Mj that is, if X, F, Z = MXi, MY-i, MZi\ 
but we could then omit the common factor, and in place ot x' : y' :/=> X : Y : Z 
write a! : y' : z' = X^ : Y^ : Z^, where Xi = 0, Fi = 0, Fi = 0, are proper curves, not 
breaking up ; the above supposition may therefore be excluded from consideration. 
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30. We have thus a transformation in which the first set of equations is 
X y' / =X •. Y Z, where Z’ = 0, F=0, F=0 are curves in the first plane, of the 
same order n, having in common ai, oii..,On-x points which are simple points, double 
points,... (w — l)tuple points respectively on each of the curves; these numbers satisfy the 
conditions 

flij + 4 cI! 2 + 9®s . . . + ~ 1 ~ f!'" 1) 

«! + Soj + fioj ... + ^(n- 1) a„_i = I (w® + 3 ti) - 2 ; 

conditions which give, as above, 

Oj + Soj . .. + ^ (?i — 1) (w — 2) J (t!, — 1) (fi — 2), 

and also 

Oi + 2 ct 2 + StXj . . . + (n — 1) cin—i ~ — 3 ; 

so that the relations between a^, a,... a„_i are given by any two of these four equations. 

31. The second set of equations then is a : y : z = X' : Y' : Z', where X'=0, Y'=0, Z'—O 

are curves in the second plane, of the same order n; and it is clear that these must 
be curves such as those in the first plane; viz., they must have in common a^, a ^, .. aVi 
points, which are simple points, double points, . . . - l)tuple points respectively on each 

of the curves, the relations between these numbers being expressed by any two of the 
four equations 

fti' + 4as' + 9as' . . . + (n - 1)= a'„_i = - 1, 

+ Sotj^ + . . . + (n — 1) (w + 3) — 2, 

a'j + Saa' ... +^(n-l)(w-2) a^i = i (^ - 1) («■ - 2); 

+ 2as + Sfla' . . . + (^ ~ 1) = 3n — 3. 

32. To any line ax' + by' + cz' = 0 in the second plane there corresponds in the 
first plane a curve aX + bY+cZ of the order w; and to any line a'x + b'y + c'z = 0 in 
the first plane there corresponds in the second plane a curve a'X' + b'Y' +c'Z' = 0 of 
the same order n; the curves aX + bY + cZ = 0 in the first plane are, it is clear, a 
system, and the entire system, of curves each satisfying the conditions which have 
been stated in regard to the individual curves X = 0, Y=0, Z=0, and being as 
already mentioned unicursal; and similarly the curves a'X' + b'Y + c'Z' = 0 in the second 
plane are a system, and the entire system, of curves each satisfying the conditions 
which have been stated in regard to the individual curves X' = 0, F = 0, X = 0 ; and 
being also unicursal. We may say that to the hnes of the second plane there 
corresponds in the first plane the reseau of curves aX + bY+cZ=0; and to the lines 
of the first plane there corresponds in the second plane the rdseau of curves 
a'X'+b'Y'+c'Z' = 0; these Hsem being systems satisfying respectively the conditions 
just referred to. 

33. We have next to enquire what are the curves in the second plane which 
correspond to the ai + Os ... + « 9 i-i points of the first plane. I remark that the 
«! + tts . . . + On-i points are termed by Cremona the principal points of the first plane, 
and the corresponding curves the principal cwrves of the second plane. But it will be 
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more convenient to say that the ai + a 2 ... + a^i points are the principal system of the 
first plane, and the corresponding curves the principal counter-system of the second 
plane. And of course the «/ + Og' ... + points will be the principal system of the 
second plane, and the corresponding curves the principal counter-system of the first 
plane, 

34. The Jacobian (curve) of the curves X = 0, F=0, ^=0 is, of course, the 

Jacobian of any three curves aX-l-6F+c^=0 of the first plane, or it may be called 
the Jacobian of the reseau of the first plane; and similarly, the Jacobian of the curves 
X' — O, F'=: 0, = 0 is the Jacobian of the reseau of the second plane. 

35. I say that to each point of the first figure there corresponds in the second 

figure a line; to each point a conic; to each point Og a nodal cubic; ... and 
generally, to each point a unicursal r-thic curve; the entire system of the curves 
corresponding to the % + a 2 + a 3 ... + a^i points, that is, the principal counter-system of 
the second plane, is thus made up of lines, conics, Og nodal cubics, ...Or 
cursal r-thics, unicursal (?^ — l)thics. It is thus a curve of the aggregate order 

ai + 2a2-f Sag ... — l)a^i, =3n— 3; and it is in fact the Jacobian of the reseau of 
the second plane; as such, it passes through each point a/ two times, each point ol^ 
five times, ... each point aj 3r — 1 times, ... each point fit'll 3?^ — 4 times, 

36. The reciprocal theorem is of course true. The Jacobian of the reseau of the 
first plane is thus made up of a/ lines, conics, ai nodal cubics, ... cv' unicursal 
r-thics, ... unicursal (%— l)thics. Calculating the Jacobian of the reseau of the 
first plane, we have thus the numbers a/, Og', ... which determine the nature of 
the principal system of the second plane. 

37. I indicate as follows the analytical proof of the theorem that to a principal 

point Oy of the first plane there corresponds in the second plane a unicursal r-thic. 
Consider the simplest case, r = 1 ; if in the equations x \ : z' ^ X : Y : Z the 
coordinates (x, y, z) are considered as belonging to a point ai, these values give identi- 
cally X = 0, F=0, -Z'=0; hence for the consecutive point x + Sx, y + hy, z + Sz, if 

(A, jB, (7) denote the derived functions of X, (Ai, Bi, Gi) those of F, (As, Cg) those 

of Zy we have 

x' : y' : z' = A Bx-^B By + GSz 
: AiBx’^-BiBy + CiBz 
: AsBx + B^By -H O^Bz, 

We have A , 5 , (7 [ = 0, for the determinant is the value, at the point ai in 

Al, Bly Cl 
As, B^y Gq 

question, of the Jacobian of the reseau of the first plane ; and the Jacobian curve 

passing through ai (in fact, having there a double point), the value is =0. 

38. Hence of, y\ considered as corresponding to a point indefinitely near to ai, 
are connected by a linear equation. Corresponding to «! we have in the second figure 

C. vn. 26 
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a line. But it is to be observed, further, that the equation of the line is that 
obtained by writing in the foregoing equations, say Bz = 0, and eliminating the remaining 
quantities Bx, By, or, what is the same thing, we may consider the equation of the 
line as given by the equations 

x' •. if = ABx-\-B By 
: AiBx + BiBy 
: AiBx + B^By, 

where Bx, By are indeterminate parameters to be eliminated. 

39. In the case of a point we have in like manner 

x' y' : z! = {a , ...$8®, By, Bzf 

: (Oi, ...][8®, By, Bzy 

: (Oa, ...$8®, By, Bzy, 

where (a,,..), (cti, ...), (as,--) are the r-th derived functions of X, Y, Z respectively. 
In virtue of the relation of the point a, to the curves Z = 0, F=0, ^=0, the coefficients 
will be such as to allow of the simultaneous elimination from these equations of the 
three quantities Bx, By, Bz. The result of the elimination will be the same as if, 
writing say Bz = 0, we eliminate Bx, By ; or, what is the same thing, the relation of 
/, y', / may be regarded as given by the equations 

a/:y':/= (a , ...'^Bx, Byy 

: (ffli, ...J^Bx, Byy 

: (oa, ...$S®, Byy, 

where Bx, By are indeterminate parameters. These equations obviously express that the 
point («', if, si) is situate on a unicursal curve of the order r. 

40. It is further to be shown that the r-thic curve thus corresponding to is 

part of the Jacobian of the reseau of the second plane. The Jacobian in question is 
the locus of the new double point of those curves of the reseau which have a new 
double point; that is, a double point not included among the a 3 ' + as'...+ o'^i singular 
points of the principal system of the second plane. But a curve of the reseau being 
unicursal, can only acquire a new double point by breaking up into inferior curves. 
Consider, in the ffist figure, any line through a,., the corresponding curve in the second 
figure is made up of the unicursal r-thic curve, which corresponds to the point cv, 
together with a residual curve variable with the line through a,; this is a unicursal 
curve of the order n-^r. The aggregate curve of the order r + (« — r) has singular 
points equivalent to ^(w— l)(m — 2)-fl double points(^); that is, the singularities are 
those belonging to the principal system of the second plane, together with a new double 

^ la general, if r+r'=:7i, and the ouryes r, r' are each nnicorsal, then the aggregate singularity arising 
from the singularities of the two curves and from their intersections, is equivalent to i(r-l)(r~2) + 
J(r'-l) (r'-2)-|-rr', that is, to J(r+r'-l) (r+r'-2)+l, or (w--2)+l double points. 
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point constituted by an intersection of the curves r, {Observe that the two curves 

have only this single intersection ; viz., the remaining r (ti — r) — 1 intersections are 
at points ^2^ + 03' ...-I- fit'll of the principal system of the second plane.] We have thus, 
in the second plane, a series of curves, each of them having a new double point ; 
viz., these are the several curves which correspond to the lines through in the first 
figure. Each of the curves is a fixed curve r together with a variable curve n — r. 
The new double point is an intersection of the two curves; that is, it is a variable 
point on the curve r. The locus of the new double point is thus the curve r; therefore 
the curve r is part of the Jacobian of the reseau of the second plane. Since each 
point gives a curve r, the curves in question form an aggregate curve of the order 
ai + 2a2... + ( 7 i — = 372 .- 3 ; viz., this is the order of the Jacobian; or, as stated, 
the curves r (that is, the principal counter-system of the second plane) constitute the 
Jacobian of the reseau of this plane. 

41 . The numerical systems and (a/, Og' ... are each of them a 

solution of the same two indeterminate equations 

=7^2 — 1, Xra^ = 371 — 3, 

but not every solution of these equations is admissible ; for instance, if r > Jn., then 
Oy is =0 or 1, for ay = 2 would imply a curve of the order n with two r-tuple points, 
and the line joining these would meet the curve in more than r points; similarly, 
r>^n, Oy is =4 at most, for Or — o would imply a curve of the order n with five 
r-tuple points, and the conic through these would meet the curve in more than 2 n 
points; and there are of course other like restrictions. The diBferent admissible systems 
up to % = 10 are tabulated in Cremona’s Memoir ; and he has also given systems 
belonging to certain specified forms of n: these results are as follows: 
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42. The system oij ... a^j) geometrically determines completely the system 

(«/, as ...a'n_i); it ought therefore to determine it arithmetically; that is, given the 
one series of numbers, we ought to be able to determine, or at least to select from 
the table, the other series of numbers. Cremona has shown that the two series 
consist of Ijie same wumiers in the same or a different order. By examination of the 
tables, it appears that there are certain columns which are single (that is, no other 
column contains in a different order the same numbers), others that occur in pairs, 
the two columns of a pair containing the same numbers in a different order. Where 
the column is single, it is clear that this must give as well the values of (%', ai ...a',^_j) 
as of («!, as”.a^i). Where there is a pair of columns, as far as Cremoiaa has 
examined, if the one column is taken to be (uj, as...a,^i) the other column is 
(«/, ... a'n-i); it appears, however, not to be shown that this is universally the case; 

viz., it is not shown but that the two columns, instead of being reckoned as a pair, 
might be reckoned as two separate columns, each by itself representing the values as 
well of (Oi, a 3 ...(V-i) as of (a/, Oa' ... ; neither is it shown that there are not, 

in any case, more than two columns having the same numbers in different orders. 
It seems, however, natural to suppose that the law, as exhibited in the tables, ' holds 
good generally; viz., that the tables contain only single columns, each giving the values 
as well of (si, as of (a/, eta' ... or else pairs of columns, one giving 

the values of {a-^, a^...an-i), and the other those of (a^, Oa' ... a'n-i); or, say, that the 
partitions are either sUn-redprocal, or else conjugate. 

43. Assuming that the two systems (uj, a 3 ...a„_i) and (a/, are each 

known, there is still a question of grouping to be settled; viz., the Jacobian of the 
first plane consists of a/ lines, conics, ... unicursal (w — l)-thics ; each line, each 
conic, &c., passes a certain number of times through certain of the points Ui, 03 ...a,^jr 

but through which of them? For instance, each of the aj fines will pass through two 

of the points Oj, ...Oa-i- these be points Uj, or points a^, &c., or a point 
and a point Oj, &c. ? The mere symmetry of the different groups of points determines 
certain conditions of the solution (’^); for instance, if any particular one of the a/ fines 
passes through two points a,., then each of the aj fines must pass through two 
points a,; and since the points ov are symmetrical, we must in this way use aU the 
pairs of points a,; that is, if ai' = ^a,.(a,. + l), but not otherwise, it may be that each 
of the aj lines passes through two of the points a,.. In the case of an equality 
et, = a, we could not hereby decide whether the fine passed through two points a, or 
through two points ««. So, again, if any one of the aj lines pass through a point 

and a point a,, then each of the Oi' lines must do so likewise, and we must hereby 

exhaust the combinations of a point with a point viz., the assumed relation 
can only hold good if a/ = ot,n,. Similarly, each of the aj conics will pass through 
five of the points Oj, « 2 ...a,^_i; each of the ccj nodal cubics will pass twice through 
one (have a double point there) and through six others of the points 

which are the points so passed through? I do not know how a general solution is 
to be obtained, but most of the cases within the limits of the foregoing table have 

^ It is by Buoh considerations of symmetry that Cremona has demonstrated the before mentioned theorem 
of the identity of the numbers (oi, oq ... and (oj', 
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"been investigated by Cremona. Tbe results may conveniently be stated in a tabular 
form; tbe tables exhibit in the outside upper line the values of «!, and in 

the outside left-hand line the values of a^, and they are to be read as 

{ «/ lines 1 

Oa' conics > passes ( ) times through ( ) of the points a^, Oj ... oi„_i 
&c. I 

respectively; the numbers in the table being those of the points passed through, and 
the indices in the table (index =1 when no index is expressed) showing the number 
■of times of passage, that is, showing whether the point is a simple, double, triple, &c., 
point on the curve referred to. 

44. Thus (m the tables which follow) the last of the tables }i = 6 gives the con- 
stitution of the Jacobian of the first plane, where the principal system is (3, 4, 0, 1, 0); 
and it is to be read: 

Each of the 4 lines passes through 1 of the points Ui and through the point a^-, 
The 1 conic „ „ 4 of the points a, and through the point «i; 

Each of the 3 cubics „ „ 2 of the points a^, 4 of the points tx^, and twice 

through the point (that is, *4 is a double 
point on each cubic). 

It is hardly necessary to remark that the tables are sibi-reciprocal, or else conjugate, 
as appears by the outer lines of each table. 

Table n = 2. 

Ol 

II 

3 

Ol' = 3 2 [was originally printed, 3.] 

Table «, = 3. 

a,' = 4 
a;=i 

Tables tc=4. 

®1 «3 Oj «1 o* 

II II II II II II 

6 0 1 3 3 0 

a; = 6 
as' = 0 

«s' = l 
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Tables w = 5. 


II II II II II II II II II II II II 

8001 3310 0600 



* Bead, «‘Eaoli of the two cubics passes through the point oj, the four points og, and, (1*, 1), twice 
through one and once through the other of the points og 

c, vn. 


27 
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45. It is to be remarked upon the tables— first, as regards the lines: if we add 

the numbers in each line, reckoning as mf, (that is, each multiple point, according 
to the number of branches through it,) the sums for the successive lines are 

2, 6, 8, 11, 14, &c. ; that is, each line passes through 2 points, each conic through 

5 points, each cubic through 8 points, each quartic through 11 points, &c. But if we 
add the numbers reckoning mP zs + (that is, each multiple point according 

to its effect in the determination of the curve,) then" the sums are 2, 5, 9, 14, 20, &c., 
that is, all the curves are completely determined, viz., the line by 2 conditions, the 
conic by 6 conditions, the cubic by 9 conditions, &c. Secondly, as regards the columns, 
if for any column, reckoning mP as mp, we multiply each number by the corresponding 
outside left-hand number, add, and divide the sum by the outside number at the head 
of the column, the successive results are 2, 5, 8, 11, 14, &c.; this merely expresses the 
known circumstance that the Jacobian passes 3r-l times through each point 

46. The analogous tables showing the passage of the Jacobian through the 
principal system, in the solutions belonging to certain special forms of n, are 

Table n=p. 


II II 

2p-2 1 



Tables w = 2p. 


®2p-S ®1 ®!>-l 

II II II II II II II II II II 

3 2p-2 0 0 1 %j-2 0 1 3 0 
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Tables n=2p+l. 


0^ Op ^-1 

II II II II ll 

3 2p-l 0 0 1 


Oj Oj Oj, 

II n II 

2p-l 0 s 
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“l “S Ojl-l “Sj)-3 

II II II II II II II 
2p-2 0 0 1 4 1 0 



47. The before mentioned theorem, that (aj, and (a/, ...a' ^-i) are the 

same series of numbers, of course implies 2a,- = 2a,.' ; this relation Cremona demonstrates 
independently, by consideration of the pencil of curves (aX + bY+ cZ) + ${aiX + bjY +OiZ)= 0, 
{0 a variable parameter,) which corresponds in the first plane to the pencil of lines 
(aaf + by' + o/) + d (oiof + + Cj/) = 0, which pass through a fixed point {oaf + b^ + cz' = 0, 

+ Ciif = 0) in the second figure. In general, in the pencil U + 6V =0 {U, V 
given functions of the order n) there are 3(w — 1)® values of 0, each giving a nodal 
curve. But in the present case each of the curves Z7 = 0, F=0 has multiple points 
at the principal points of the first plane: the question is to obtain the number of 
values which give a curve having one new double point; and this is found to be 
= 3 (n — 1)^ — 2 (r — 1) (3r + !)«,. We have 2r“ay = w* — 1, ^ror = 3ra — 3 ; or, substituting, 

the value of ^ is =2a,-. But the curves which have an additional double point are 

those which correspond to the lines which in the second figure pass through one of 
the principal points a/; viz., these are the lines drawn from the point (ax' + by' + ce' = 0, 
a^af + b^y' + Ci/ = 0) to the several principal points a/ ; and the number of them is 
= 20,'. We have thus the required relation 2a, = 2a,'. 

The Quadric Transformation bebween Two Planes. 

48. This is of course given by what precedes. The principal system in each plane 

is a set of three points; and the Jacobian of the same plane is the set of three 

lines joining each pair of points; that is, the three lines of either plane are the 

principal counter-system of the other plane. But to give the analytical investigation 
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directly: taking the coordinates (cd, y, z) to refer to the principal system of the first 
plane (viz,, taking the three points to be the vertices of the triangle formed by the 
lines a; = 0, y=0, -s^ = 0), then X = 0, Y ^0, Z=0 being conics through the three points, 
the functions X, F, Z will be each of them of the form fyz + gzx-]rhxyy\ y\ z' 
being proportional to three such functions, there will be linear functions of oc'j y\ z' 
proportional to yz^ zx, xy\ or taking these linear functions of the original (a?', y', z!) for 
the coordinates \x\ y\ s!) of a point in the second plane, the formulae of transformation 
will be d \ yf \ z! — yz \ zx \ xy, and we have then conversely x : y : z = y'z! : ; 

that is, the formulae for the transformation in question are 

a! \ y \ s! ^yz \ zx \ xy^ and x : y : z^^y'sd : z'od : a?y. 

We at once verify A posteriori that the Jacobian in the first plane is ayyz^O, and 
that in the second plane is x'y'z' — Q, 


The equations may be written 


111 


ad i y' : z' — - \ , and x : 

^ X y z 



1 

2 /' 


1 


or, if we please, xx' — yy' — zzd \ the transformation is thus given as an inverse trans- 
formation. 


{49. With respect to the metrical interpretation and actual construction of the 
transformation, it is to be observed that if a?, y, z be taken to be proportional (not 
to given multiples of the perpendicular distances, but) to the perpendicular distances 
of P from the sides of the triangle in the first plane, and similarly a/, y', z' to be 
proportional to the perpendicular distances of P' from the sides of the triangle in the 
second plane, then in general the equations of transformation must be written, not as 

above, but in the form -j. = involving arbitrary multipliers f : g : h. We may 

imagine in the second plane a point P" determined by coordinates {x", f/', «"), — the 
same coordinates as (»', y', /), that is, proportional to the perpendicular distances of 
P" from the sides of the triangle in the second plane, — which point P" corresponds 

homographically to P in such wise that j : ^ : ^^= 0 ^' ■. y" : We have then, in 

the second plane, the two points P', P" corresponding to each other in such wise 
that af af' = i/y" — nf s^' •, and either of these points being given, the other can at once 
be constructed; viz., it is obvious that, joining P', P" with any vertex, say A', of the 
triangle A'B'G', the lines A'P', A'P" are equally inclined to the bisectors of the 
angle A'; and consequently, P' being given, we have the three lines A'P", RP", (7P" 
intersecting in a common point P", which is therefore determined by means of any 
two of these Hues. We have thus a geometrical construction of the transformation 
between P and P'.} 

50. The analysis assumes that the principal points A, B, G of the first figure 
are three distinct points; but they may two of them, or all three, coincide. In the 
first case, say if B, G coincide, the line BG is still to be regarded as having a 
definite direction; and taking iB=sO for this line, y = 0 for the line joining A with 
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(£C), and 2 = 0 an arbitrary line through A, the functions X, Y, Z will be each of 
them of the form and replacing, as before, the original af, y’, / by 

linear functions of these quantities, these linear functions being taken for the coordinates 
(»', y', y), we may write id i y' : d = y'^ : xy : xz. Forming the converse system, the 
equations for the transformation are 

x' : y' : d = xy : xz, and x : y : z = y'^ : idy[ : xd, 

so that the points A!, F, O' in the second plane are related as the points in the 
first plane; viz., F, O' coincide, the line FF being definite. 

It is easy to verify that the Jacobian in the first plane is x^ = 0, and the 
Jacobian in the second plane is a;y^ = 0. 

51. Secondly, A, B, 0 all coincide, these being however consecutive points on 
a curve of finite curvature, or say on a conic; then, taking x = 0 for the tangent at 
(ABO), z = 0 for any other tangent, and 2 / = 0 for the chord of contact, the functions 
X, Y, Z will be of the form aa? ■\-b{y^ ~ zx)-{- ^kxy ; whence we may write 
(d : : d = !d : xy 'f — xz. Forming the converse equations, the equations of trans- 

formation are 

x' •. 'i/ : d = 0? : xy : f — xz, and x ■. y : z = id'- : idy' : 'jf^—dd ; 

so that the points A', F, O in the second plane are related as those of the first 
plane; viz., they are the consecutive points of a curve of continuous curvature. 

We may verify that the Jacobian of the first plane is aj* = 0, and the Jacobian 
of the second plane a'’ = 0. 


The Lineo-Unear Transformation between Two Planes. 

52. We have two equations of the form 

y, zjjd, d) = 0, 

(ffli, . . y, z\id, f,d) = 0\ 

writing these in the form 

Pa/4-Qy'-fi?/ = 0, 

+ + = 0 . 


where (P, Q, R, Pi, Q„ Ri) are linear functions of (a?, y, z), we have 


x', y', d proportional to 


p, 

Q, 

R 

Pu 

Qu 

A 


that is to X : Y : Z, where X = 0, Y=0, Z = 0 are conics each passing through the 
same three points in the first plane. 


And conversely, writing the equations in the form 

F x + (^ y + R' z = 0, 

P/» + Qi'y + Ri'^ = 0, 
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where {F, O', B', P/, Qi, Pi') are linear functions of (a;', /), we have 

X, y, z proportional to 

that is to X', T, Z, where X'=0, F = 0, F=0 are conics each passing through the 
same three points in the second plane. 

-53. The lineo-linear transformation is thus the same thing as the quadric trans- 
formation. It iSj moreover, clear that the equations must, by linear transformations on 

the two sets of variables respectively, and by linear combination of the two equations, 
be reducible into forms giving the before-mentioned values x \ y \ z and as' : y' : / 

respectively. Thus, in the general case, where in each plane the three points are 

distinct points, the lineo-linear equations will be reducible to 

ooaf — 0, as®'— .a/ = 0 ; 

in the case where P, in the first plane, and F, G' in the second plane respectively 
coincide, the forms will be 

xx'-yy' = 0, yzf -'!/z = (i-, 

and in the case where A, B, G in the first plane, and A\ B, G' in the second plane 
respectively coincide, the forms will be 

xy' — yx' = 0, ouz' — yy' -I- zx' = 0. 

The determination of the actual formulae for these reductions would, it is probable, 
give rise to investigations of considerable interest. 


F, E 
Px', Q/. 12/ 


The General BccHonal Trcmformatim between Two Planes (resumed). 

54. Consider, as above, the first plane or figure with a principal system (aj, a 2 ...an^i)> 
and the second plane or figure with a principal system (aj', Oa' ... To a line in 

the second plane there corresponds in the first plane a curve of the order n passing 
1 time through each of the points oii, 2 times through each of the points « 3 , 3 times 
through each of the points &c. ; or, as we may write this : 


First figure. Second figure. 


Points Oj 

a3 

Os •• 

• On-i 

Points a/ 

«2' 


... 


r 

2 

3 

72.— 1 


0 

0 

n — 1\ 


1 

2 

3 

71—1 

. curve order n ^ 

0 

0 

ji — 1 

- curve order 1 

1 

• 

3 

72.-1 

• 

* 

0 




viz., the I’s denote the number of times which the curve of the order n passes through 
the several points aj respectively; the 2’s the number of times which the curve passes 
through the several points respectively ; and so on. 
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55. We may, iu the second figure, in the place of a line consider a curve of 
the order k'. If the equation hereof is t/, = 0, then the corresponding curve 

in the first figure is {*^X, 7, Z)^ = 0-, viz., this is a curve of the order = If, 
however, the curve in the second figure passes once or more times through all or any 
of the points a/, ota', ... then there mil be a depression in the order of the 
corresponding curve in the first figure; and, moreover, this curve will pass a certain 
number of times through all or some of the points aj, Aj, Os, ...a^-i. The diagram of 
the correspondence will be: 


First figure. 


Ki, Ola, tta, ...aa_i 
ttl 1 \ 


hi bet 63 


Cl 




curve order k 


a/, Os', 

ai Oi' 

W 6 / 

Oi' i 


Second figure. 

CLfij Ct ^ 2—1 

d^ 1 j 

h b order k' 

: Cn— 1 1 


where di, b^ Ci*,. denote the number of times that the curve of the order k passes 
through the several points Ui respectively, (viz., the number of the letters Ui, bi, Ci... 
is =«!, any or all of them being zeros,) o^, 63, Ca... the number of times that the 
curve passes through the several points Og respectively, (viz., the number of the letters 
as, &2, Ca... is =02, any or all of them being zeros,) and so on; and the like for the 
curve in the second figure. 

56 . By what precedes, it is easy to see that, if the curve k' passes through a 

point o/, then the curve k throws off a line, and the depression of order is =1; so, 

if the curve passes 2 times, 3 times,... or Oi' times through the point in question, 
then the curve throws off the line repeated 2 times, 3 times, times, or the 

depression of order is =2, 3 , ...or Oi'; and the like for each of the points a/; so 

that, writing for shortness ai'4-6i' + Ci'+... = Sai', the depression of order on account 
of the passages through the several points ai is = 2 ai'. Similarly, for each time of 
passage through a point ezg', there is thrown off a conic; or if aa'q- 63'+ ... = 2a/, then 
the depression of order is =22a2', and so on; and the like for the figure in the 
other plane; and we thus arrive at the equations 

k —h'n- 2(ai' + 203' + 3 as' + n — l aVi) 

k' — Jen — 2 (ai +203+803 ... +71 — 1 dn^i). 


57 . The simplest case is when the curve k' does not pass through any of the 
points a/, Og', ...a'^i. We have then 

Oi = — Cl ... = (), Og = 63 . . . = 0, ••»... a 1 = h ... = 0 ; 

consequently k — k'n. And, moreover, it is easy to see that 

Oi = Z^ ..* = ^, Og = 62 • • • “ 2 Aj^ , •••••• df^i = b^ — . . . = (n ““ 1 ) k ; 


0. VII. 


28 
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SO that the correspondence is: 

First Figure. Second Figure. 

“i, “a, «8. ••• a»>-i “a', Os', ••• a',v-i 

k! 0 0 

y 2/fc' SJfc' ■ curve order A = 0 0 0 0 ■ curve order fc'. 

: : i : J 

We have 

Sa^ = k'aj, Soj (ai -!) = /</ (A:' -l)ai, &c., 

and the formulae for k, M become 

k = k'n, k' = hn — k' {ai + 4aii ... + (n — ; 

viz., the second equation is here k' = kn — k' (rt? — !)', that is, yn^ = kn, agreeing, as it 
should do, with the first equation. 

58. Moreover, the deficiency-relation is 

^{k-l)(k-2)-'Z^ {£' (A;'- 1) + 2A:' (2^ - 1) ... +n~l M (^1 ¥ - l)} = ^{k' - 1) (k' - 2 ) ; 
or, what is the same thing, this is 

{nkf — 1) (ny — 2) — (A;' - 1) (k' — 2) = A;'® {aj -H 4as . . . + (n — 1)'^ 

— kf {oi + 2«3 ... -I- (?i - 1) 

The right-hand side is 

y^(n?-l)-y (3„ - 3) = (w - 1) {(w +lk'^- Zk% 
and we have thus the identical equation 

{'(iy - 1) (ny - 2) - {y - 1) (y - 2 ) = (« - l) A:' {{n + 1) A:' - 3}. 

59. It should be possible, when the nature of the correspondence between the 

two planes is completely given, to express each of the numbers Oi, hi, Ci,...a^i, hn-i,... 

in terms of Af, Oj', b^', Ci', ... a'n^i, and reciprocally each of the numbers 

®ij Ci> ••• ®n— ij ^71— i> ••• in terms of k, cq, hi, Ci , ... &n— ij ! thus completing a 

system of relations between the two sets 

(k, Oi, 6i,,...an— 1 , ^n-is ••• ), {y, ai',bi',... ® n-i> b n_i, • ; 

but even if the theory was known, there would be considerable difficulty in forming 
a proper algorithm for the expression of these relations. 

60. The two curves must have each of them the same deficiency. It is to be 

noticed, that if the curve in the first plane passes any number of times through a 

point P, which is not one of the points «i, Oj, as,... or On-i, then the corresponding 

curve in the second plane will pass the same number of times through the corre- 
sponding point F, which point will not be one of the points a/, Oj', ... a'»_i. The 
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points P , P will thorefore contribute e(][U8il values to the deficiencies of the two curves 
respectively ; so that, in equating the two deficiencies, we may disregard P, P', and 
attend only to the points a„ of the first plane, and ol{, a/, ... of the 

second plane. The required relation thus is 


^(k -l)(k -2)-Si{ai (ck -l) + a2 (o^ -l)... + a,v_i (a„_i-l)} 

= i (^ - 1) - 2) - S i {ui' « - 1) + Os' (da' - 1) ... + (a'r^T, - 1)}. 

61. In the case of the quadric transformation n = 2, we have in the first plane 
the three points aj, say these are A, B, 0; and in the second plane the three points 
0 ^, say these are A', S', O'. And if in the first plane the curve of the order k 
passes a, b, o times through the three points respectively, and in the second plane 
the corresponding curve of the order k' passes a', V, c' times through the three points 
respectively, then it is easy to obtain 


k' = 2k~ a — b — 
a' = k — b—c, 
b k c ct/y 
c' = k — a — b. 


0 , 


k = 2¥-a'-b'-</, 
a= k'-b'-c'y 
b= k'-c' -a', 


c = ¥ -a —b'. 


The Quadric Transformation any number of times repeated. 

62. We may successively repeat the quadric transformation according to the type: 

First Fig. Second Fig. Third Fig. Fourth Fig. 

A, B, 0 A', F, 0' 

D'y E'y F F'y E', F' 

G"y S", 1" G'"y H'"y r 


viz., in the transformation between the first and second figures, the principal systems 
are ABO and A'FO' respectively; in that between the second and third figures, 
they are FE'F and D"E"F" respectively; in that between the third and fourth 
figures, they are G"H"r' and G"'H"'F"-, and so on. And it is then easy to see that 
between the first and any subsequent figure we have a rational transformation of 
the order 2 for the second figure, 4 for the third figure, 8 for the fourth figure, and 
so on. 

63. But to further explain the relation, we may complete the diagram, by taking, 
in the transformation between the second and third figures, A", B", 0" to correspond 
to A', Fy (7; similarly, in that between the third and fourth. A'", F", O'" to 
correspond to A", B", 0"; and B'", E"y F'" to correspond to D", E', F". And so in 
the transformation between the second and third figure, we may make G', H'y I' 

28—2 
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correspond to Q”, H", I", and between the first and second figures make D, E, F 
correspond to D', E', F, and G, H, I to G', S', F, the diagram being thus : 


First Fig. 

Second Fig. 

Third Fig. 

Fourth Fig. 

A, B, G 

A', E, a 1 

A", B", C" 

A'", E", G'" 

EE, F j 

E, E, F 

E', E", F' 

E", E", F" 

Q,E,I 

Q', E', r 

G", S", 7 " 

G"', E"', F” 


■Observe that in the principal systems (for instance, A, B, C and A! , B', C) the points 
A, B, G correspond, not to the points A', B', C, but to the lines EG', G'A\ A'B' 
respectively; and so in the other case. 

64 . Consider now a line in the first figure; there corresponds hereto in the 
second figure a conic through the points A', B\ G'\ and to this conic there corre- 
sponds in the third figure a quartic curve passing through each of the points 
A", ff', C" once, and through each of the points D", E', F" twice. And conversely, 
to a line in the third figure corresponds in the second figure a conic through the 
points E, E, F'l and hereto in the first figure a quartic through the points D, E, F, 
once and through the points A, B, G twice; that is, we have between the first and 
third figures a quartic transformation wherein Hj = 02 = 3 and a/ = a^' = 3 , or say a 
quartic transformation 8182 and 8182. In like manner, passing to the fourth figure, to 
a line in the first figure corresponds in the fourth figure an octic curve passing 
through A'", B'", G'" once, through E", E", F" twice, and through G'" , W, T" four 
times; and conversely, to a line in the fourth figure there corresponds in the first 
figure an octic curve passing through the points G, H, I once, the points D, E, F 
twice, and the points A, B, G four times; that is, between the first and fourth figures 
we have an octic transformation, wherein ai = a3 = a4=3, a/ = a./ = a/ = 3 , or say a 
transformation, order 8, of the form 818284 and SiSaSi. And so between the first and 
fifth figures there is a transformation, order 16 , of the form 31828488 and 31328488. 

65 . It is, moreover, easy to find the Jacobiaus or counter-systems in the several 
transformations respectively. Thus, in the transformation between the first and second 
figures, in the second figure the Jacobian consists of 8 lines such as EG' (viz., these 
are, of course, the lines B'G', G'A', A'E). Hence, in the transformation between the 
first and third figures, the Jacobian in the third figure consists of 

3 conics E'G" (E'E'F'), 

3 lines E'E" ; 

viz., one of the conics is that through the five points E', G", D", E', F', one of the 
lines that through the two points E', E'. And so in the fourth figure, the Jacobian 
consists of 

3 quartics E"G"' {E"E"'F"\{G'"E’"r")„ 

3 conics E"E"' {G"'E"F"\, 

3 lines 
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viz., one of the quartics passes through B"', G'"; through D'" E'", F"' each once; and 
through G'", H'", T" each twice. And so in the fifth figure the Jacobian consists of 

3 octics B""G"" {jy"'E""F"\ {G'"'E"'T"% 

3 quartics D''"E"" {G'"'H''"r%{J''"K''"L'"%, 

3 conics 
3 lines 

and so on. 


66. The conditions are in each case sufficient for the determination of the curve. 
This depends on the numerical relation 

4+3 {1.2 + 2. 3 + 4. 5 + 8. 9.. . + 2® (2« + 1)} = 2»« (2«+i + 3). 


The term in { } is 


that is 


which is 


1 + 4 + 16 ... + 2“® 

+ 1 + 2+ 4... +2», 

226+2 _i ^ 2‘’+i-l 
22-1 2-1’ 

= ^[ 229 + 2-1 + 3 ( 29 + 1 - 1 )], 
= |[2=«+9 + 3,2«+i-4]; 


and the relation is thus identically true. 


67. Conversely, in the transformation between the first figure and the several 
other figures respectively, the Jacobian of the first figure is 


3 lines AB ; and so 


for order 2, between first and second figures; 


3 conics 
3 lines 

3 quartics 
3 conics 
3 lines 

3 octics 
3 quartics 
3 conics 
3 lines 
and so on. 


BEiABG), I 

AB 1 

GE{DEF),{ABG), 

DE iABC!\ 

AB 

JK {GE1\ (DEF), (ABG), \ 
GE iDEF\{ABO), 
DE (ABC), 
AB 


for order 4, between first and third figures; 


for order 8, between first and fourth figures; 


for order 16, between first and fifth figures; 
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Speoial Cases — Reduction of the General Rational Transformation to a Series of Quadnc 

Transformations. 

68. It was remarked by Mr Clifford that any Cremona-transformation whatever 
may be obtained by this method of repeated quadric transformations, if only the 
principal systems, instead of being completely arbitrary, are properly related to each 
other. To take the simplest instance; suppose that we have 

First figure. Second figiu-e. Third figure. 

A, B, C A', B', C' B", G" 

II 

E, F ly, E', F' B", E", F" 

viz., in the transformation between the first and second figures, we have the principal 
systems ABC and A'B'C (arbitrary as before); but in the transformation between the 
second and third figures, the principal systems are EE'F' and D"E"F", where 17, 
instead of being arbitrary, coincides with A'. And we then have B", G" in the third 
figure corresponding to B', C in the second figure, and E, F in the first figure coire- 
sponding to E', F' in the second figure. This being so, to a line in the first figure 
corresponds in the second figure a conic through A', B', G'. But A'-I)'\ viz., this 
conic passes through a point D' of the principal system of the second figure, in regard 
to the transformation between the second and third figures. That is, {h, a, h, o referring 
to the second figure, and E, a', V, o' to the third figure, k = 2 , a=l, & = 0, c = 0, and 
therefore ¥ = 3, a' = 2, h' = 1, o' = 1,) corresponding to the conic we have in the third 
figure a curve, order 3 (cubic curve), passing twice through B", but once through E" 
and F" respectively; this cubic curve passes also through the points B", C" which 
correspond to B', G' respectively; that is, 

cubic passes through E", F", B", G" each 1 time 
„ „ B" 2 times ; 

or, corresponding to a line in the first figure, we have in the third figure a curve, 
order 3, passing through four fixed points each 1 time, and through one fixed point 
2 times. That is, we have w=3, ai^ = 4, 03'=!. And in the same manner, to a line 
in the third figure there corresponds in the first figure a cubic through four fixed 
points (viz., B, G, E, F) each 1 time, and through one fiaed point, A, 2 times; so 
that also ai = 4, 03 = 1. The transformation is thus of the order 3, and the form 
4i I2 and 4i Ij (this is in fact the only cubic transformation ; see the Tables, ante, No. 41). 

69. Mr Clifford has also devised a very convenient algorithm for this decom- 
position of a transformation of any order into quadric transformations. The quadric 
transfomation is denoted by [3], the cubic transformation by [41], the quartic trans- 
formations by [601], [330], the quintic ones by [8001], [3310], [0600], and so on ; see 
the Tables just referred to. (This is substantially the same as a notation employed 
above, the zeros enabling the omission of the suffixes ; viz., [8001] = 81 14 ; and so in other 
cases.) 
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70. The foregoing result is represented thus [4, 1] = [3 JO, 0, 1), which I proceed 

to explain. Consider in the first figure a line; the symbol [3] denotes that in the 
second figure we have a conic with three points We are about to apply to this 

a quadric transformation ; (0, 0, 0) would denote that the three points of the principal 
system in the second figure were all of them arbitrary; (0, 0, 1) that one of these 
points was a point a ^' ; (0. 1, 1) that two of them were points ; (1, 1, 1) that all 

three of them were points Oj; (0, 0, 2) would denote that one of the points was a 

point a/; only in the present case we can have no such symbol, by reason that there 
are no points a/. Hence [3J001) denotes that the conic has applied to it a quadric 
transformation such that, in the transformation thereof, one point of the principal system 
coincides with one of the points (a/) on the conic. To [3], qudi quadric transformation, 
belongs the number 2; and from 2, (001) we derive 3, (112), {in general k, (a, h, c) 
gives M, {a', h', c'), where k' = 2k—a — l — c, a' = h — l — c, b'-k~o — a, c' = k — a — b]. 

k = 2 corresponds to a symbol [3] of one number, ^' = 3 to a symbol of two numbers ; 

viz., we change [3] into [30] ; we then, in the symbols (112) and (001), consider the 
frequencies of the several numbers 1, 2, ... taking those in the first symbol as positive, 
and those in the second symbol as negative ; or, what is the same thing, representing 
the frequency as an index, we have l®2i, 1“^; or, combining, l®“i2^; these indices 
are then added on to the numbers of [30] ; viz., the index of 1 to the first number, 
the index of 2 to the second number (and, in the case of more numbers, so on) : 
[30] is thus converted into [41], and we have the required equation 

[41] = [3J001), 

where the rationale of this algorithmic process appears by the explanation, ante. No. 68. 

71. As another example take 


[8001] = [601 J003). 

To [601], qudj quartic transformation, belongs the number 4; and from 4, (003) we form 
a, (114) ; where the 5 indicates that [601] is to be changed into [6010] ; then (114), 
(003), writing them in the form l‘“2“3“4S show that to the numbers of [6010] we are 
to add 2, 0, — 1, 1 ; thus changing the symbol into [8001], so that we have the required 
relation. 

.72. Mr Clifford calculated in this way the following table, showing how any trans- 
formation of an order not exceeding 8 can be expressed by means of a series of quadric 
transformations ; the symbols Or. 3, Cr. 4 . 1 ; 4.2, &c., refer to the order and number 
of Cremona’s tables, ante, No. 41. 

Cr. 3 . = [ 41] = [3 JOOl), 

Cr. 4 . 1 = [601] = [41 J002) = [3J001 J002), 

4.2 = [330] = [ 3JOOO) = [41 JOll) = [3J001 JOII), 
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Or. 5 . 1 = [8001] 

5.2 = [3310] 

5.3 = [0600] 


= [6013;003) = [3J001][002][003), 

= [ 41J001) = [SjOOljOOl), 

= [330^111) = [3|000][111) =[33;001]1011][111), 


Cr. 6 . 1 = [10,0001] 

6.2 = [14200] 

6.3 = [41300] 

6.4 = [34010] 


= [80013;004) 

= [3J001][002][0035004), 

= [ 330^11) 

= [3JOOO][011) = [33;001][011]1011), 

= [ 60ipil) 

= [33'001][002U011)1 

L .ik / roTAAl 'X'AAA\ 

= [3310J022) 

r = ‘HWi QuUO), 

= [3j00l5;001][022)j 

= [ 330J002) 

= [3JOO0PO2), 

= [33103;013) 

= [3J001][001][013), 


Cr. 7 . 1 = [12,00001] 

7.2 = [330^01) 

7.3 = [034000] 

7.4 = [503100] 

7.5 = [350010] 


= [10,0001^005) = [3|;0015;002][003]1004][005), 
= [33;000]1001) = [232100], 

= [.3310^111) = [.3j001$00l5;ill), 

= [ 601^001) = [33;ooi]j;oo2][ooi), 

= [3310J003) = [SJOOIJOOIJOOS), 


Cr. 8 . 1 = [14,000001] = [ 3^001 5;002][003]1004][005][006), 

8 . 2 = [3230100] =[ 3310J002) = [3J001][001][002), 

8 . 3 = [1322000] =[ 3310J011) = [S^OOl^OOl^^Oll), 

8.4 = [0070000] = [034000J222) = [3j001][00l5;ill][222), 

8.5 = [3600010] = [ 34010p04) = [330p02][004) = [3j000][002$004), 

8 . 6 = [6013000] =[ 601^000) = [3J001][0025000), 

8 . 7 = [0520100] =[ 0600J002) = [ 3 j 000 ][in][ 222 ), 

8.8 = [2051000] = [ 41300J112) = [3J001][0003[112), 

8.9 = [3303000] = [ 33;000][000][000). 


73. The reduction as above of a transformation to a series of quadric transfor- 
mations, enables the determination of the reciprocal transformation ; or, what is the 
same thing, the determination of the Jacobian of the first figure; see the example, 
ante, No. 67, where it appears that the reciprocal transformation of [41] is [41]. But 
I do not see any easy algorithmic process for the determination of the reciprocal trans- 
formation, or still less any general form in which the result can be expressed ; and 
I do not at present pursue the inquiry. 


The BaMoml Transformation between Two Spaces. 

74. The general principles have been already explained : the two systems 
a/ f ^ :w' = X : Y Z : W and x : y : z : w=X' : T' : Z' : W must be derivable 
the one from the other; and starting with the first system, this will be the case if 
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only the surfaces X = 0, T =0j Z = 0, W =^0 have a common intersection equivalent to 
■“ 1 points of intersection^ but not equivalent to a complete common intersection of 
points. The last-mentioned circumstance would arise, if the condition of the common 
intersection should impose upon the surface more than ^(n-hl)(n+2)(n + S)-4i con- 
ditions ; viz., the surfaces would then be connected by an identical equation or syzygy 
olX + yZ + S TT = 0. The common intersection is a figure composed of points and 

curves : say it is the principal system in the first space ; the problem is, to determine 
a principal system equivalent to n^-1 points of intersection but such that the number 
of conditions to be satisfied by a surface passing through it is not more than 

^(n + l)(n + 2) (n + 3)-4. 

76 . The following locutions are convenient. We may say that the number of 
conditions imposed upon a surface of the order n which passes through the common 
intersection is the Postulation of this intersection ; and that the number of points 
represented by the common intersection (in regard to the points of intersection of any 
three surfaces each of the order n which pass through it) is the Equivalence of this 
intersection. The conditions above referred to are thus 

Equivalence = — 1, 

Postulation :}> -h 1) (n + 2) (n -f 3) — 4. 

76 . It would appear by the analogy of the rational transformation between two 

planes, that the only cases to be considered are those for which 

Postulation = ^ (n. -j- 1) (tz, + 2) (?^ -f 3) — 4 ; 
but I cannot say whether this is so. 

77 . In the transformation between two planes, the two conditions lead, as was 

seen, to the result that the curve aX -\-hT cZ=Q is unicursal. I do not see that 

in the present case of two spaces, the two conditions lead to the corresponding result 
that the surface aX + })¥ -{-cZ-^^dW^O is unicursal; that this is so, appears, however, 
at once from the general notion of the rational transformation. In feet, the equation 
in question aX cZ’\-dW -0 is satisfied x \ y \ z \ w^X' : Y' : Z" : W' and 

aa/ + by' + c/ + du/ ] the last equation determines the ratios x' i y' : sf : w' in. terms 
of two arbitrary parameters (say these are x' : y' and x' : z'), and we have then 
X :y : z :w proportional to rational functions of these two parameters ; that is, the surface 
aX hY + cZ + dW = 0 is unicursal. And similarly the surface aX' + bY' + cZ' -i-dW' = 0 
is unicursal. 

78. In the most general point of view, the principal system will contain a given 
number of points which are simple points, a given number which are quadriconical 
points, a given number which are cubiconical points, &c. &a, on the surfaces; and 
similarly a given number of curves which are simple curves, a given number which 
are double curves, &c. &c., on the surfaces. But, to simplify, I will consider that it 
includes only points which are simple points, and a curve which is a simple curve 

c. Yii. 29 
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on the surfaces: this curve may, however, break up into separate curves, and we thus, 
in fact, admit the case where there are any number of separate curves each of them 
a simple curve on the surfaces. It is right to remark that we cannot assert d priori — 
and it is not in fact the case — that the principal system in the second space will be 
subject to the like restrictions: starting with such a principal system in the first 
space, we may be led in the second space to a principal system including a curve 
which is a double curve on the surfaces : an instance of this will in fact occur. 

79. It is shown (Salmon’s Solid Geometry, 2nd ed., p. 283, [Ed. 4, p. 321]), that in 
the intersection of three surfaces of the orders p, v, p respectively, a curve of inter- 
section of the order m and class r counts as m(/i + i/ + p-2) — r points of intersection. 
For a curve without actual double points or stationary points, we have r = m{m-l) — 2h, 
where h is the number of apparent double points; or, substituting, we have the curve 
counting for m (/* + v + p — 2) — m (m — 1) + 2A points of intersection ; this is in fact a 
more general form of the formula, inasmuch as it extends to the case of a curve with 
actual double points and stationary points. Or, what is the same thing, the three 
surfaces intersecting in the curve of the order m with h apparent double points, will 
besides intersect in /ivp — m{iJt, + v + p — 2) + m{m — l)~2h points; viz., the curve may, 
besides the apparent double points, have actual double points and stationary points; 
but these do not affect the formula. 

80. Some caution is necessary in the application of the theorem. For instance, 
to consider cases that will present themselves in the sequel: let the surfaces be cubics 
(/i = V = p = 3); the number of remaining intersections is given as = 27 — 7ni + w (m -1)- 2/i. 
Suppose that the curve consists of four non-intersecting lines, ot = 4, A = 6, the number 
is given as =-l. But observe in this case there are two lines each meeting the 
four given lines ; that is, any cubic surface passing through the four given lines meets 
these two lines each of them in four points, that is, the cubic passes also through 
each of the two lines; the complete cwnie-intersection of the surfaces is made up of the 
six lines m = 6, A = 7 (since each of the two lines, as intersecting the four lines, gives 
actual double points, but the two lines together give one apparent double point), 
and the expression for the number of the remaining points of intersection becomes 
= 27 — 42 + 30 — 14 = 1, which is correct. 

81. Similarly, if the given curve of intersection be a conic and two non-intersecting 
lines, there is here in the plane of the conic a line meeting each of the two given 
lines, and therefore meeting the cubic surface, in four points, that is, lying wholly in 
the cubic surface: the complete CMWc-intersection consists of the conic, the two given 
lines, and the last-mentioned line, m = 5, A = 5, and the number of points of intersection 
is = 27 — 35 -1- 20 — 10, = 2, which is correct. Again, if the given curve of intersection 
be two conics, here the line of intersection of the planes of the conics lies in the 
cubic surface; or, for the complete ctrve-intersection we have m = 5, A = 4; and the 
number of points is 27-35-1-20-8, =4. If in this last case each or either of the 
conics become a pair of intersecting lines, or if in the preceding case the conic becomes 
a pair of intersecting lines, the results remain unaltered. 
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82. If a surface of the order pass through a curve of the order m and class 

T without stationary points or actual double points, this imposes on the surface a 
number of conditions =(/(. + l)m In the case in question, the value of r is 
= — 2A; or, substituting, the number of conditions is — 1)+A ; 

and the formula in this form holds good even in the case where the curve has 
stationary points and actual double points. Thus [m = 8, the number of conditions is 
= 4m — — l)-hA. If the curve be a line, m=l, A = 0, number of conditions is 
= 4 ; if the curve be a pair of non-intersecting lines, m = 2, A = 1, number of con- 
ditions is = 8. And so in general, if the curve consist of k non-intersecting lines 
(fe = 4 at most), then m — k, h=^\h{Jo—l\ and the number of conditions is =4^\ If 

the curve be a conic, or a pair of intersecting lines, m = 2, ^=1, and the number of 

conditions is =7. If the curve consist of k lines, such that there are 0 pairs of inter- 
secting lines, then m = k, h^^k(k — l)’- 9, and the number of conditions is =4ik'-6. 
It is obvious that, the number of conditions for a line being =4, that for the k lines 
with 6 intersecting pairs must have the foregoing value 4ik — 6, In fact, when the 
lines do not intersect, we take on each line 4 points, and the cubic surface passing 
through any such 4 points will contain the line ; but for two lines which intersect, 
taking this point, and on each of the intersecting lines 3 other points, the cubic 
surface through the 7 points will pass through the two lines ; and so in other cases. 

83. The formula must, in some instances, be applied with caution. Thus, given 

five non-intersecting lines = 5 = 0, and the number of conditions is =20; and a 

cubic surface cannot be, in general, made to pass through the lines. But if the five 
lines are met by any other line, then a cubic surface, if it pass through the five 

lines, will pass through this sixth line; for the six lines & = 6, 5 = 5, and the number 

of conditions is 24 — 5 = 1.9 ; so that there is a determinate cubic surface through the 
six lines, and therefore through the five lines related in the manner just referred to. 

84. Recun'ing to the problem of transformation, it appears by what precedes, that 

if the principal system in the first plane consists of ai points, and of a curve of the 
order mi with hi apparent double points (the ai points being simple points, and the 

curve a simple curve on the surfaces), then the conditions for a transformation are 

(Sn — 2) mi — mi (7?ii — 1) + 2Ai -f- «! = 72,® — 1, 

( n + l)7rii-^mi(mi-l)+ hi + ai=^(n + l){7i + 2){n + Z)-4!, 

where, in the second line, instead of :j> I have written =. I remark, in passing, 
that I have ascertained that an actual triple point counts as an apparent double 
point; or, what is the same thing, that if the curve has ti actual triple points, then 
we may, instead of hi, write hi + ti. The equations give 

7?Zi (4?l — 5 — TTbi) = ^ (n — 1) (571®— 71 — 12) — 2Ai, 

(ti — 4)772i — a = J (n — 1) (271® — 471 — 15), 

to which may be joined 

(371-1-8) TTii - 277^1 (ttii — 1) + 4Ai+ 5ai = (t^ — 1) (6n -f- 17). 


29—2 
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The first t-wo equations for the successive values of n give 


71 = 2, 7?7i( 3 — 7?ii)= 2 - 2Ai, 

71 = 3, TWi ( 7 — TTli) = 20 — 2^1, 
71 = 4, 7?ii (11 — 7?ii) = 64 — 2^1, 
71 = 5, ?71i( 15 — TWi) = 144 — 2Ai, 

71 = 6, 771i( 19 — 7?ii) = 270 — 2^1, 
&c, &c. 


27?1i + ai = 0 ; 

7Wi + Oj = 6 ; 

«! = - 1; 

— ?7ii + «! = — 20 ; 

— 277ii + Oi = — 55 ; 

&c. 


85. It is remai'kahle that for ti = 4 there is no solution of the geometrical 
problem; in fact, ax = — 1, a negative value of Wi, shows that this is so. For the 
higher values of n, there seem to be solutions with large values of 7?ii, hi, a,; for 
example, ti = 5, we have ttii = 20 + ai, is = 20 at least. Writing 7?ia = 20, we have 
— 100 = 144 — 2Ai, or 2hi = 244. The highest value of 2hi is = (mi — 1) (rrii — 2), which 
for 7na = 20 is =342; or the foregoing value 2^ = 244 is admissible. Thus 77ii = 20, 
Ai = 122, ai = 0 gives a solution; and, moreover, any larger value of ttIj, say 9rij = 20 + oi, 
gives an admissible solution, 7 ni = 20 + a, Ai = 122 + ^a(a + 25), ai = a. And so for 7i = 6, 
&c. ; but I have not further examined any of these cases, and do not understand 
them. 


There remain the cases ?i = 2, ?i = 3. For ?i = 2, since 27Wi + ai = 5, we have 7?ii = 0, 
1, or 2; 77ii = 0 gives Ai = 0, which is not admissible. The remaining solutions are 
7Ma=l, hi — O, ai = 3; and 77ii = 2, Ai = 0, ai = l. 

For 71 = 3, since 7Wi + ai = 6, we have 7)ii = 0, 1, 2, 3, 4, 5, or 6. 77ii = 0 gives 
hi = 10] 77ii = l gives ki = *I; mi = 2 gives Ai = 6; 7ni = 3 gives Ai = 4: these values are 
not geometrically admissible. The remaining cases are 77ii = 4, Ai = 4, ai = 2; mi = 5, 
hi = 5 , 0^1 = 1 ; TTii = 6 , hi = 7 , 0 ^ = 0 . 


86. The reciprocal transformation is in every case of the order ti' = ti® — ttij. 
Hence considering the quadric transfomations : 

First, the case ti = 2, ??ii = 1, hi = 0, Ui = 3 ; the reciprocal transformation is of the 
order n' = S. Suppose for a moment that the principal system in the second space is 
of the same nature as that above considered in the first space, consisting of 
points, and a curve of the order ttij' with V apparent double points (the ai' points 
each a simple point, and the curve a simple curve on the sur&ces X' = 0, &c.). 
Passing back to the original transformation, we should have 2 = 9- ml, that is, ml = 7. 
But it has just been seen that, for tt = 3, the only values of ttii are 4, 5, 6 ; hence 
for 7i'=3 we cannot have ml = 11. The explanation is, that the principal system in 
the second space is not of the form in question; it, in feet, consists (as will appear) 
of three lines each a simple line, and of another line which is a double line on the 
surfaces X' = 0, &c. In the intersection of any two of these surfaces, the three lines 
count each once, the double line four times, and the order of the curve of intersection 
is thus 3 + 4 = 7, as it should be. The principal system may be characterized otl = 0, 
ml = B, hl—S, ml’=l, hl = 0. 
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Next, the case n = 2, = 2, = 0, Sj = 1 : the reciprocal transformation is of the 
order ri.' = 2; it is evidently not of the form above considered (for this would make 
the original transformation to be of the order 3). Hence, assuming (as it seems 
allowable to do) that the principal system does not contain any multiple point or 
curve, the reciprocal transformation will be of the same form as the original one; 
viz., we shall have n' = 2, mi' = 2, hi' = 0, ai'=l. 

87. Considering next the cubic transformations, or those belonging to n = S; in 
the case twi = 4, = 4, Ux = 2, the reciprocal transformation is of the order 9 — 4, = 5 ; 
and in the case mi = 5, Aj = 5, «! = !, the reciprocal transformation is of the order 
9-5, =4: I do not consider these cases. But mi= 6 , Ai = 7, ai = 0 , the reciprocal 
transformation is of the order 9 — 6 , = 3 ; and assuming (as seems allowable) that the 
principal system does not contain any multiple point or curve, it must be of the 
same form as the original transformation, that is, we must have «' = 3, ml = Q, h' = 7, 

ai' = 0 . 

88. The transformations to be studied ai-e thus, — 1“ The quadri-quadric trans- 
formation n = 2, mi = 2 , ^ = 0 , ai = l, and w' = 2 , mi' = 2 , «/=!; the principal 

system in each space consists of a point and of a conic (which may be a pair of 
intersecting lines); and the surfaces are quadrics. 2 ® The quadri-cubic transformation 
n = 2, mi = l, hi = 0, ai = S, and w' = 3, ai' = 0 , mi' = S, h{ = S, nh' = l, ^a'= 0 : in the first 
space the principal system consists of three points and a line, and the surfaces are 
quadrics: in the second figure, the principal system consists of three simple lines and a 
double line; and the surfaces are cubic surfaces passing through this principal system, 
that is, they are cubic scrolls. 3® The cubo-cubic transformation — 3, ai = 0, 7711 = 6 , 
hi = 7, and n'=Z, cli=0, mi' = 6 , hi' =7] in each space the principal system is a sextic 
curve with seven apparent double points (but there are different cases to be considered 
according as the sextic curve does or does not break up into inferior curves), and 
the surfaces are cubic surfaces through the sextic curve. 


The Qvadri-quadric TrmsformaUon between Two Spaces. 


89. Starting fi:om the equations d •. y ^ i w' = X : Y i Z TT, we have here 
X = 0, &c., quadric sur&oes passing through a given point and a given conic (which 
may be a pair of intersecting lines). Take a:=0, ^ = 0, 0 = 0 for the coordinates of 
the given point; w = 0 for the equation of the plane of the conic; the conic is then 
given as the intersection of this plane by a cone having the given point for its 
vertex; or say the equations of the conic are «/ = 0, y, 0 )® = O; the general 

equation of a quadric through the point and conic is w (a® + + yz) -I- 3 (a, . . .\x, y, 0 )® = 0 ; 

and it hence appears that the equations of the transformation may be taken to be 

lY : y' : if : w' = im : yw : m : (a, y, z'f', 


these give at once a reciprocal system of the same form; viz., the two sets are 


and 


/ : y' : 0' : w' =mw : yw : m : (a, y, z'f, 

X : y : z : w =a:V : y^vf : z'w' : (a, y', z'y. 
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90. The Jacobian of the first space is at once found to be 

w=(a, ...5®, y, zf = Q', 

that of the second space is of course 

...K y'. /)= = 0. 

The two spaces are similar to each other; we may say that there is in each of them 
a principal point and a principal conic; that the plane of the conic is the principal 
plane, and the cone having its vertex at the point and passing through the conic is 
the principal cone. To the principal point of either space corresponds any point 
•whatever in the principal plane of the other space; and conversely. More definitely, the 
points of the one principal plane and the infinitesimal elements of direction through the 
principal point of the other space correspond according to the equations a>:y : z = a/ :y ' : 2'. 
To any point on the principal conic of either space corresponds in the other space, not 
a mere element of direction through the principal point of the other space, but a 
line of the principal cone; that is, to the points of the principal conic of the one 
space correspond the lines of the principal cone of the other space. The Jacobian 
of either space, consisting of the principal plane twice, and of the principal cone, is 
thus the principal counter-system of the other space. 


91. (Writing (a, y, zf=oi?-\-y^-\-i^, w — w'=^\, the equations of transformation 

become 


and 


: y' : / : 1 = ® : y : z •. a? + y^ z^ , 
X : y : z : l=x' : y' : / : x'^ + y'^ + z'\ 


or, what is the same thing, if for shortness 


the equations are 


aP+y^ + 2p = r^, 

= £ v'=l /-£. and X-- v-^ 


zf 


■whence also r/ = 1 ; this is the well known transformation by reciprocal radius vectors.} 

92. The principal conic may be a pair of intersecting lines; taking its equations 
to be w = 0 , a!y = 0 , the equations of transformation here become 

af : y' : / : w' = xw : yw : zw : xy, 
and 

X : y : z : w =afw' : : zfw' : a/'i/. 

There is no difficulty in the further development of the theory. 


The Quadri-cvhic Transformation between Two Spaces. 

93. It ■will be convenient to have the unaccented letters (®, y, z, w) referring to 
the cubic surfaces. I will therefore take the quadric surfaces in the second figure; 
viz., I will start from the equations x •. y : z : w = X' : Y : Z' : W', where Z' = 0, 
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7' = 0, Z =0, W' = 0 are quadric surfaces passing through three fixed points (say the 
principal points) and through a fixed line (say the principal line) in the second figure. 
Taking as =0, y = 0 for the planes passing through the principal line and through 

two of the principal points respectively ; ^ = 0 for the plane passing through the 

three principal points, w' = 0 for an arbitrary plane passing through the first mentioned 
two principal points, the implicit factors of as', y', vi may be so determined that for 
the third principal point a;' = y' = -w'. That is, we shall have 

for principal line aj' = 0, y' = 0, 

for principal points (a!' = 0, / = 0, w' = 0), 

„ (y'=0, / = 0, w'=0), 

„ (a:' = y' = -w', / = 0), 

and this being so, the equation of a quadric surface through the principal points and 
line will be 

{ojn! + /Sy') / + (y' + vi') + 8y' («' + vs"), 

and the equations of transformation may be taken to be 
as •. y \ z \ w =x'z' : yV : a:'(y' + w') : y' («' + au'). 

94. Writing these in the extended form 

X \ y ■. z w •. x — y : z-w = afi^ : 'tfz' : a!'(y' + «)') : y'(a!' + ii;') : /(ir'-y') : v)'{x' - t/) 
and forming also the equation 

xy : {xw — yz)=z' : as' — y', 

we at once derive the reciprocal system of equations 

a! \ y' \ nl •. vi =x{xw — yz) : yixw — yz) : (x—y)xy : {z — w)xy, 

so that this is a cubic transformation. And the cubic surface in the first space 
(corresponding to an arbitrary plane a®' + iy' + cz' + dvs' = 0 of the second space) is 
{ajs + hy){xw —yz) + o{x — y)xy-\-d{z — w)asy = 0 ] viz., this is a cubic surfiice having 
the fixed double line (« = 0, y = 0), the fixed simple lines (« = 0, z = 0), (y = 0, w = 0), 
and («— y = 0, z—w = Q)\ it has also the variable simple fine {dz + cx = 0, dw+cy = 0). 
The principal figure of the fihst space thus consists of the three simple lines (as = 0, 
z-0), (y = 0, w = 0), {x — y=0, z — w — O), and of the line («=0, y = 0), a double line 
counting four times in the intersection of two of the cubic surfaces. 

95. The cubic surface as having the double line (a? = 0, y = 0) is a cubic scroll, 
and this line is the nodal directrix thereof; the line (dz+cx = 0, dw + cy = 0) is the 
simple directrix; the lines (® = 0, si=0), (y=0, w = 0), (x — y = 0, z—w = 0) are at once 
seen to be lines meeting each of these directrix lines; and they are generating lines 
of the scroll. To explain the generation of the scroll, observe that the section by 
any plane is a cubic curve having a given double point (viz., the interaection of the 
plane with the nodal directrix); and three other given points (viz., the intersections of 
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the plane with the three generating lines respectively); this cubic also passes through 
the intersection of the plane with the simple directrix. Conversely, if the plane be 
assumed at pleasure, and if, taking for the simple directrix any line which meets the 
given generating lines, we draw a cubic as above, then the scroll is the scroll 
generated by a line which meets each of the directrix lines, and also the cubic. 

If the plane be taken to pass through any generating line, then the cubic section 
breaks up into this line, and a conic; the conic does not meet the simple directrix, 
but it meets the nodal directrix ; and any such conic will serve as a directrix ; viz., 
the scroll is generated by the lines which meet the two directrix lines and the conic. 

96. Any two scrolls as above meet in the three fixed generating lines, and in 

the nodal directrix counting four times; they consequently meet besides in a curve of 

the second order, which is a conic (one of the conics just referred to). In order to 

further explain the theory, suppose for a moment that the two scrolls had only a 
common nodal directrix; they would besides meet in a quintic curve; this curve would 
meet the nodal directrix in four points, viz., the points at which the two scrolls have 
a common tangent plane. Now if at any point of the nodal directrix the two scrolls 
have a common generating line, then the plane through this line and the nodal line 
is one of the two tangent planes of each scroll; that is, the scrolls have this plane 
for a common tangent plane. Hence, in the case of the common three generating 
lines, the points where these meet the nodal line are three of the four points just 
referred to; there remains therefore one point, which is the point where the conic 
meets the nodal line ; through this point there are for each of the scrolls two 
generating lines; one of these for the first scroll, and one for the second scroll, lie in 
a plane with the nodal line; the other two determine the plane of the conic; and 
the tangent to the conic at its intersection with the nodal line is the intersection of 
the plane of the conic with the plane of the first-mentioned two generating lines. 

97. Analytically we have the two equations 

c (ic — y)flJ 2 / + (aa3 +by)(ww — yjs^) + d {z — w) ccy—Q, 
o' (x — y) ajy + (a'x + h'y) {syw - yz) {z — w)xy^Q\ 

or, combining these equations so as to eliminate successively the terms in x{xw — yz) 
and y(xw — yz), and for this purpose writing 

(bc'-b'c, ca'—c'a, ab' — a'b, adf — a'd, bd' — b'd, cd' — c'd) = (B,j b, c, f, g, h), 
and therefore 

af + bg 4* ch = 0, 

we have 

b (a; — y) ic — c {anv — yz) — f{z-‘W)x^0, 

~&(a!-y)y + o(a!w-yz)-g( 2 -w)y = 0, 

and multiplying tlie first of these by c+g and the second by c— and adding, the 
whole diTides by x-y, and the final result is 

(c + g) (b« -fe) - (c- f) (ay + gw) = 0 ; 
viz., this is the equation of the plane of the conic. 



447] ON THE RATIONAL TRANSFORMATION BETWEEN TWO SPACES. 233 

98. Any two scrolls as above 'meeting in a conic, a third scroll will meet the 
conic in siz points; but these include the point on the nodal directrix twice, and 
the points on the three fixed generating lines each once; there is left a single point 
of intersection, viz., this is the om variable point of intersection of the three scrolls; 
which is in accordance with the theory. 

99. For the Jacobian of the second space, we have 

/ , 0 , 0 = 0 ; 

0 , / , /, 0 

y' + w', as' , 0 , 0 

/ , aj' + w', 0, y' 

that is, 2a/y'/ {a' —y') = 0', viz., / = 0 is the plane containing the three principal 
points ; and a/ = 0, y' = 0, — y'=0 are the planes which pass through the principal 

line and the three principal points respectively. 

100. For the Jacobian of the first space, we have 


Icew — yz, 


-‘By, 

a? 

= 0 

yw , 

OGW — 2yz, 

-t, 

xy 


1 

<M 


0 , 

0 


{z - w) y. 

{z — w) X, 


-ay 



that is, ^a?y^ia:— yf {cow — yz) viz., ®=0, y=0, a;— y = 0 are the planes through the 

nodal directrix and the three fixed generators respectively (each plane therefore occurring 
twice); and (m-yz=0 is the quadric scroll generated by the lines which meet each 
of the three generators {oo = 0, z = 0), (y=0, w = 0), {x—y=0, z — w = 0); this scroll 
passing also through the nodal directrix x = 0, y = 0. 


The Cubo-ciAio TransformaMm between Two Spaces. 

101. The principal system in the first space is a sextic curve with 7 apparent 
double points; but this curve may be either a single curve, or it may break up into 
inferior curves. I have not examined all the cases which may arise ; but the two 
extreme cases are — (A) The sextic curve breaks up into six Knes, viz., two non- 
intersecting lines, and four other lines each meeting each of the two lines (this 

implies that no two of the four lines meet each other): here the two lines give 
1 apparent double point, and the four lines give 6 apparent double points; total 

number is =7, as it should be. (B) The curve is a proper sextic curve, with 

7 apparent double points: this gives, as will be shown, the general lineo-linear trans- 
formation. The two cases are each of them symmetrical. 


c. vn. 


30 
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(A) The Principal System consists of Six Lines. 

102. Taking in the first space, for the equations of the two lines, (a? = 0, y = 0) and 
{z = 0, w = 0), and for the equations of the four lines, {x = 0, s = 0), (y=0, w = 0), 
(co — y^O, 2 — w = 0), {x — py = 0, z-qw = 0), then, if the equations of transformation 
are taken to he 

x'—py : ix/ -f : s' — qw' — v/ = (x —py)( xw— yz) 

• (® - y)i.qpw-py^) 

: {z —qw){ xw— yz) 

: {z — w){qa!w—pyz)] 

these lead conversely (see post, No. 104) to a like system, 

X —py : X —y : z —qw z —w = {x' —py')M' 

■ («'- Tf)^^ 

: -qw')M 

: if - v/)N', 

where for shortness 

M =sp(q-iy x'w' -qip-iy y'z +(pq-l){p-q) fw', 

(q-iyafv/- (p-iyy'/ + (pq-l)(p-q)y'v/; 
or. as these are better written, 

M':=-q(p-l)y'{{p-l)z'-{pq-l)w'\+p{q-l)w'{{q-l)x'-{pq-l)y'}, 

2T = - (p-l)y'{(p-l)/-(pg'-l)w'}+ (q-l)^/ {{q-l)af-(pq-l)y'}. 

Hence the principal system in the second plane is composed of the two non-inter- 
secting lines (a/-0, ^ = 0), {z =0, w'=0) and the four hues {(p-l)/-(pg' — l)w' = 0, 
(q-l)af-(pq-l)y' = 0], (p' = 0, w' = 0), (af-y' = 0, y-w' = 0), (x' -py' -0, / -qv/ = 0), 
each meeting each of the two lines. 

103. The Jacobian of the first space is 

2xw — yz—pyw, —xz—pxw + 2,pyz, —y{i»—py) , x{x—py) =0, 

%qxw-pyz — qyw, —pxz-qxw + 2pyz, —py{!» — y) , qx(x—y) 

w{z-qu}) , —z{z — qw) , im — ^yz + qyw, xz — 'iqxw + qyz 

qw{z — w) , —pz{z—w) , qxw — 2pyz+pyw, qxz — 2qxw+pyz 

viz., this is xym(x—y){x—py){z — w)(z — qw) = 0, the equation of the planes each 
passing through one of the four lines and one of the two lines. 

Similarly, the Jacobian of the second space is 

{(g- - 1) - (pg - 1) y'} {(p - 1 ) / - (p? - 1) w'] {af v/) (xf -pf)(f -qu}')y'v/ = 

viz., this is the equation of the eight planes each passing through one of the four 
lines and one of the two lines. 



447] ON THE RATIONAL TRANSFORMATION BETWEEN TWO SPACES. 235 

104. To effect the foregoing transformation, writing 

of : 'if •. z' -. 1 x 1 — sew— yz) 

■ (®- y)(qi^w-pyz) 

: {z — qw) (sew— yz) 

: {z — to) {qxw — pyz) ; 

or what will ultimately be the same thing, but it is more convenient for working with, 

x' = {se-py){ saw- yz), 
tf = {<0- y){qscw-pyz), 
i! = {z — qw){ sew— yz), 
w' = {z — w) (qoew — pyz ) ; 

these give 

sc — py = M'x', 

X- y = N'f, 
z — qw = M'z\ 
z — to = N'w', 

where if, W are quantities which have to be determined; and thence 

(1 -p)x^ M'x' — pN'tf, 

{l-p)y==M'sif - N'y', 

(1 - 2 ) « = M'zf — qN'ti/, 

(l—q)w = M's^— N’w'; 

whence also 

{l—p){l — q){ sew- yz)~]!]''[ {(q — l)sifw'-(p-l)t/z'}M' + {p—q)yti/F'], 

(1 - jj) (1 - q) iqsew - pyz) = M'[-{p-q) a/z^M' + [{pq - q) x'w' - (pq -p) y'/] JT! ; 

but we have 

xw — yz _af x—py_sd _ ilf a;' _ N' ^ 
qxw—pyz yf ' x—y tf ' Wy’ W 

or, substituting, 

M'{ (q-l)x'to'-(p-l)y'z'] +N'(p-q)y'tv' 

= M' {- (p - q) a;V} + JT {(p? - g) afw' - (pq -p) p'/} ; 

that is 

Jlf {(g-l)a!'w'-(j)- l)p'.2' + (p-g)®'«'} =.i7'{(pg-g)ajV-(p2-p)p'/-(p-g)p'w]; 
or, what is the same thing, 

M = {pq- q)x'v/ -(pq-p)fz^-(jp-q) pV, 

J\r = ( q-l)a/ti/-( p-l)^^^ + (p-q)sc^^f; 


30—2 
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viz., M, N' having these values, the original equations 

a/ : y' : : tt/ = (x — py) ( xw~ yz) 

: (x- y){pxw-qyz) 

: (z — gw){ xw— yz) 

: {z— w){pxw — qyz), 

give 

x—py : x-y : z-qw : z-w = Mx' ; Fy' : M'£ : Fw'. 

If, in these equations, in place of {x, y', /, w") we write («' — pif, x' — yf, / — qvif, z' — vf), 

the new values of M.\ F are found to be 

M'=p(q — 1)2 a/w' — q(p — Ify'z' + (pq — 1) (p — q) y'w', 

F= {q-lfil/v/— (p-lfy'/ + (pq~l)(p-q)y'y)\ 

and we have the formulae of No. 102. 


•(B) The Prindpal System of a Proper Sextic Curve; the Idneo-Unear Transformation 

between Two Spaces. 

105. I start with the lineo-linear transformation, and show that this is in fact 
a transformation such that the principal system in either space is a sextic curve with 
seven apparent double points. I do not attempt any formal proof, but assume that 
the lineo-linear transformation is the most general one which gives rise to such a 
principal system. 

We have between («, y, z, w), (x', f, z', vJ) three lineo-Hnear equations; writing 
these first under the form 

(■Pi. Qi, 8i'$x', z\ m/) = 0, 

(■Pj, ^2, Pi, Si^x', f, /, w') = 0, 

(•Ps. Q», Pi, Ssjx', f, /, m/) = 0, 

we have af if : af : w' = X : F : \Z : W, where X, F, Z, W are the determinants 
(each with its proper sign) formed out of the matrix 

Pi, Qi, Pi, S, . 

Pi, Qi, Pi, Si 

P s, Qi, Pi, Si 

106. Each of the surfaces X = 0, . F=0, Z=0, 1F=0, or generally any surface 
aX + bY+cZ+dW=0, is thus a cubic surface passing through the curve 


Pi. 

Qi, 

Pi, 

Si 

Pi, 

Q2> 

Pi, 

Si 

Pi, 

Q$i 

Pi, 

Si 


= 0 , 
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■which is at once seen to be ^ of the order 6. In feet any two of these s'urfeees, for 
instance 


Pi, 

<3i. 

Pi =0 and Pi, 

Qi, 

5i 

= 0, 

Pa, 

Qi) 

Pa P„ 

Qa? 

8, 


Pa, 

Qz) 

Pa ! Pa, 

Qs9 

8, 



have in common a curve 

-Pi» -Psi -Ts = 

Qi I Qi> Qa 

which is of the order 3; they consequently besides intersect in a curve of the order 6, 
which is the before mentioned curve of intersection of all the surfeces. Anii it further 
appears that the number of the apparent double points is =7; in feet the formula 
in the case of two surfaces of the orders fi, v, the complete intersection of which consists 
of a curve of the order m with h apparent double points, and of a curve of the 

order m! with h' apparent double points, the numbers m, m', h, h' are connected by the 

equation 2(h—h') = (in — m')(ji — l){v — l). (Salmon’s Solid Geometry, 2nd Ed., p. 273 
[Ed. 4, p. 311]). Hence, in the case of the two cubic surfe,ces intersecting as above (since 
for the cubic curve we have m' = 3, h' = 1, and for the sextic m = 6), the formula becomes 
2 (fe— 1) = 12, that isA = l + 6 = 7; or the number of apparent double points is =7. 

107. It thus appears that the principal S 3 ratem in the first plane is a curve of 

the order 6, -with seven apparent double points: it is to be added that there are 
not in general any actual double points or stationary pomts, so that the class of the 

curve is 6 . 5 — 2 . 7, =16, and its deficiency is ^5.4 — 7, =3. For convenience I will 

refer to this as the curve 2. 

The transformation is obviously a symmetrical one; hence the principal system in 
the second space is in like manner a curve of the order 6, with seven apparent 
double points; say it is the curve 2'. 

108. Consider in the fibrat space any point P on the curve 2; for this point the 
three equations 

(•Pi, Qi, -Pi, ^1$®', /, ■«', wO = 0, 

(Pa, Qa, Pa, ^ 2 $ „ ) = 0, 

(P», Qsi Pa, p3$ „ )~0, 

are not independent, but are equivalent to two linear equations in (a^, y', si, vjy, 
that is, to the point P on the curve 2 there corresponds in the second space, not 
a determinate point P', but any point whatever on a certain line L'\ or say to the 
point P on 2 there corresponds a line L ' ; and as P describes the curve 2, 
L' describes a scroll 11'; that is, to the curve 2 there corresponds a scroE H', the 
principal counter-system in the second space. Similarly to the curve 2' there corresponds 
a scroll n, the principal counter-system of the first space. 

109. The scroll 11 is the Jacobian of the first space; and as such it is of the 
order 8, having the curve 2 for a triple line — and it thus appears that the Jacobian 
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of the first space is a scroll (a theorem the analytical verification of which seems by 
no means easy). But without assuming the identity of the scroll 11 with this Jacobian, 
or taking the order of the scroll to be known, I proceed to show that the scroll 11 
is the scroll generated by the lines each of which meets the curve S three times; 
it will thereby appear that the order is =8, and that the curve is a triple line on 
the scroll. 

Consider a point F on S', and the corresponding line L of the first space; take 

a plane in the second space; corresponding to it the cubic surface @ in the first 
space. By imposing a single relation on the coefficients (a, 6, c, d) in the equation 
cw?' + by' + 021 ' + dw' = 0 of the plane we make it pass through the point P' ; 
therefore by imposing this same single relation on the coefficients (a, 6, c, d) of the 
cubic surface we make it pass through the line P; @ is a cubic surface through 2; 
and it is easy to see that the effect will be as above only if the line L cuts the 

curve X three times; this being so, the general cubic surface @ meets L in three 

points (viz., the three intersections of L with X), and if ® be made to pass through 
a fourth point on the line L, it will pass through the line P; it thus appears that 

the line L meets X three times, and consequently that the scroll EE is generated by 

the lines which meet X three times. 

110. The theory of a scroll so generated is considered in my ‘^Memoir on Skew Surfaces, 

otherwise Scrolls” Q). Wilting m = 6, A = 7 and therefore ilf m (m — 1) + A], = — 8, 
the order of the scroll is (|■[mp+(m — 2)if=40 — 32) = 8; but calculating the values of 
m (mO = J [mf+ 6m+ Jlf (3 [mp - 12m + 33) + . 3, 

NB (m^) = ^ [m]® + 1 [mj — ^ [m]® — Sm + M{^ [m]^ - ^ [m]® - Im® + 8m - 20)+M^ [m]*— 2m) ; 

these are found to be respectively =0; viz., there are no nodal generators, and no 
nodal residue; the sextic curve S is a triple curve on the surface, and there is not 
any other multiple line. 

111. It may be remarked that any plane ®' meets the sextic curve X' in six 
points; hence the corresponding cubic surface © contains six lines, generatrices of 11, 
and, therefore, each meeting the curve 2 three times; say six lines P, Through one 
of these lines L, draw to the cubic surface © a triple tangent plane meeting it in the 
line L and in two other lines, say Jf, this plane must meet 2 in three new points 
which must lie on the lines M, viz., one of these lines must pass through two 
of the points, and the other line through the third point. 


Addition — September, 1870. 

[Some corrections have been made in accordance with the concluding paragraph of a 
paper ''Note on the Rational Transformation and on Special Systems of Points,” 450.] 

The formulae of No. 84 are included in the following more general formulae; viz., 
if the principal system consist of points, each a simple point, ol^ points each a 

1 P^tZ. Trans. voL oion. 1863, pp. 453 — 483, [839]. See the Table 5 (m®) <feo., p. 457; in the value of 
NB(m^) instead of term +3m read -3m. [This correction should have been made in the present Reprint.] 
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quadri-coaical point, a.^ points each a cubi-conical point, &c., and of a simple curve 
order mi with Aj apparent double points, a double curve order twj with A, apparent 
double points, and so on; and if moreover, the curves mi, ma intersect in Ai_j points, 
the curves mi, in Ai^j points, &c.; then writing in general p = ^m(m — 1) — A; that 
is, pi = ^mi(7?Zi— 1) — Ai, pi = ^Tru{mi — l) — hi, &c., I find that the general condition of 
equivalence is 

«! + ( 3m— 2)?%- 2pi 

+ 802 + (1271 — 16) mj - 16^2 

+ r^oLj. + (3r%i — 2r*) tk, — 2r^Pr 
— oAi, 2 — 8Aij s . . . (3 j* 1) Aij 

-28*2,3 

... -s®(3r—s) *,,,(«< 7') 



and that the general condition of postulation is 

«! + ( m + l)mi- pi 


V 


+ 402 + (371 + 1) TJis — 5p2 

+ ^7*(r + l)(r + 2)o,. 

+ [|r(r + l)7i — (r+ l)(2r — 5)]mr 

"=i(7i + l)(»i + 2)(m + 3)-4: 

+ 47' (r + 1) (2r + 1)] p^ 

“ 2*1, 2 — 3*1, 3 . . . 7"*i, r 

— 8 * 2, 3 


- is (5 + 1) {r + 1 - i (s + 2)1 k,,r {s<r)} 

in which formulae it is however assumed that the curves have not any actual multiple 
pointa This implies that if any one of the curves, say rtir, break up into two or 
more curves, the component curves do not intersect each other ; for, of course, any 
such point of intersection would be an actual double point on the curve 7?^. I believe, 
however, that the formulae will extend to this case by admitting for s the value s = r; 
viz., if we suppose the curve vir to be the aggregate of the two curves jrt/, m4‘ into:- 
secting in Kr points, then that the corresponding terms in the equivalence-equation are 

(3r®7i - 27^) (ttv' + wv") - 27^ (p/ + p/O - 

and that those in the postulation-equation are 

[^r (r + 1) 71 - (t- + 1) (2r - 5)] (nv' + m^') 

- * - 1 ) (^ - 2) (r “ 3) (r - 4) -h 4r (r + 1) (2r -1- 1)] (p/ + pj') 

— (r -I- 1) (2r -f 1) Kr- 
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Let the r-tuple curve consist of three right lines meeting in a point: this is an 
actual triple point, and the formulae do not apply. But calculating the postulation- 
terms by the formula, Tve have mr==3, = 0, =3; and the terms are 

[ir (r + 1) 91 — (r + 1) (2r — 5)] 3 — [(r — 1) (r — 2) (r — 3) (r — 4) + 4r (r + 1) (2r 4- 1)], 

"^hich are 

= -^r (r 4- 1) (3?i — 4r -h 4) — ^ (r — 1) (r — 2) (r — 3) (r — 4), 

or say 

=^ir(r + 1) (3n — 4r + 4) 4- ^ (— r* + lOr® -- Sor^ 4- 507’ — 24). 

I have found by an independent investigation that this value requires the correction 

4--J [t^ — 87’®4- 30r-— 56r 4- 24 4- J {1 — (— )’’!}], 

and that the true value of the postulation is 

= Jr(r+l)(3w — 4r4-6)4-4[ 2r®— 5r^ —67’ 4- {1 - (-)’*!}], 

viz., that this is the number of the conditions to be satisfied that a surface of the 
order n may have for an r-tuple curve three given right lines meeting in a point. 
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448 . 

NOTE ON THE CAETESIAN WITH TWO IMAGINAEY AYTAT. 

FOCI. 

[From the Proceedings of the London Mathematical Society, toI. in. (1869 — 1871), 
pp. 181, 182. Read June 9, 1870.] 

Let a, A", B, S' be a pair of points and antipoints ; viz., 

{A, A') the two imaginary points, coordinates (+ /3i, 0), 

(B, B') the two real points, coordinates (0, + S ) ; 

and write p, p', <r, a' lor the distances of a point (a;, y) from the four points respectively ; 

say 

p =>/(x + Sif-{-y\ a = V<B^ + (y + /S)% 

p' = V(® - ySi)® + /, 0-' = Vi5= + (y - yS)-. 

We have 

p= + = 2a7* + 2y= - = <7^ + <r'= - 4y3=, 

pf = V(a! + ySi + yi) (« + /8i — yi) (« — ySi + yi) (x — - yi) = o'a ; 

and thence 

(p +py = (o- + a-y - 4sfr-, 

(p -p'y = (o- - <ry - 4^ ; 

or say 

p + p' = V(o-+o-')® — 4;S^, 

i (p — pO = ^ 4/S® — (<7 — <r')®. 

The equation of a Cartesian having the two imaginary axial foci A, A' is 

(p + gO P + (P - p' + 2A* = 0 ; 


C. VII. 


31 
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•viz., this is 


or, what is the same thing, it is 


P p') "h 9* (p ~ p') "■ ® 5 


j) V(o- + <ry + 4/8^ + 2 V 4/S® — (o- — o-')® + 2^^ = 0, 

•which is the equation expressed in terms of the distances o-, c' from the non-axial 
real foci B, B'. Of course, the radicals are to be taken with the signs +. This 
equation gives, however, the Cartesian in combination with an equal curve situate 
.symmetrically therewith in regard to the axis of y. 

The distances <r, <r' may conveniently be expressed in terms of a single variable 
parameter P; in fact, we may write 

+ p V(<r 4- <r')® — 4/S® = — 


± q V4/8® — {<r — o-')® = — k^+k6', 


that is 


and therefore 


(^+<yj-4>^ = ^,{k + e)\ 

Jr 

i^-(<T-ay='^(k-er, 

<r + cr'= 4;3® + ^(A! + ^)®, 

0- - 0-' = + yy/ 4i^-^{k- Pf: 

SO that, assigning to 9 any given value, we have o', o', and thence the position of 

the point on the curve. We may draw the hyperbola y® = 4j^ + — and the ellipse 

jP 

and then measuring off in these two curves respectively the ordinates 
which belong to the abscissae k+0 for the hyperbola, k — 6 for the ellipse, we have 



the values o- H- a*' and <t - o', which deternaine the point on the curve. Considering 
h ff? yS as disposable quantities, the conics may be any ellipse and hyperbola whatever, 
having a pair of vertices in common; and the complete construction is, — From the 
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fixed point K in the axis of x, measure off in opposite directions the equal distances 
KM, KN, and take 

or + o-' the ordinate at M in the hyperbola, 

±(a--(r') „ „ N „ ellipse; 

where cr, <t denote the distances of the required point from the fixed points B and K 
respectively, the distance of each of these fi'om the origin being the common 
semi-axis. We may imagine K travelling from one extremity of the a7-axis of the 
ellipse to the other, the value of o-q-cr' will be real and greater than BBf, that of 
<7 — 0 -' real and less than BK, and the point {cr, g) will be real. The construction 
gives, it will be observed, the two symmetrically situated curves. 


The a?-semi-axis of the ellipse is | 2yS, and the form of the curve depends chiefly 

on the value of the ratio A : |2y3; or, what is the same thing, : 2^q. We see, for 

instance, that, in order that the curve may meet the axis of y in two real points 
between the foci, the value 9 — — k must give a real value of g — a ] viz., that we 

Q 

must have 4yS^>— ; that is, or If k has this value, viz., = 

rC 

•I semi-axis, the curve touches the axis of y at the origin; if ^* <§ semi-axis, the curve 
cuts the axis of y in two real points between the foci; if A? > | semi-axis, the curve 
does not cut the axis of y between the foci. 
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449 . 

SKETCH OF EECENT EESEAECHES UPON QUAETIC AND 

QUINTIC SUEFACES. 

[From the Proceedings of the London Mathematical Society, vol. iii. (1869 — 1871), 
pp. 186—195. Bead Nov. 10, 1870.] 

The classification of quartic surfaces is even as to its highest divisions incomplete; 
and it is by no means easy to make it at once exhaustive and precise ; an enumera- 
tion of all the primd facie possible cases would include forms which do not really 
exist. Thus the singular curve (if any) is of the order 1, 2, or 3— but in the case 
where the order is =3, the curve, as is at once evident, cannot be a plane cubic, 
nor (among other excluded forms) a system of three non-intersecting lines. And certain 
forms of the singular curve, e.g. all but one of the admissible forms of a curve of 
the order 3, make the surface to be a scroll. So that, if (as is convenient) we wish to 
separate the scrolls, certain forms otherwise admissible must be excluded. The expression 
“singular” means double or cuspidal, or refers to a higher singularity, but the cases 
of higher singularity are very special. I will, at the cost of some inaccuracy, use the 
expression “nodal” as meaning, in general, double, but as including the signification 
“cuspidal”; and, if there are any cases of higher singularity, as extending to cases of 
higher angularity : and I provisionally arrange the non-scrolar quartic sm*feces as follows : 

1. Without a nodal curve. 

2. With a nodal line. 

3. With a nodal conic, or line-pair (pair of intersecting lines). 

4. With three nodal lines (not in the same plane) meeting in a point. 

(Observe that the omitted eases are cases which, as I believe, ought to be omitted ; 
thus the case of a nodal skew cubic is omitted, because the surfece is then of necessity 
a scroL) And to these I join : 

5. The quartic scrolls; 
omitting altogether the torse and conea 
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449] SKETCH OF RECENT RESEARCHES 

The references, by the name of the author, and number (if any) of his paper, are 
to the subjoined list of Memoirs. 

As to the scrolls, we have Cayley (3) and (4), and Cremona; the division into 
12 species is, I believe, complete: see post, the remarks upon Schwarz’s paper on 
quintic scrolls. 

As regards the non-scrolar surfaces : 

1. Without a singular curve. The surface may be without a cnicnode (conical 
point), or it may have any number of cnicnodes up to 16, Cayley (7): the cases of 
singularity higher than a cnicnode are probably very numerous, but they have been 
scarcely at all examined. The memoir just referred to relates chiefly to the several 
cases of not more than 10 nodes; the cases of 11, 12, 13, 14, 15, 16 nodes are con- 
sidered incidentally, Kummer (2), but it was not the object of his paper to make an 
enumeration, and there may he cases which are not considered; the discussion of the 
cases considered is very full and interesting. The case of 16 nodes is also considered, 
Kummer (1). As to the sur&ce with 16 nodes, it is to be remarked that the wave- 
surface, or generally the surface obtained by the homographic deformation of the wave- 
surface— called, Cayley (1), the “tetrahedroid”— is a special form of surface with 16 
nodes : its relation to the general surface is explained, Cayley (2). 

2. Quartic surface with nodal line: considered incidentally, Clebsch (2) and (3). 
There are through the nodal line 8 planes, each meeting the surfece in a line-pair: 
considering any 7 of these, and taking out of each of them a Hne, the 7 linps are 
met by a conic which also meets a determinate line out of the remaining line-pair ; 
there are thus on the surface 2^, = 128, conics ; viz., these form 64 pairs, each pair 
lying in a plane, and being the complete intersection of the surface by such plane; 
the number of these planes is of course =64. 

^ Although not properly included in the present case, I mention the quartic surface 
which is the reciprocal of the cubic surface XIX = 12 - Jg - C^, Cayley (5); the nodal 
curve is here an oscnodal line counting as three nodal linea 

3. Quartic surfaces with nodal conic. Such a surface may be without cnicnodes, 
or it may have 1, 2, 3, or 4 cnicnodes ; the cases, other than that of 3 cnicnodes, are 
mentioned, Kummer (3) ; but the question is examined, and the remaining case of 3 
cnicnodes established, Cayley (6). 

The general case of the nodal conic without cnicnodes is elaborately 
Qebsch (1): it is shown that there are on the surfiice 16 lines, each meeting the 
conic, and which in their arrangement are strikingly analogous to the 27 linaa on a 
cubic surface; viz., if on a cubic surfece we select at pleasure any one of the 27 
lines, and through this line draw a plane which besides meets the cubic sur&ce in a 
conic; then, disregarding the line in question and the 10 lines which meet it, the 
remaining 16 lines each meet the conic, and are related to it and to eadi other in 
the same manner that the 16 lines of the quartic surface are related to the niv^a.1 
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conic and to each other. And the ground hereof appears, Geiser; viz., it is shown 
that the quartic surface with the nodal conic, is rationally transformable into a cubic 
surface, the 16 lines and the nodal conic corresponding respectively to the 16 lines and 
the conic of the cubic surface. 

The several cases of 1, 2, 3, and 4 cnicnodes are considered, Korndorfer. 

In the case where the nodal conic is the circle at infinity, the surfaces have been 
teimed " anallagmatic ” (perhaps "bicircular” would be a more convenient name), and 
a great deal has been written upon these surfaces by Moutard, Clifford, and othei-s. 
Such a surface may of course have 1, 2, 3, or 4 cnicnodes; these surfaces, viz. the 

cnicnodal anallagmatics, in fact arise fi:om the inversion of a quadric surface by the 

( X z\ 

that is, by the change of x, y, z into -, -) : 

the centre of inversion is a node on the quartic surface. If the quadric surface is 

a cone, there is another node, the inverse point of the vertex; if the quadric surface 
is one of revolution, there are two other nodes; and if it is a cone of revolution, 
there are three other nodes — viz., in all, four nodes. The last-mentioned surface is, or 
includes, the Cyclide ; viz., this is a quartic surface having the circle at infinity for 
a nodal curve, and having besides four nodes, which ai‘e a system of skew antipoints. 
The surface was first considered by Dupin {Applications de Geometrie 1822) as the 
envelope of a sphere touching three given spheres — ^its lines of curvature are thus 
circles ; and the surface has been very frequently considered in reference to this 
property and otherwise: see Maxwell, where a classification (not quite complete) is made 
of the different forms of the surface, and also stereographic drawings given. It is to 
be observed, that one interesting form, the parabolic cjclide, is not a quartic but a cubic 
surface. 

In the class of surfaces which have been under consideration, the cnicnodes have 
been points not on the nodal conic — ^in fact, a point on a nodal curve cannot be, 
properly speaking, a cnicnode, though it may be a point of higher singularity in the 
nature of a cnicnode; viz., there may be on the nodal curve points which, in the 
classification of the surfaces, must be counted as cnicnodes. Such a case presents itself 
in the Conic Torus,” or surface generated by the rotation of a conic about a line 
whether not in or in the plane of the conic. The surface has been considered, 
De la Goumerie (1), although more in reference to the constructions of descriptive 
geometry than as a theory of pure geometry, and Cayley (6), The surface has a 
nodal circle, and upon it two singular points, the circular points at infinity; so that 
it belongs to the case of a nodal conic with two cnicnodes. In the particular case 
where the axis of rotation is in the plane of the conic, then there are on the axis 
two cnicnodes; so that the case is that of a nodal conic and four cnicnodes; and 
when the generating conic is a circle, viz., when the surface is the ordinary torus, or 
anchor ring, generated by the rotation of a circle about a line in its own plane, then 
the nodal conic is the circle at infinity having upon it two cnicnodal points (its inter- 
sections by the planes at light angles to the axis) and the surface has also two 
cnicnodes on the axis: the surface, although presenting considerable peculiarity, may be 
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regarded as a particular case of the cyclide. In reference to the plane sections of the 
conic torus and its various particular cases, see De la Goumerie (2) ; the ordinary 
torus has been the subject of numerous papers by Darboux and others, and possesses 
very interesting properties. 

In connexion with the foregoing, I speak of the surfaces having a cuspidal conic: 
the general case is briefly referred to, Cayley ( 6 ); viz., this is the sur&ce (AA) the 
equation of which is V^ — a?y = (i, and which it is shown has a reciprocal of the order 6. 
A special case is the surface {AB) having a reciprocal of the order 3 ; viz., the 
quartic surface is here the I’eciprocal of the cubic surface XX = 12 — Wg, Cayley (5). 
And it appears from the memoir last referred to, that there is another cubic surface, 
XVII = 12 — 253— Ca, the reciprocal of which is a quartic surface having a cuspidal 
conic. But the theory of the quartic surfaces with a cuspidal conic has been hardly 
at all considered. 

I do not know that anything has been done in regard to the quartic surfaces 
where the nodal conic becomes a line-pair; that is, where we have two intersecting 
nodal lines. Although not properly belonging to the case in question, I mention here 
the quartic surface which is the reciprocal of the cubic surface XVIII = 12 — £4 — 2C?«, 
Cayley (5); the nodal curve consists of two intersecting lines, but one of them is 
tacnodal, counting as two nodal lines. 

4 . Quaiiilc surface with three nodal lines (not in the same plane) meeting in a 
point. This is, in fact, Steiner’s quartic surface; and it has been the subject of 
numerous investigations. 

The equation of the surface may he taken to be + j 
surface thus presents itself as the reciprocal of the cubic surface + 

(XVI = 12 — 403 ,) with four cnicnodes (*). 

It was convenient to make the foregoing enumeration before speaking of Kummer’s 
paper (3), and of the several memoirs which relate to the Abbildung of certain quartic 
and quintic surfaces. 

As regards Kummer’s paper, the object appears by the title, viz., he considers in 
what cases a quartic surface has upon it a system of conics; or, what is the same 
thing, in what cases there is a system of planes each intersecting the surface in two 
conics. It is, in the first place, remarked that there is no proper quartic surface cut 
by every plane in a pair of conics, or even a proper quartic surfece cut in a pair of 
conics by every plane through a fixed point. The cases considered are — I., where the 
planes axe non-tangent planes; H, where they are single tangent planes; and IIL, 
where they are double tangent planes. The case I. is — ( 1 ) when there is a nodal conic 
and two cnicnodes; viz., any plane through the 2 cnicnodes gives a section with 4 
nodes, therefore a pair of conics, (and the special case of 4 cnicnodes is noticed 


^ The Author exhibited, and pointed out some of the prc^erties oi^ a modd of Steuieir*fi stnfaoe* 
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incidentally) ; — (2) when there is a nodal line ; any plane through the nodal line besides 
meets the surface in a conic (3) when the surface has two “ Selbstberuhrungspuncte” ; 
viz., either of these is a point where the tangent plane is replaced by two coincident 
planes, and which, when a plane passes through it, gives in the section a tacnode, 
= 2 nodes; the section by a plane through two such points, consists of two conics 
touching each other at the point in question : the equation of such a surface is 
^2 = where is a quadric function, and p, q linear functions of the coordinates. 

In all the cases the planes pass through a fixed line, and the surface may be con- 
sidered as the locus of a variable conic, the plane of which always passes through 
such line. II. is — (1) Steiner’s surface, where every tangent plane meets the surface 
in a pair of conics; and (2) surface with a nodal conic and one cnicnode, where every 
tangent plane through the cnicnode meets the surface in a pair of conics. And 
III. is (1) the surface with a nodal conic, where every double tangent plane meets 
the surface in a pair of conics: it is shown that there are 5 quadric cones, such that 
a tangent plane of any one of these cones is always a double tangent plane of the 
surface. Or the surface is (2) a quartic scroll; any plane through two intersecting lines 
of the surface besides meets the surface in a conic. 

It is in the paper, Cayley (6), remarked, that the quartic surface V, Wy = 0 

can also be expressed in the form UW — V^ = 0; under which form the surface is 
seen to be the envelope of the series of quadric surfaces (IT, V, W^d, 1)“ = 0; and 
by reason of this property it is very easy to find the equations of the reciprocal 
surfaces, or plane-equations of the quartic surfaces in question. And, in the same paper, 
it is noticed that the surfaces of the form in question include the reciprocals of 
several interesting surfaces of the orders 6, 8, 9, 10, and 12; viz., order 6, parabolic 
ring: order 8, elliptic ring: order 9, centro-surface of paraboloid: order 10, parallel 
sur&ce of paraboloid; envelope of planes through the points of an ellipsoid at right 
angles to the radius vectors from the centre: order 12, centro-surface of ellipsoid; 
parallel surface of ellipsoid. 

It will be noticed that several of the papers by Clebsch and others refer in their 
titles to the “Abbildung” of a surface; viz., they show that a (1, 1) correspondence 
exists between the points of the surface and the points of a plane. The most simple 
instance is the quadric surface; here, taking any fixed point 0 on the surface, the 
line OP drawn to any point P on the surface meets a plane in a point P', and the 
points P, P' have, it is clear, a (1, 1) correspondence. And, of course, to any curve 
on the quadric surface there corresponds a curve on the plane, and the discussion of 
the nature of the plane curves which correspond to the different curves on the quadric 
surface would constitute a theory of the Abbildung of the quadric surface. 

Similarly, as remarked, Clebsch (2), for a cubic surface, taking upon it any two 
lines which do not meet, if firom a point P on the surface we draw, meeting each 
of the two lines, a line to meet the plane in P', then the point P on the cubic 
surface and the point P' on the plane will have a (1, 1) correspondence; and we have 
thus a like theory for the cubic surface. The Abbildung of a cubic surface had been, 
however, previously effected by Clebsch {in the paper “Die Geometric auf den Flachen 
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dritter Ordnnug,” Grelh, t. Lxv. (1866), pp. 359—380}, and by Ci-emona, in a different 
and really the most simple manner (i), but having a less obvious geometrical significjation. 

surfaces of the higher orders, it is only certain surfaces which admit of an 
^ ^^§^5 or (1, 1) correspondence of the points thereof with the points of a plane; 

VL^ (m the same way as a plane curve, in order to its being unicursal, must have a 
sufficient number of nodes or cusps) a surface, in order that it may thus correspond 
with the plane (or say, in order that it may be unicursal), must have a sufficient 
singularity in the way of a nodal or cuspidal curve. The quartic and quintic surfaces- 
considered in the enumerated memoirs are there considered for the sake of the 
Abbildung theory which they give rise to; whereas, in the present sketch, the Abbildung 
theory is considered only for the sake of the quartic and quintic surfaces to which 
the theory has been applied. But the methods of the theory furnish results in relation 
to these surfaces ; and it is proper to give some account of them. 

Clebsch s memoirs (2) and (3) relate to the same subject, which is elaborately 
treated in the latter of them: the former of them contains, however, some valuable 
remarks which are not reproduced in the other. In these memoirs (2) and (3), after 
explaining the above method of the transformation of a cubic surface by means of 
two of the lines thereof, the author goes on to notice that the like method is 
applicable to certain quartic and quintic surfaces ; viz., (1) quartic surface with a nodal 
conic: there are here, as already mentioned, 16 lines, each meeting the conic; if, 
selecting any one of these, from a point P on the surface we draw, meeting the line 
and the conic, a line to cut the plane in P^, then the points P on the surface and 
P' on the plane have a (1, 1) correspondence. (2) Quartic surface with a nodal line: 
as already mentioned, there are on the surface 128 conics, each meeting the nodal 
line ; selecting any one of these, if from a point P of the surface we draw, meeting 
the nodal line and the conic, a line cutting the plane in P', then the point P on 
the surface, and the point P' on the plane, have a (1, 1) correspondence. 

Similarly, (3), for a quintic surface having a nodal skew cubic; then if from a 
point P on the surface we draw, meeting the skew cubic twice, a line to cut the 
plane in P', the point P on the surface and the point F on the plane have a (1, ly 
correspondence. The nodal skew cubic may break up into a conic and line which 
meets it, or into three lines, two of them not meeting each other, but each met by 
the third line; and the like theory applies to these quintic surfaces. 

It is to be noticed that (as for the cubic surface) the above methods of Abbildung, 
although they have the most obvious geometrical significations, are (as explained in the 
foregoing foot-note) not the most simple ones ; but for each of the foregoing cases (1), 
(2), (3), the most simple transformation is established in the memoirs now under con- 
sideration. The memoir [Memoirs (1) and (2)] of Komdorfer, as indicated by its title, relates 
to the Abbildung of a quartic surface having a nodal conic and 1, 2, 3, or 4 cnicnodes. 

1 Any method of transformation leads to an expression of the coordinates of a point on the snr&oe as 
proportional to rational and integral functions of a giren d^ree v of the coordinates (ar, y, z) of a point on 
the plane, and that transformation is the more simple for which w has the smaller value: for the method 
of the text, the value is 1^=3, but for the methods previously given by Clebsch and Cremona, it is f=2. 

a VII. . 32 
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Clebsch’s paper (4) relates to the Abhildung of a quartic scroll. 

As regards quintic surfaces (not being scrolls), we have, so far as I am aware, 
only the before-mentioned paper, Clebsch (3), relating to quintic surfaces with a nodal 
skew cubic; and the paper, Clebsch (5), which relates to the Abbildung of a quintic 
surface having a nodal quadriquadric. The method employed is that of a preliminary 
Abbildung upon a twofold plane (2-blattrige Ebene) ; that is, it consists in establishing, 
in the first instance, a (1, 2) Correspondence between the surfiice and the plane; and 
by means hereof it is shown that there exist on the surface the conics K and C 
presently referred to, and which give, ultimately, an ordinary Abbildung or (1, 1) corre- 
spondence of the points of the surface with those of the plane ; viz., this final result 
is as follows : 

There is on the surface a system of conics K, such that their planes pass through 
a point and envelope a quadiicone ; and also 64 conics G each meeting each of the 
conics A” in a single point: we select one of these and call it the conic C. 

Take now the plane Bi of a conic Ki of the series of conics K, which plane Bi 

passes, of course, through the vertex V of the cone enveloped by the planes of the 

conics A'; viz., these planes intersect the plane Aj in a series of lines passing through 
the point F. 

Take a point P on the surface ; this lies on a conic A meeting the conic G in 
a point I; and if we draw the line ^P to meet the plane Pi in P', then P on 
the quintic surface, and P' on the plane Pi, will have a (1, 1) correspondence; in 
fact, it appears that, given P, there exists a single position of P' ; and conversely, 
given P', this lies on a line FP' through which there passes the plane Pi and one 

other tangent plane of the cone: this tangent plane contains a conic A meeting 

the conic (7 in a point f ; and joining fP', this meets the conic A in one other point P ; 
viz., given P', there is a single position of P ; and there is thus a (1, 1) correspondence. 

There are, as originally shown by Schlafli, and as further appears by my memoir 
on cubic surfaces, Cayley (.5), 3 kinds of cubic surfaces of the class 5 ; viz., these are 
the surfaces XIII = 12 — P* — 2Gi , XIV = 12 — Pj — C^, and XV = 12 — U,‘, for each of 
these the reciprocal surface is a quintic surface of the class 3, having a nodal line 
and a cuspidal quartic curve. For the reciprocal of XIII, the cuspidal curve is a 
quadriquadric ; for that of XIV, the cuspidal curve breaks up into the nodal line (viz., 
this is a cuspnodal line) .and into a skew cubic ; for that of XV, the cuspidal curve is 
a cuspidal quadriquadric, or curve of intersection of two quadric surfaces with singular 
contact. 

It only remains to speak of Schwarz’s memoir on quintic scrolls: it is to be 
remarked that the theory of scrolls is allied more closely with that of plane curves 
than with that of sur&ces; viz., considering any plane section of the scroll, the lines 
of the scroll have, in general, a (1, 1) correspondenee with the points of the plane section, 
and the scrolls of any given order are properly arranged according to the deficiency 
of the plane section. This is what is done by Cremona in the menicor on quartic 
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scrolls above referred to ; viz., for a quartic scroll the deficiency is either 0 or 1 : 
and of the 12 species, there are 10 for which the deficiency is =0 (or which are 
unicursal), and 2 for which the deficiency is =1. And this is the principle of classi- 
fication in Schwarz’s memoir; viz., for a qnintic scroll the deficiency is =0, 1, or 2: 
the number of species established being 10, 4, and 1 for these deficiencies respectively. 
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NOTE ON THE THEORY OF THE RATIONAL TRANSFORMATION 
BETWEEN TWO PLANES, AND ON SPECIAL SYSTEMS OF 
POINTS. 

[From the Proceedings of the London Mathematical Society, vol. in. (1869—1871), 
pp. 196 — 198. Read December 8, 1870.] 

In Prof. Cremona's theory of the transformation of plane curves, the fundamental 
equations ai*e taken to be 

cci + 4 oc 2 + + . . . = — 1 

"f SoCg q- 6^3 4" ... “ (?i^ + 3n) — 2 (2) i 

and from these we have as a consequence 

^2 + 30^3 + . . . = ■!• (ii — 1) (??. — 1) (3) ; 

viz., the first equation expresses that any two curves of the system intersect in a 
single variable point ; the second, that the curves form a reseau, or system containing 
two arbitrary parameters; and the third, that the curves are unicursal. 

In the equivalent theory of the rational transformation between two planes, as 
given in my “Memoir on the Rational Transformation between Two Spaces,'* [447], we 
have the equation (1) ; but instead of the equation (2), it would prirnd fade appear 
to be sufficient if we had the inequation 

flfi + Sog + Gog 4- . . . ^ ^ (n^ -f S/i) — 2 ; 

but on the ground there explained, the case 

cti 4“ 4" 6o£ 3 + . . , < -J- (ii* + Stl) — 2 

is excluded, and we thus have the equation (2), giving with (1) the equation (3). 
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I believe the better course is to assume ( 1 ) and (3) as the fundamental equations, 
from them deducing ( 2 ); and we thus also get over a difficulty presently referred to, 
but which did not occur to me when the memoir was written. 

In fact, starting with the equations af 'j/ : = X ■. Y ■. Z (which are to give 

X : y : z = X' : 7' : Z'), we have in the first instance the equation ( 1 ). Moreover, 
establishing for a/, y', 7 a linear equation a/e' + Sy'+c/ = 0 , we have corresponding hereto 
a curve aX + bY+cZ = 0, and the coordinates x, y, z oi a point on this curve are 

proportional io X' : T ■ Z' •, that is, substituting for Y the value — - {ax' + by'), they 

c 

are proportional to rational and integral (homogeneous) functions of {x', y'), that is, to 
•rational and integral functions of the single parameter af : y' \ wherefore the curve 
aX + b7 + gZ = 0 is unicursal; whence the equation (3). The like change may he 
made in the theory of the rational transformation between two spaces; and it is in 
this case a more important one. 

The difficulty is as follows : It is not self-evident that we are at liberty to assume 

-I- Sa, -I- fioj ^ Kn® + 3 ji) _ 2 ; 

for imagine that we had a system of (ai, Os, ...) points, such that aj -f 40, -t- . . . being 
= ?i=— 1 , and 01 - 1-302 + ... being > ^ (n^ + 3w) — 2, the points were such that the conditions 
in question (viz., the condition that the cur^-e passes once through each of the points Oj, 
twice through each of the points Oj...) should be less than 01 + 302 +..., and in fact 
= or <|(n® + 3 n)- 2 ; then the functions X, Y, Z would not of necessity be connected 
by a linear relation xX + /xY + vZ — 0, and the ground for the assumption in question, 
ai + 3 o 2 +,..^'^(n= + 3?i) — 2 , would no longer exist. And except by the process now 
adopted of deriving the equation ( 2 ) finm the equations (1) and (3), I do not know 
how the impossibility of such a system is to be established; viz., I do not know how 
we are to prove the following theorem: — There is not any system of («i, a^, aj...) 
points, where 

oLi + 4 o£ 2 + Duj ... =ir^ — 1, 

+ Sa, + fittg ... > J {n^ + 3n) — 2, 

such that (for a curve of the order n passing once thi'ough each point Ui, twice through 
each point the number of conditions actually imposed on the curve is = or 

< i(w“*+ 3w) — 2. 

A system of (uj, a 2 --*) points such that the number of actually imposed conditions 
is less than ai + 3 a 2 +..., may be termed a special system; we have, of course, the 
well-known case {a^=T?) of a system of points, such that any curve of the order n 
passing through ^(m® + 3 n )— 1 of these passes through all the remaining points {or what 
is the same thing, where the number of conditions actually imposed is =^(w®+3m) — 1 } ; 
and we have the following special system, which presented itself to Dr Clebsch, in 
his researches on the Abbildung of a quintic surface with two non-intersecting nodal 
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lines; viz., “ai = 12, 02 = 2. We may have 12 points and 2 points such that, for a 
quintic curve passing once through each of the 12 points and twice through each of 
the 2 points, the number of conditions actually imposed (instead of being 12 + 3.2, =18) 
is = 17. The construction is as follows : viz., starting with the 2 points and any 
10 points, we may draw a quartic passing twice through the first of the 2 points, 
once through the second of them, and through the 10 points ; and another quartic 
passing twice through the second of the 2 points, once through the first of them, and 
through the 10 points: the two quartics intersect in the 2 points each twice, in the 
10 points, and in 2 new points, forming, with the 10 points, a system of 12 points; 
and the first-mentioned 2 points and the 12 points form the system in question. 

A more complicated case, ai = 10, 0:2 = 6, o^=l, occurs in Dr Nother*s paper, “Ueber 
Flachen, welche Schaaren rationaler Curven besitzen,” [Math. Ann., t. ni. (1871), pp. 
161 — 227 J. Except these two, I do not know any other case of a special system for 
which a2> Qfs--- sire not all =0; the investigation of such systems would, I think, be very 
interesting. 

[A concluding paragraph of seven lines gave some corrections to the “Memoir on 
the Rational Transformation between Two Spaces,” 447, which corrections are made in 
the present reprint of that paper.] 
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A SECOND MEMOm ON QUARTIC SURFACES. 


[From the Proceedings of the London Ma^iermtioal Society, vol. ill. (1869 — 1871), 
pp. 198 — 202. Read December 8 , 1870.] 

In my Memoir on Quartic Surfaces, ante pp. 19—69, [445], although remarking (see 
No. 79) that the identification was not completely made out, I tacitly as-sumed that the 
symmetroid and the decadianome (each of them a quartic surface with 10 nodes) were 
in fact identical. There is yet a good deal which I cannot completely explain ; but the 
truth appears to be, that the decadianome includes two cases of coordinate generality, 
say the sextic decadianome, and the bicubic decadianome = symmetroid: viz., in the first 
of these the circumscribed cone, having for vertex any one of the 10 nodes, is a proper 
sextic cone with 9 double lines; in the second it is a system of two cubic cones, 
intersecting, of course, in 9 lines, which are double lines of the aggregate sextic cone: 
or, in the notation of the Table No. 11, in the case of the sextic decadianome, the cir- 
cumscribed cones are each of them 69 ; in that of the bicubic decadianome = symmetroid, 
they are each of them (3, 3). We thus arrive at a very remarkable system of 10 points 
in space, viz., giving the name "ennead” to any 9 points in piano, which are the 
intersections of two cubic curves, or to any 9 lines through a point which are the 
intersections of two cubic’ cones; the 10 points in space are such that, taking any one 
whatever of them as vertex, and joining it with the remaining points, the 9 lines form 
an ennead. I purpose in the present short Memoir to consider the theories in question; 
the paragraphs are numbered consecutively with those of the Memoir on Quartic 
Surfaces. 


Plane Seatic Curve with 9 Nodes. 

110. A sextic curve contains 27 constants; and the number of conditions to be 
satisfied in order that a given point may be a node is = 3. Hence it would at first 
sight appear that the curve could be found so as to have 9 given nodes; this would 



451 ] 


A SECOND MEMOIE ON QTJARTIC SURFACES. 


257 


be 9 X 3, = 27 conditions, or the curve would be completely determinate. But observe 
that through the 9 given points we have a determinate cubic curve Z7 = 0 ; we have 
therefore U^ — 0 a sextic curve, and the only sextic curve with the 9 given nodes; 
that is, there is not in a proper sense any sextic curve with the 9 given nodes. The 
number of given nodes is thus = 8 at most. 

111. The sextic curve with 8 given nodes should contain 27 — 3 . 8 = 3 constants. 
We may through the 8 given points draw the two cubics P = 0, Q = 0; and we have 
then (a, 6, cJP, Qf = 0, a bicubic, or improper sextic curve having the 8 nodes, and 
also a ninth node, viz., the remaining point of intersection of the two cubic curves, 
or say the remaining point of the ennead. Hence if V = 0 be any particular sextic 
curve having the 8 given nodes, we have 

(a, &, c][P, Qy + 6V =0 

a proper sextic curve having the 8 given nodes; and this, as containing the right 
number (=3) of constants, will be the general sextic curve having the 8 given nodes. 

112. There 'will be a ninth node if 0 = 0; viz., the curve is then (a, 6 , cJP, Q)r = 0, 
a bicubic, or improper sextic curve, having for nodes the 9 points of the ennead. 
Obseive that the ninth node is here a point completely and uniquely determined by 
means of the given 8 nodes. Moreover the number of constants is =2, so that we 
have here a general (improper) solution of the question of finding a sextic curve with 
9 nodes, 8 of them given. 

113. But if 0 is not = 0, then the ninth node must be a point on the cur\’e 
t/(P, Q, V) = 0; viz., this is a curve of the order 9, determined by means of the 
given S points; say it is the ‘‘dianodal curve” of these 8 points, and, as is easy to 
see, it has each of these 8 points for a node. The ninth node of the sextic may be 
any point whatever on the dianodal curve; and regarding it as a given point, the 
sextic will still contain 1 constant; that is, we have the general solution of the 
problem of finding a sextic curve with 9 nodes, 8 of them given, and the 9th a given 
point on the dianodal curve. 

114. So long as the 8 points are arbitrary, the dianodal curve does not pass 
through the 9th point of the ennead, and the two cases above considered are mutually 
exclusive. It will be noticed how closely analogous this theory of the plane sextic 
with 9 nodes, is to that of the quartic surface with 8 nodes. 

115. Of course, instead of the plane sextic curve, we may have a sextic cone ; 
such a cone has at most 8 given double lines; and if there be a 9th double line, 
then there are the two cases’ of coordinate generality; viz., (1), the new double line 
is the ninth line of the ennead, the cone being in this case not a proper sextic cone, but 
a bicubic cone; (2), the new double line may be any line whatever on the dianodal 
cone, (cone of the order 9 determined by the 8 given lines, and having each of these 
for a double line,) and regarding it as* a given line on the dianodal cone, the sextic 
cone contains 1 constant. 


0. vn. 
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Each circumscribed cme of the Symmetroid is (3, 3). 

116. Usiug {os, y, z, w) as current coordinates of a point of the symmetroid, I 
take S, T, U, V to be quadric functions of the coordinates (a, yS, y, 8 ); the equation 
of the symmetroid is therefore given by 

(BS + yT+zU + %oV= cone, 

and the nodes thereof are determined by 

xS + yT + zU +wV = plane-pair. 

Suppose that a node is («=0, y = 0, «; = 0 ); the condition for this is F = plane-pair ; 
and we may without loss of generality write F= 7 ^ + 8 *. Hence, putting for shortness 
B = x8 + yT+zU, that is @ a quadric function 

(a, h, c, d, f g, h, I, m, n\a, /3, y, S?, 

wherein the coeflScients a, h,.., are arbitrary linear functions of («, y, z), but not con- 
taining w, the equation of the symmetroid is given by 

@ - 1-10 ( 7 “ + 8 ®) « cone. 

117. It follows that the equation is 

a, h, g , I =0; 

h, b , f , m 

g, f, c + w, n 

I, m, n , d + w 

viz., this is 

V + w (Sc+ 8 (j) V {Be + Ba'fV = 0, 

where V denotes the foregoing determinant, writing therein 10 = 0. Or, observing that 
V contains c and d each only linearly, the equation may be written 

V - 1 - w (8c -1- 8a) V -I- w^BciV = 0, 

which is a. quartic surfece having, as it should have, the point ( 0 , 0 , 0 ) for one of its 
ten nodes, 

118. The equation of the circumscribed cone is 

(8cV-i-8dV)=-4 V.8AV=0; 
or, what is the same thing, it is 

( 8 cV _ 8 <jV)s.f 4(8cV.8<jV - V. 8 AV) = 0. 


But we have identically 


8«V.8,V-(i8„vy=V.8cSaV; 
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SO that the equation is 

aV-S,V)»- + (8„V)=-0; 
a sextic cone breaking up into the two cubic cones 

Sj V — + iS^V = 0, 

so that the cone is (3, 3). And since clearly the point (0, 0, 0) may he regarded as 
representing any one whatever of the 10 nodes, it follows that for any node whatever 
of the symmetroid, the circumscribed cone is (8, 3), so that, as stated above, bicubic 
decadianome = symmetroid. 


Deductions from the foregoing them'y. 

119. Keferring to No. 85 of the original memoir, it appears that, with 6 given 
points as nodes, we can actually find for the symmetroid an equation containing 6 con- 
stants. I cannot discover any ground for doubting that 3 of these may be determined 
so as to give to the symmetroid ‘a seventh given node ; and I therefore assume that 
with 7 given points as nodes, an equation can be found with 3 constants. The 
s 3 Tnmetroid is certainly not octadic, hence the eighth node must lie on the dianodal 
surface of the 7 given points. I can discover no ground for doubting but that two 
of the constants may be determined so that the eighth node shall be any given point 
whatever on the dianodal surface of the 7 points; and (this being so) that further 
the remaining constant may be determined so that the ninth node shall be any given 
point whatever on the dianodal curve of the 8 points. But if all this be so, the 
consequence is very remarkable; the tenth node is not any one whatever of the 22 
dianodal centres of the 9 points, but it is a uniquely determmate " enneadic centre,” 
viz., we must have the following theorem : 

120. “Take any 7 points; an eighth point at pleasure on the dianodal surfiice 
of the 7 points; a ninth point at pleasure on the dianodal curve of the 8 points. 
In the system of 9 points so determined, take any one as vertex, and joining it with 
the remaining 8, construct the ninth line of the ennead. Performing this construction 
with each of the 9 points successively as vertex, we obtain 9 lines passing through 
the 9 points respectively. These 9 lines meet in a point which is the ‘ennea^c 
centre’ of the 9 points: and further, the 10 points form a completely symmetrical 
system, so that each one of them is the enneadic centre of the remaining 9.” 

121. Assuming that the 9 lines do intersect so as to give rise to an enneadic 
centre, there is no difSculty in conceiving that the loci, which by their intersection 
determine the dianodal centres, do each of them pass through the enneadic centre; 
so that this enneadic centre counts once or more among the dianodal centres, and the 
number of proper dianodal centres, instead of being =22, will be suppose =22 — ®, 
and if, further, the 9 points, together with the enneadic centre, are the nodes of a 
symmetroid, but the 9 points together with any one of the 22-® dianodal centres 
are the nodes of a sextic decadianome, then we must also have as follows: 


33—2 
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122. “Considering any 9 points as above; taking any one as vertex, and joining 
it with the remaining 8, these 8 lines determine a dianodal ninthic cone. We have 
thus 9 dianodal cones, which cones pass all of them through the same 22 — 0 ) points.” 

123. I am not able to verify these theorems d posteriori. It appears to me that 
the theorem in regard to the enneadic centre subsists for a system of 9 points such 
as referred to in the statement; but that if by possibility the statement be too general, 
the theorem must, at all events, subsist for a more special system of 9 points; and 
that there certainly exist systems of 10 points, such that each 9 of the points have 
as an enneadic centre the tenth point. {I have since ascertained that if a quartic 
surface with 10 nodes has a single node (3, 3), the surface is a symmetroid ; whence, 
by what precedes, the remaining nine nodes are each of them (3, 3). Added 25 March, 
1871.} 

124. I notice, as a subject of investigation, the following system of correspondence 
viz., given any 8 points in space : then to every point in space corresponds a line 
through this point, viz., the ninth hne of the ennead obtained by joining the point 
with the 8 given points respectively; and to each line in space a point or points on 
the line, viz., the point or points for each of which the line is the ninth line of the 
ennead obtained by joining the point mth the eight given points respectively. 
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ON AN ANALYTICAL THEOREM FROM A NEW POINT OF VIEW. 


[From the Proceedings of the London Mathematical Society, voL ill. (1869 — 1871), 
pp. 220, 221. Bead February 9, 1871.] 

The theorem is a well-known one, derived from the equation 

(a£:^ + 2bjs^ •hc)tu^’i-2 {a!z^ + 2h'z 4- c') w 4- a!'z- 4- 4- c" = 0 ; 

viz., considering this equation as establishing a relation between the variables z and w, 
and writing it in the forms 

2 x 1 = AvS^ 4“ 2Bxd 4- 0 = A^z^ 4- 2Plz 4* C' = 0, 

(where, of course. A, B, G are quadric functions of z, and A* , B', C' quadnc functions 
of w,) we have 

0=~dw + ^dz, ={Aw + B)dw + U'z^B^dz-, 
dw dz 

but in vii*tue of the equation xi = 0, we have Aw 4- 5 = — AG, and A'z 4- -B' = — A'G\ 

and the differential equation thus becomes 

dxu _ dz _ _ ^ 

where B'^-A'G' and B^ - AG are quartic functions of w and z respectively. This is. 
of course, integrable (viz., the integial is the original equation, it = 0) j and it follows 
from the theory of elliptic functions, that the two quartic functions must be linearl} 
transformable into each other ] viz., they must have the same absolute invariant P -s- P 
It is, in fact, easy to verify, not only that this is so, but that the two functions 
have the same quadrinvariant I, and the same cubinvariant J, 
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The Aew point of view is, that we take the coefficients a, h, &c., to be homogeneous 
functions of {x, y), theii- degrees being such that the equation u = Q is a quartic 
equation y, z, ?y)‘ = 0; viz., this equation now represents a quartic surface having 

a node (conical point) at the point (« = 0, y=0, z=0), and also a node at the point 
{x = 0, y = 0,w = 0), say, these points are 0, O' respectively. The equation — A'C = 0 
gives the circumscribed sextic cone having 0 for its vertex, and the equation — 
the circumscribed sextic cone having O' for its vertex ; each of these cones has the 
line 00'(x = 0, y = 0) for a nodal line, as appears geometrically, and also by the 
equations containing z, w respectively in the degree 4 Considering B'- — A'0' as a 
quartic function of z, its quadrinvariant is a function {x, yf, and its cubinvariant a 
function (x, y)^; and similarly, considering B--AG as a quartic fiinction of w, its 
invariants are functions (a?, yj and {x, We have thus, between the two cones, a 
geometrical relation answering to the analjrtical one of the identity of the invariants; 
but the nature of this geometrical relation is not obvious; and it presents itself as an 
interesting subject of investigation. 
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ON A PROBLEM IN THE CALCULUS OF VARIATIONS. 

[From the Proceedings of the London Maiheinatical Society, vol. iii. (1869 — 1871), 
pp. 221, 222. Bead Februaiy 9, 1871.] 

The problem is, to find y a function of cc such that jsdiB = m&x. or 

min., subject to a given condition jydx = c (the limits of each integral being x^, 

where these quantities are each positive, and Xi > x^. The ordinary method of solution 

gives y^=x-\-\, where (a;i+X)^-(«o+^-)^ = fc; so long as c is not less than {x^-x^, 
there is a real value of X, but for a smaller value of c there is no real value. The 
difficulty arising in this last case is somewhat illustrated by replacing the original 
problem by a like problem of ordinary maxima and minima; viz., a^, ®s...a;a being 
given positive values of x, in the order of increasing magnitude ; and if, in' general, 
Zi~(Zaii-yi)yu then the problem is to find yi a function of xu such that 2i:i=max. 
or min., subject to the condition 2yi=c. We have here yi = Xi-¥\ where \ is to be 
determined by the condition 1yi=c\ the remainder of the investigation turns on the 
question of the sign yi= + ViiJi+X, or to be taken for the several values 

of i respectively. 



264 


[454 


454 . 

A THIRD MEMOIR ON QUARTIC SURFACES. 

[From the Proceedings of the Lotidon Matii&matical Society, vol. ui. (1869 — ISTl), 
pp. 234 — 266. Bead April 13, 1871.] 

The present Memoir is a continuation of my former researches on Nodal Quartic 
Surfeces, [445, 451]. The leading idea is, that for a quartic surfece with ^--nodes, given 
the nature of the circumscribed, {k - 1) nodal, sextic cone belonging to any one node of 
the surface {for instance, &=10, that it is a cone (3, 3) composed of two cubic cones}, 
we thereby determine the equation of the quartic surface, and consequently the nature 
of the remaining (fc-1) nodes thereof. By means of this general theory I. complete, 
in an essential point, the theory of the SymmetroU; viz., I show that a 10-nodal 
quartic surface having a single node (3, 3) is a Symmetroid; whence, as appears by 
my second Memoir, [451], each of the remaining nine nodes is also a node (3, 3); and 
we have the theory of the remarkable system of ten points in space such that, joining 
any one of them with the remaining nine, the nine lines thus obtained are the inter- 
sections of two cubic cones. A large part of the Memoir is devoted to the consideration 
of the surfaces with 16, 15, 14, and 13 nodes: this is substantially a reproduction of 
the results obtained by Kummer in the Memoir “ Ueber die algebraischen Strahlen- 
systeme, &c., already referred to ; but the results in question are brought into 
connexion with the theory of the present Memoir, and they are, by a change of the 
constants, exhibited in a form of much greater symmetry and elegance. I attach 
importance also to the square diagrams by means of which I have exhibited, in a 
compendious form, the relation between the several nodes and circumscribed sextic cones. 

The paragraphs are numbered consecutively with those of the first and second 
Memoirs. 


Preliminary Gonsideraiions and Glassification. 

125. I call to mind that if a quartic surface has a node (conical point), then 
there is for this node a tangent quadncone and a circumscribed sextic cone; viz., if 
the sur&ee has (^-1) other nodes, or in all k nodes, then the sextic cone has (ifc-^l) 



454] 


A THIED MEMOIR ON QUAETIC SUEFACIS. 


265 


nodal lines (passing through the other nodes respectively), and we have thus for the 
different forms of the sextic the table No. 11 ; viz., this is 

Circumscribed Sextic Cone. 

Nodes of NodalLines 
Surface, of Cones. 

1 0 6 

2 1 6 : 

3 2 6 , 

4 3 6 , 

5 4 6 , 

6 5 6 , 5 , 1 

7 6 6 , 5i, 1 

8 7 67 5j, 1 

9 8 6 , 5„ 1 4 , 2 

10 9 6 , 5,, 1 4,, 2 4 , 1, 1 3 , 3 

11 10 610 5,, 1 4„ 2 4„ 1, 1 3,, 3 

12 11 ... 6 „ 1 4„ 2 4„ 1, 1 3i, 3j 3 , 2, 1 

13 12 4„ 1 , 1 ... 3„ 2, 1 3 , 1, 1, 1 2 , 2, 2 

14 13 ... ... ... ... 3i, 1 , 1 , 1 2 , 2, 1 , 1 

lo 14 ... ... ... ... ... ... ... 2,, 1, 1, 1, 1 

1-6 16 ... 1 , 1 , 1 , 1 , 1, 1 

viz., 6 denotes a proper sextic cone without nodal lines; 6 , a proper sextic cone with 
one nodal line; 5, 1 a proper quintic cone and a plane, &c. 

We may distinguish the nodes according to the sextic cones; thus, a node 6 means 
a node for which the circumscribed cone is a proper sextic cone, ( 1 , 1 , 1 , 1 , 1 , 1 ) 
a node where the circumscribed cone breaks up into six planes, &c. 

126. A 16-nodal surface has 16 nodes (1, 1, 1, 1, 1, 1), and a 15-nodal surface 
has 15 nodes ( 2 , 1 , 1 , 1 , 1 ) ; but, for a 14-nodal sur&ce, the question arises how many 
nodes are ( 3 i, 1 , 1 , 1 ), and how many ( 2 , 2 , 1 , 1 ). It was remarked. No. 13, that the 
only possible cases were 14, 0; 8 , 6 ; or 2, 12; and that we might, in like manner, 
limit the number of possible cases for other values of A; but that the inquiry was 
not then further pursued. I resume this inquiry, but without obtairung as yet a 
complete answer. 

127. It is to be observed that a line joining any two nodes is not, in general, 
a line on the surface, but that it may be so; the surfaces for which this is so 
(viz., any surface which contains upon it a line through two nodes) form, however, 

C. vn. 
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a class by themselves, which at present I altogether exclude from consideration. This 
being so, it will appear in the sequel that there is but one kind of surface having 
a node (2, 2, 1, 1), and but one kind of surface having a node (3i, 1 , 1, 1). Now there 
is a surfece. Rummer’s 14-nodal, the nodes of which are 8(3i, 1, 1, l) + 6 ( 2 , 2 , 1 , 1 ); 
wherefore the two kinds are identical, and are each of them Rummer’s 14-nodal surface. 
Similarly, for the 13-nodal surfaces, there is but one kind having a node ( 43 , 1 , 1 ), 
but one kind having a node (3, 1, 1, 1), and moreover but one kind having a node 
(3i, 2 , 1 ); and we have Rummer’s 13-nodal surface with the nodes 3 ( 43 , 1 , 1 ) 
+ 1 ( 3 , 1 , 1 , 1 ) -t- 9 (3i, 2 , 1 ) ; hence the three kinds are identical with each other and 
with Rummer’s. Moreover, there is but one kind having a node ( 2 , 2 , 2 ) ; hence all 
the other nodes must be (2, 2, 2), and we have a surface 13 ( 2 , 2 , 2) not given by 
Rummer. And in like manner for the 12 -nodal surfaces, we have the two kinds given 
by Rummer, and a third kind 12 (4a, 1 , 1 ) not given by him; the arrangement thus 
far being 


No. of Nodes. 

Cliaracter of Surface. 

16 

16(1, 1, 1, 1, 1, 1), 

15 

15 (2, 1, 1, 1, 1), 

14 

8 (3a, 1, 1, l) + 6(2, 2, 1, 1), 

13 (a) 

3(4,, 1, 1) + 1(3, 1. 1, l) + 9(3a, 2, 1), 


(/S) 13(2,2.2), 

12 (a) 12 ( 43 , 2 ), 

„ 08) 2(53. 1) + 6 (3a. 30 + 4(3, 2, 1), 

„ ( 7 ) 12(4^, 1, 1). 

128. But in the next following case we have Rummer’s surface, viz. 

11 (a) 1 ( 6 a,) + 10 (3a, 3), 

and I do not know whether one, two, or three kinds of surface having nodes (4i, 1 , 1 ), 
( 4 a, 2 ), and (Sj, 1 ). And in the next case we have (as will appear) the Symmetroid, viz., 

10 (a) 10(3, 3), 

and I do not know how many kinds of surfaces having a node or nodes Oa, (5*, 1), (4a, 2 ), 
<4. 1, 1). 

It will be observed that the present division has nothing to do with the octadic 
and dianodal division in the former Memoir. 

129. I consider a conic A = 0, and any six tangents thereof, ta = 0, 4= 0, 0, ta = 0, 

tg = 0 , <3 = 0 ; we have an identical equation which might be written ACT— = 

but it will be convenient, introducing a constant fector K, to write it 

jB being a cubic function and G a quartic function of the coordinates. 
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Consider now the series of factors, such as 

til 

lA 

sA 

UA 

VA 

WA 

where m is a constant, I a constant, s a linear function, CT, F", W Enactions of the 
degrees 2, 3, 4 respectively; and compose with one or more such &ctors an expression 
involving the term for instance, such an expression is 

('S-d + mtitstj) (}' A +m' titc) tt ; 

this is, of the form ACl + KtititaWe, viz., AQ.A(AC-&), or A (Q, + (!)-&, s&j AT- 
or what is the same thing, introducing a new coordinate w, we have a quadric function 

Aw* + 2Bw + r, 

the discriminant of which, AT — B^, is equal to the expression in question. 

130. In the sequel (®, y, z, w) are considered as the coordinates of a point in 
space; A = 0 is thus a quadric cone, ti = 0, ts*0...t8 = 0, any six tangent planes 
thereof ; and hence Avfi + 2ifw + P = 0 a quartic surface, having the point (a = 0, jr = 0, 
z = (li) for a node, whereof the circumscrihed cone AP — £* = 0 breaks up in the assumed 
manner. 

Thus, in order that the circumscribed cone may be as above 

(sA + (1/A + m%tt) 

we have only to assume 

T = G+ (sl'A + sm\ti + I'mtiUt) <g, 

and so in other cases. Observe that sA + = 0 is a cubic cone, which, so long as 

s, m are arbitrary, has no nodal line ; but establishing a single relation (say s remains 
arbitrary, but a proper value is assigned to m) it will be a cubic cone having a 
nodal line. And so UA + = 0 is a quartic cone without any nodal line, but 

by particularising the constants it may be made to have one, two, or three nodal bn pa 
S uch nodal determinations are obviously required in order that the formula may extend 
to all the before-mentioned forms of the circumscribed cone. The foregoing analysis 
is the foundation of the whole theory: I have given it, as above, apart firom the 
theory, in order that the nature of it may be the better perceived; but I have now to 
bring it into connexion with the theoiy. 

On the Beoetic Curves, A^Bg— (7,*=a0. 

131. I revert to the consideration of plane curves. The equation of a sextic 
curve (•][», y, z)* = 0 cannot be in general expressed in the form A(7— S*=0, where 

34—2 
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the degrees of A, B, 0 are 2, 3, 4 respectively; in fact, the existence of such a form 
implies that there is a conic A = 0 touching the sextic 6 times ; and since a conic 
can only be made to satisfy 5 conditions, there is not in general any such conic. 

132. Such conic, when it exists, is said to be inscribed in the sextic, and the 
sextic to be circumscribed about the conic, or to be an “amphigram;” and then, 
il = 0 being the equation of the conic, that of the sextic is expressible in the form 
in question AC—B^ = 0. It is clear that B = 0 is a cubic curve passing through the 
6 points of contact of the conic with the sextic, and that any such curve may be 
taken for the curve B ; in fact if a particular cubic through the 6 points is B' = 0, 
and the equation of the sextic is AG'-B'^ = 0, then taking p an arbitrary linear 
function of the coordinates, the equation of the general cubic is B = F+pA = 0; and 
then writing 

A=A, 

B=^F+pA, 

(7 = 0' + 2Fp + Af, 

we have 0—5’ = O' — .S'®; so that the original form .40' — 5'’ = 0 becomes 40 — 5’ = 0. 
But the cubic 5 = 0 being assumed at pleasure, the quartic 0=0 is a determinate curve. 

133. It is to be observed that a sextic curve may be an amphigram in more 
than one way: certainly in two, three, or four, and possibly in a greater number of 
ways. For the equation of the curve contains 27 constants, and hence determining 
the sextic so as to touch 4 given conics each of them 6 times, there are still 
3 constants; and the curve will be an amphigram in regard to each of the 4 conics; 
say it is a quadruple amphigram. But in the sequel we are only concerned with a 
sextic curve considered as an amphigram in regard to a given conic 4. = 0 (no 
attention being paid to the other inscribed conics, if any); and then, by what precedes, 
taking 5 = 0 any cubic whatever through the 6 points of contact, we have a determinate 
quartic curve (7=0, and the equation of the sextic curve assumes the form 4.(7 — 5^ = 0. 

134. The curves 4. = 0, 5 = 0, (7=0 contain respectively 5, 9, 14 constants ; whence 
considering the function 5 as containing an arbitrary constant factor, for the curve 
4(7 - 5" = 0, the number of constants is prirnd facie 5 + 9+14 + 1 = 29; but on account 
of the arbitrary linear function p, the real number is 29 — 3 = 26 : this is right, for a 
sextic curve contains 27 constants ; and the curve being an amphigram, there is one 
relation between the constants, 27 — 1 = 26. 

135. Suppose now that the sextic curve AG-B‘ = 0 breaks up into two or more 
separate curves, say into the two curves P = 0, Q = 0 of the orders /, p respectively; 
f+g = 6. We have 

AG-F^BQ^Oi 

and the conic 4. = 0 touching the sextic six times, must, it is clear, touch the curves 
5 = 0, Q = 0, / and g times respectively. And so when the sextic breaks up into any 
number of curves, each component curve 5 = 0 of the order / must touch the sextic 
g times. 
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136. It follows that if the sextic break up into six lines,say AG- = 

then that e^h of the lines ti = 0, ts = 0,...tg=0 is a tangent to the conic. And con- 
versely, starting with the conic A=0 and any six tangents thereof ti = 0, tjssO, ...tj= 0 , 
we have an identity of the form in question. In fact, taking any two of the tangents, 
say ti = 0 and 4 = 0 , then, if p = 0 be the equation of the line joining their points 
of intersection, the equation of the conic will be of the form 44 +j 5 »= 0 , that is, we 
may wnte A = 44 or what is the same thing, 44 = A — (Considering A. as a 
given quadric function of the coordinates, this of course implies that the implicit 
constant factors of 4 , 4 , p are properly determined.) Similarly, g = 0 being the line 
through the points of contact of 4 i 4 j ^'Hd r = 0 that through the points of contact 
of 4) 4> 'we have 44 = ri. — g® and 44 = -d.— r®; whence, to satisfy the equation 

AC -£’ = 444444, 

we have only to assume £ = IA +pqr, I an arbitraiy linear function of the coordinates, 
and the equation then gives 

0 = A’ - A (p’ + gs + r’) -f- (gV* + r’p’ +pY) + + 2(pgr. 

137. It will be observed that the grouping of the six tangents into pairs is 
arbitrary. By altering this grouping, we merely alter the linear function I, but do not 
obtain any new solution. Thus, say that the new form is £-l'A +p'q'r', then, by 
properly determining the linear function I, we can reduce this to the original form 
£=IA +pqri viz., we can satisfy identically the equation (i -Z') A +pgr-p'gV = 0 ; or 
what is the same thing, XA +pqT—p'q'r' = 0, where \ is a linear function of the 
coordinates. We have, in fact, the conic A = 0 and the cubic p)gr = 0 intersecting in 
the six points of contact any other cubic through these six points; and consequently 
the cubic p'q^r' = 0 must be expressible in the form XA+pqr = 0, and we have thus 
the identity in question. 

138. We have just seen that the value of £ is necessarily of the form £ = ZA +pqr, 
but we are not concerned with its expression in this particular form. What we require 
in the sequel is a value of £, and thence one of G, satisfying the identity in question, 
AH —£’= 444444 j or what is the same thing, introducing for convenience a constant 
factor K, the identity 

AG-& = Ktit3ttt^t,ie. 

139. Instead of C, I write F, and consider the sextic amphigram Ar-£* = 0 

touched by the conic A = 0 in the points of contact of the conic with the six tangents 

4 = 0 , 4 = 0 , ...4 = 0 . Suppose the sextic curve breaks up into factors; if one of 
these factors is a hne, it is one of the six tangents, say the tangent 4 = 0 . If there 
is a conic fector, this is a conic touching the conic A =0 at its points of contact with 

two of the tangents, say the equation is ZA-hTO 44 = 0 . Similarly, if there is a cubic, 

quartic, or quintic factor, then the equation hereof is sA-hm444=0, UA +»?i4444 = 0, 
or FA + mi4444=0. Or going on to the next case of a sextic factor (being of course 
the whole curve), we may say that this is FA +771444444 = 0 . (Observe that since 
AH-£’ = ir444444, this means only that the equation of the sextic amphigram is 
of the assumed form AF — £“ = 0.) 
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140. By what precedes we can, for a sextic amphigram which breaks up in any 
assigned manner, determine the value of F. For instance, let the amphigram break 
up into two cubic curves; say these are sA+7ntitits = 0, s'A + m%tste=:0. Assume 


then this equation is 


that is, we have 


AF ~B‘ = (sA + (s' A + rn't^tsfe), 




AF — 5“ = — ; {ss'A** + (sm'tMe+s'mtititi) A} 4- AG — jB= ; 


K 

T = C-b (ss'A + 


and so in any other case. 


I have already adverted to the question of the nodal determination” of the 
formulse, and it might he properly here considered; viz., the question is as to the 
determination of the constants in such manner that, for instance, sA^mtit^t^^Q may 
be a nodal cubic, UA + mt^t^t^t^^O a nodal, binodal, or trinodal quartic, &c. ; but I 
defer it for the moment in order first to apply the theory to the quartic surfaces. 


AppUcatioji to Qmrtic Surfaces, 

141. If a quartic surface has a node or nodes, we may take for a node the point 
ir-O, y = 0, ^ = 0; the equation of the quartic surface is then of the form 

AuJ^+iBw + T^O, 

where A^ B, T are functions of Xj y, z of the degrees 2, 3, 4 respectively. j 1 = 0 is 
the tangent quadncone at the node in question ; and the circumscribed cone is 
— 5^=0. By what precedes, this is an amphigram touching the quadricone along 
six generating lines thereof; say the tangent planes of the cone J. = 0 along these 
six lines respectively are ii = 0, 4 = = We have then an identical equation 

viz., regarding for a moment this equation as an equation for the determination of B, 
and S' as any particular solution thereof, then its general solution is B' + tAf where 
i is an arbitrary linear function of (a?, y, z), and the B in the equation of the surface 
is properly -S' + tA. But by the substituting in place of w, the B of the 
equation of the surface would then be made =B'; and it thus appears that we may, 
without loss of generality, take the B of this equation to be auy parUcular value 
satisfying the identity in question; and then, B having such particular value, (7 is a 
quartic function of (a?, y, z) completely determined by the same identity. And we then, 
by what precedes, at once determine T so that the circumscribed cone AF — 
may be a cone breaking up in any assigned manner; for instance, if it be a cone 
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<3, 3), then, as just mentioned, the two cubic cones are sA-hmtititi = 0. s'A + m%titt = 0: 
and r has the value 

K 

^ ~ ^ + sm'tAstt + s'mtjhti), 

7 / 67/6 

above obtained. 


On the Nodal Determination. 

142. I am not able to discuss with much completeness the question of nodal 

determination. We have to consider a cubic curve s4 + = 0, a quartic curve 

UA+mtit^t^tt^O, &c., as the case may be, and to determine the constants so that 
this shall have a node or nodes. Consider for a moment the form PA + tiQ = 0, where 
Q denotes the product mt^ti... of all or any of the tangents t^,.. 4; the orders of 
PA, tjQ are of course equal, that is, the order of P is less by unity than that of Q. 
I say that, by establishing a single relation between the constants, this may be made to 
have a node at the point of contact A=0,ti = 0. In fact, writing A + 

where v are arbitrary, there will be a node at any point if for that point 

A (PJ. + tff) = 0. But for the point = 0, = 0 this becomes PAjI + QAti = 0 ; 

moreover, if t = 0 be any other tangent of the conic 4. = 0, and if js = 0 be the line 
joining the points of contact of the tangents t, ti, then we may write A=tti —p^, and 
thence (since at the point in question, J. = 0, ti—O, we have also p = 0) we find 
AA = tAti, and the foregoing equation thus becomes (tP + Q)Ati = 0; viz., this equation 
is satisfied irrespectively of the values of p, j;, if only at the point in question 
(that is, for the values of the coordinates which belong to the point = 0, = 0) we 

have tP + Q = 0, which is a single relation between the constants. 

143. In particular the cubic curve s.4 + mtit^ts = 0 may be made to have a node 
at the point of contact of any one of the three tangents ; the quartic curve 
UA + mtitfiti = 0, a node, or two or three nodes, at the point or points of contact of 
any one, two, or three of the four tangents; and so in other cases. These are not 
the only solutions, and they are in fact solutions which (as afterwards explained) 
I propose to reject, attending in each case only to the remaining or proper solutions 
of the problem. 

144. To obtain in a different manner the foregoing result, consider again the 
cubic curve sJ. + mtit^ti = 0 ; regarding this as a given curve, the conic = 0 is a conic 
determined (not of course completely) as a conic having therewith 3 points of 2-pointie 
intersection ; viz., if the cubic has a node, then the cone .4 = 0 is either a conic 
passing through the node and besides touching the curve twice, or else it is a conic 
touching the curve 3 times; the former is of course the above mentioned case where 
there is a node at one of the points of contact on the conic ji = 0; the latter is 
regarded as the proper solution. So in the case of a quartic curve lIA+mtitai^t = 0, 
regarding this as a given curve, the conic = 0 is a conic having therewith four 
points of 2-pointic intersection; viz., if the quartic curve has one, two, or three nodes, 
then the conic is either a conic passing through one, two, or three node^ and besides 
touching the quartic thrice, twice, or once; or else it is a conic touching the quartic 
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four times. The former is the above mentioned case where there is a node or nodes 
at a point or points of contact with the conic -4=0; the latter is regarded as the 
proper solution. 

145. To fix the ideas, and at the same time obtain a result which will be 
afterwards useful, I work out the formulae for the cubic curve 5-4 + = 0, taking 

this equation under the form 

+ H (ic® + y* + -2^^ — 2y.s: — — 2xy) + mxyz = 0. 

\A. fM V J 

This may have a node in two different ways; viz., 

1®. At the point of contact of one of the tangents « = 0, 3 ^ = 0, — 0 with the 

conic A = 0; say at the point of contact of x = 0, that is, the point a! = 0, y — a = 0. 

4 4 11 

The value of m is =~+~> hence “ = + e,nd, substituting, the equation of 

the curve becomes 

- 2a: (y + z) + (y - z)=} + i 7»z (» + 2/ - zf = 0, 
which has obviously a node at the point in question. 

2°. The node may be at a point not on the conic A = 0, viz. the value of m 

. (X, + /t + v)® , . 

IS =-^ — the equation is 

(^ + ^ + ^) («* + y® + 2® - 2yz - tzx - ’key) + 

In fact, writing for shortness 

— \ fi -h V = L, 

X — fi + v = M, 

\ + li — v = If 
\ -h y -i" V ~ P, 

the node is at the point x : y : z^LX ; Mfi : iW; which is at once verified, if we- 
remark that, writing for convenience x, y, z = L\, Mfi, Ifv, then we have 

- x + y + z = ME, 
x — y + z = EL, 
x + y~z = LM, 

^ + ^ + ^ = a? + ^ + 2 ® — 2yz — 2za: — 2a^ = — LMNP (= A). 

For, of the three equations for the coordinates of a node, the first is 
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that is, for the values in question, 

- ^ LMNP + P (- mN) + ~ MNyi.v = 0, 

that is 

^ LMNP » 2XilfiVP + P^^MN = 0, 

or, finally, — Zr“2X-fP=0, which is satisfied; and similarly the other two equations 
are satisfied. 


Quartic Surfaces resumed. 

146. Passing now from curves to cones, and to the theory of the quartic surface, 
suppose that there is a component cone having a nodal line, say the cubic cone 
sA +m^i^2^8=0: if the remaining factor is then we have 

K 

-4 r - P* = ~ {sA -f 

Suppose the nodal line is a line of contact with the cone -4=0, say its equations 
are ^i = 0, p = 0 (p a linear function), then sA-^rmiiUt^ is a quadric function pr), 

(of course with variable coefficients); hence AT — B- is a quadric function; and A 
being a linear function p), it follows that S is a linear function, and thence 

that r is also a linear function; that is, J., P, T are each of them a linear function 
p)i OT the line in question (viz. the line of contact 4L = 0, = 0) is a line on the 

quartic surface Av/^ 4* 2Bw + P = 0. As already mentioned, I exclude from consideration 
the surfaces which have upon them a line through two nodes; that is, I exclude 
jfrom consideration the case in question where any component cone, or say where the 
sextic cone, has a nodal line which is a line on the tangent cone -4 = 0, 

147. Now, excluding the case just referred to, I assume as a postulate that there 

is hut one way in which the cubic cone $A + mt{t^t^ = 0 can be made to have a nodal 

line, or the quartic cone UA + mtit^t^t^ = 0 one, two, or three nodal lines &c., as the case 

may be. It is to be understood that this does not mean that the constants are in 

any of these cases completely determined, but that there is between them a relation 

or relations constituting a general solution which includes in itself every particular 
solution whatever. I have no doubt that as regards the cubic cone at least the 
assumption is correct. This being so, the character of a single node determines the 
nature of the surface; for instance, if there is a node (3i, S), then taking this as 
the point (iK = 0, y = 0, the equation of the surface is -4z®+2Pi(; + r = 0, where 

r = ( 7 + (5/-I + VstJktu + 

a surface of a determinate nature; so that the character of all the remaining nodes 
is completely determined. 

148. The point to he attended to is, that if for instance there were two essentially 
distinct ways of giving the cubic cone sA+mti<,^ = 0 a nodal line (such as there 
would be if the excluded case were considered admissible), then the foregoing equation 

c. vn. 35 
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of the surface would or might include two distinct forms of equation applying to 
different kinds of surface. The conclusion is that there is but one kind of quartic 
surface having a node (3i, 3). Admitting this, and similarly that there is but, one kind 
of quartic surface having a node 6^, it follows that if (as the fact is) there is a 
surface having the nodes 1 (6io) + 10 (3i, 3) (Kummer’s 11-nodal surface), then that the 

two first-mentioned kinds are in fact each of them this last-mentioned kind of 

surface; and it was in this manner that I arrived at the enumeration given near the 
beginning of the present Memoir. 

149. The reasoning is, of course, in place of a direct demonstration which would 
consist in showing that a surface having a node (3i, 3) has 9 other like nodes, and 
also a node 6io; and that a surface having a node 6io has 10 other nodes (Sj, 3); 

and that, starting from either form of equation, we could, by passing to a node of 

the other kind, obtain the other form of equation. 


Enwmraiiion of ike Oases. 


150. I collect the results as follows : I call to mind that we have always the identical 
equation AG — that the equation of the surface is AuP+^Bw -vV 

and that the circumscribed cone is AT — E = Q. The equation of a surface having 
different kinds of nodes will assume different forms according as the origin (or point 
aj = 0, y = 0, z — 0) is taken to be at a node of one or other of these kinds; these 
forms of the equations are distinguished as “node-forms,” — viz., we speak of the node- 
form '(3i, 3) when the oiigin is a node (8i, 3), and so in other cases. 


The 16-nodal surface 
node-form 
cone is 
and 

viz., equation is 

The 15-nodal sur&ce 
node-form 
cone is 
and 


16(1, 1, 1, 1, 1, 1), 
( 1 , 1 , 1 , 1 . 1 , 1 ), 
= 0 , 
r = (7; 

-b 2Bw +0 = 0. 
15(2, 1, 1, 1, 1), 

( 2 , 1 , 1 , 1 , 1 ) 
(^A -|- “ 0 , 
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The 14-nodal surface 
node-form 
cone is 
where 
and 


8(3„ 1, 1, 1)4- 6 (2, 2, 1, 1), 

( 3 „ 1 . 1 , 1 ), 

(s-4 4* “ 0, 

5j4 4-m^44=0 is a nodal cubic 3i, 

r = (7 H tjists ; 

m 


node-form 
cone is 
and 


( 2 , 2 , 1 , 1 ), 

{lA 4- {I' A 4- m%Q = 0, 

r = 0 4- (ll'A + -h I'mtiU) UU. 


The 13(a)-nodal surface 

3(4,, 1, 1) + 1(3, 1, 1, l)+9(3i, 2, 1), 


node-form 

(43. 1, 1). 

cone is 

{TJ “1“ “ 0) 

where 

TJA +TOtii3<sf4=0 is a trinodal quartic 4,, 

and 

V = G + -UU-k-, 


m 

node-form 

(3, 1. 1, 1), 

cone is 

(a^ “h ^4^6^ ” 9, 

and 

„ „ K 


T = C + —stifstti 


m 

node-form 

(3i, 2, 1), 

cone is 

(sA + miititi) {I'A + m%ts) = 0, 

where 

sA +J7iii<jfj = 0 is a nodal cubic 3i, 

and 

r = 0 + (sl'A + m' Stitt + 

mm 


35—2 
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The 13 (j8)-nodal surface 
node-form 


cone IS 
and 


13(2. 2. 2). 

( 2 , 2 , 2 ). 

QA -t- mil 4) {VA -1- m%t^ {I" A -1- = 0, 


K 


r = a -h — {IIT A^ + {ITmtit, 4- + n'm'%ts) A 

WMTtt 


The 12(a)-nodal surface 
node-form 
cone is 
where 
and 


12 (4„ 2), 

(4s. 2). 

( UA + mtytihti) {JIA -F m'isis) = 0, 

JI4 -I- mii^isi4 = 0 is a trinodal quartic 4„ 


r = 0 + — , 0! TIA -f m' Ufjie -t- Vmki 
mm 


The 12(y8)-nodal surface 


node-form 
cone is 
where 
and 


2 (5s, l)-t-6(3i, 3,)-t-4(3, 2, 1), 

(5„ 1), 

( TA + is = 0, 

Fj4-t-mii<2i3i4i6=0 is a 6-nodal quintic Ss, 


r=a-hf Fis; 

m 


node-form 


cone IS 
where 


(3i, 3i), 

{sA + {s' A -f = 0, 

sA^wJbit^tz — ^ and s'A + mXt^tQ — O are each of them a nodal cubic Si, 


and 

node-form 
cone is 
and 


K 

r = (7 -1 , {ss' A 4- ; 

mm 

(3, 2, 1), 

{sA -f m#i4<3) QIA + mVs) U = 0 , 
r = C -I- {tsA -f mlski, -1- I'miitit,) t,. 



454] 


A THIRD MEMOIR ON QUARTIC SURFACES. 


277 


The 12 (7)-nodal surface, 


node-form 
cone is 
where 
and 


12 (4„ 1, 1), 

(4, 1. 1). 

{ C7A "1“ 

UA +mtitititi=0 is a binodal quartic 42, 

T=c+-m,t,. 

m 


The 11 (a)-nodal surface. 


node -form 
cone is 


1 ( 620 ) -h 10 (Si, 3) 

(61.), 


WA + = 0, 


where this is a 10-nodal sextic 610, 
and 


r = C'-l--Tr; 
m 


node-form 
cone is 
where 
and 


(3a, 3), 

(^-d *i- 772.^1^2^3) (5 -d 771 — 0 , 

is a nodal cubic 3i, 

K 

r = (7+ — > Css' A + in'sUUU + 
mm 


Other ll-nodal surfaces, 


node-form 

01 

cone is 

(^'V'A -h — - 0, 

where 

VA + mtit 3 t 3 tits = 0 is a 5-nodal quintic Oj, 

and 

C'=r-f-F)5, = 0; 
m 

node-form 

(4„ 2), 

cone is 

( UA -h QIA + m%tt) = 0, 

where 

UA+mtitititi = 0 is a binodal quartic 42, 

and 



r = 0 -1 > (JfUA + “b I \ 

mm 
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node-form 
cone is 
where 
and 


(4. 1, 1), 

( Xf-A^ “ 0 , 

UA + mtititati is a nodal quartic 4i, 


but whether these node-forms belong to the same or to different surfaces is not 
ascertained. 

The enumeration is not extended to the 10-nodal surfaces, but I consider one case 
of these surfaces. 


The 10 {a.)-nodal surface 10 (3, 3). 

151. I assume only that there is a single node (3, 3): taking the cone to be 

(sA -I- mtitits) {s' A + m'titstt) = 0 ; 

then for the equation of the surface, in the node-form (3, 3) in question, we have 


r = 0 -1- {ss'A + smtjiite s'mtitsts). 

But I present this result under a different form, as follows: I write 
A —jf 4" ftit^ “ 2 ^ *4* ^^^3^4 — ^ “ 1 - htst^f 

where /, g, h are constants, and, as before, p = 0, q = Q, r=0 are the lines joining the 
points of contact of ti, t,; # 4 ; and t,, t, respectively: we have 


sA - 1 - = sA+‘mti ^ — ■j^'j , and s' A + m'tifiU = + m '#4 > 

or in place of s, s' introducing new linear functions o-, <t', the cubic curves may be 
taken to be <rA — <r'A — ^ so that we have 

^ H - 7?*^) - T ’"*“) ■ 


whence B = (P?’” + ^■^)> wtere < is a linear function of the coordinates ; and 


we 


then have 


^ " T 7 
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■where A may be considered as standing for The equation jiw’ + 25w + r = 0 

of the surface, substituting throughout for A its value, is therefore 


( 3 ® + ghU) + 2 j {pqr + t{^ + gtiQ] w 


■ ^ ^1) v] [f (3= + gt^,) + 2 tpqr} = 0, 


■ <r (3“ + gtiti) - jo"' (q^+g^’t) - ^ • = 0. 


K\i . 


where the cone is 


152. Writing in the equation of the surface w instead of w, it becomes 
( 3 ® + gt^ti) v^ + 2 [pqr + t{q^ + gtiQ] w 

+ + +t‘{f+gt3ti) + 2tpqr = 0-, 

and then ■writing ^ <r and ^ <r' for a and o-' respectively, this is 

(s'* + gt^t^) io* + 2pqrw + 2tw ( 3 ^ + gt^t^ 

+ g {f + - ot=^ 4 - o'P* 4 + ^ + ^* (3* + S44) + 2tp3r = 0. 

y 

We may consider as denoting not the functions originally so represented, but 
these functions each multiplied by a suitable constant, and thereupon write ^ — 1 ; 

viz., ^ — 0, ^4 = 0, will now denote any two tangents to the conic J. = 0, the implicit 
factors being so determined that jd = The equation of the surface is 

( 3 * - + ^qrw + 2tw ( 2 ® - t^t^) 

- a<r' ( 2 ® - t,t,) + 0T®i4 + <^'p% +f^ + f {t + 2pqrt = 0 ; 

viz., this is 

( 2 ^ - tsU) [(w + - ora] + 2pqr (w + t) + + afU + = 0 , 


the sextic cone being 


{c7 ( 2 ^ - %t,) -'p%] {(r' ( 2 ^ - UU) - r®^4} = 0 . 


153. But the foregoing equation of the sur&ce is 

~cr', W + , T =0, 

W + % -a, P , . 

. , p , ^4 , 

r j . , — 3^ ^3 

as is at once seen by developing the determinant ; the functions ^4/ + i, <r, o’ , p, t, 
are all of them linear; and the determinant is thus a symmetrical quartic determinant 
the terms whereof are linear functions of the coordinates ; viz, the surface is a 
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symmetroid. That is, a surface having a single node (3, 3) is a symmetroid; hut I 
have shovsrn (Second Memoir, No. 116) that a symmetroid has each of its ten nodes 
(3, 3); wherefore the surface having a single node (3, 3) is the 10(o)-nodal surface, 
nodes 10(3, 3). 

154. Start from two cubic cones (7=0, F=0, having each the same vertex 
(a; = 0, y = 0, z = G)\ we may in a variety of ways determine the two cones aC7+(8F=0, 
<yU +BV —0, having a common inscribed quadric cone j 1 = 0 (viz., a : S being assumed 
at pleasure, then j : S will be determined; not, I believe, uniquely, but I do not 
know what the multiplicity is). This being so, the quadric cone = 0 is uniquely 
determined; and then, assuming at pleasure the plane w = 0, the 10(a)-nodal surface 
Aii/‘ + 2Bw + r = 0 is uniquely determined : consequently the remaining nine nodes are 
determinate points on the nine Imes (7=0, F= 0 respectively. And we have thus 
a system of ten points in space such that, joining any one of them with the i-emaining 
nine, the nine lines so obtained are the intersections of two cubic cones, or say that 
they are an ennead of Hnes. 


Natation f 01 ’ the Cases afterwards considered. 

155. I proceed to further develope the theory of some of the different surfaces. 
The same node-form of equation will, of course, assume different shapes according to 
the actual expressions in terms of the coordinates («, y, z) of the several functions 
A, &c., which enter into it. I have found it convenient to attribute to A and B 
certain specific values which are not in every case those of the coefficients of w®, w in 
the equation of the surface ; this means that we must, in the equation of the surface, 
substitute new symbols for these coefficients, and write the equation say in the form 
A'vf + 2B'w r = 0 ; the change of notation, when it occurs, will be duly explained. 

156. It is in general (but not always) convenient to take the equation of the 

cc z 

tangent cone to be a? + y^+i^ — 2yz — 2zx — 2(vy=0-, for then any plane - + ^ + - = 0, 

a p 

where a+^ -1-7 = 0 , will be a tangent plane; so that six tangent planes may be 
represented by x = 0 , y = 0 , z=0, and by three equations of the form just referred to. 
And in' reference to this assumed form of the equation of the tangent cone, and to 
what follows, I write 

a + S H" 7 — 0, 
a' + S' +'/ = 0 , 
c^' + S"+f' = 0, 
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r =/8 {a'a" z-y'y"a;), 
Z =y (/9'r®-a'a"y). 

X'=a' 

T (a"a z-y"yx), 
Z' = 7 ' i^'0x-a.''ay), 

= iyy'y-^^z), 

T ol'z-j y'x), 

Z" =7"(/3y3'a!-aa'y), 


A = sc^+^+zi^ — %yz — 2 xy, 

B = add' {fz — yd) + (^‘x — zd) + 777 '' (dy - xy^) + Mxyz, 

0 = {aa'd'yz + BB'Y^x + yyy'xy)- ; 
where 

M=iB -7 )aV' + (7 -a)B'B''+{x -B )yY> 

= (/S' - 7 ' ) d'a + ( 7 ' - a' ) B^'B + {d - B' ) 7' 7 . 

= {B" - 7 ") ad + ( 7 " - d') BB' + (a" - B") 7 7 . 

= - i P - 7) (B' - y') {Y - 7") + (7 - «) (7 - “0 (7" - O +{c^-B) id - iS') (a" - / 3 ")} ; 

also 

K=iadd'BB'B"ryY 

and we have identically 




+ 


+ 1 - 

/3'^7vU iS" 


+ 



The IQ-nodal Surface 16 ( 1 , 1 , 1 , 1 , 1, 1). 

157. Kummer starts from an irrational equation, which is readily converted into 
the following 

fx{Z -w) + fy(y-w) + 'Jz{Z-w) = 0, 


and then, rationalizing, we have 

Aid + 2Bw + C=0, 


where as above 

AG-B‘ = KxyzPF'F'. 


This agrees with the foregoing theory ; viz., the point (a; = 0 , y = 0, z = 0) being a node, 
the rationalized equation must, of course, be in the node-form ( 1 , 1 , 1 , 1 , 1 , 1 ), (being 
the only node-form); and the symmetry of the formulae enables us at once to write 
c. vn. 36 
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down the equations of the 16 singular planes, and thence to deduce the coordinates 
of the 16 nodes; viz., 


the singular planes are 

and the nodes 

are 



(1) 

so =0, 

(1) 

( 0 , 

-/S, 

7 . 

«'a"yS7 ), 

(2) 

y=o, 

(2) 

( « > 

0 , 

-7. 

/e'yQ"7« ), 

(3) 

z=0, 

(3) 

(-«. 


0 , 

7Y'«/S ), 

(4) 

w = 0, 

(4) 

(aV', 


7V'> 

0 ), 

(•5) 

X — w=0, 

(3) 

( 1 . 

0 , 

0 , 

0 ), 

(6) 

F — w = 0, 

(6) 

( 0 , 

1 , 

0 , 

0 ), 

0) 

Z —'10 = 0, 

(7) 

( 0 , 

0 , 

1 , 

0 ), 

(8) 

P = 0. 

(8) 

( 0 . 

0 , 

0 , 

1 ). 

(9) 

X' — M» = 0, 

(9) 

( 0 , 

-/S', 

/ 

7 » 

a"aySY). 

(10) 

F —10=0, 

(10) 

( «' > 

0 , 

-7'> 

/S"/37'a'), 

(11) 

£'-■10 = 0, 

(11) 

(-«'. 

/S' , 

0 , 

7 ' W ), 

(12) 

r =0, 

(12) 

(a"«, 

/8"/8, 

// 

7 7> 

0 ), 

(13) 

X"-w = 0, 

(13) 

( 0 . 

-/3". 

7 > 

aaW'). 

(14) 

T"-w = 0, 

(14) 

( «" . 

0 , 

” 7^^ 

ySS'7V'), 

(15) 

Z" -■w = 0. 

(15) 

(-«"> 

/S". 

0 , 

77'a"/e"), 

(16) 

P" =0, 

(16) 

(«(/, 

/8/8', 

77 ' » 

0 ), 


where the nodes and planes are numbered as by Kummer; and by means of his 
(differently arranged) diagram of the relation between the several nodes and planes, 
I was enabled to form the following square diagram, which exhibits this relation in, 
I think, the most convenient form. To explain this, observe that in the upper and 
left-hand margins, the numbers refer to the nodes; in the body of the table, and in 
the right-hand margin to the planes, the table shows that for the node 1, the 
circumscribed cone is made up of the planes 1, 6, 7, 8, 9, 13 ; and that the remaining 
15 nodes are situate on the nodal lines of this cone, the node 2 on the intersection 
of the planes 7, 8; the node 3 on the intersection of the planes 6, 8, and so on; 
and the like as regards the other lines of the table. 
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158. The before mentioned irrational equation may be written 

ViT5 +VO +V3T7 =0, 

and by sjrmmetry we see that also 

VO +VOo + VOi = o, 

VTTTs + V04 + VOF = 0; 

viz., these are three equations each containing the planes 1, 2, 3, which are three of 
the planes belonging to the node 1 ; the other three planes in any such equation 
(for instance, the planes 5, 6, 7, in the first equation) being three planes belonging to 
another node. Instead of the planes 1, 2, 3, we may have any other three planes 
belonging to the node 1; and instead of the node 1, any other node; but each 
equation belongs to two nodes; the number of equations is thus 

^^|^x16x3h-2, =480. 

159. To obtain the planes belonging to any such equation, combine any two of 
the outside right-hand lines of the diagram, these contain in common two numbers 
the places of which are interchanged; striking these out, we have four columns, and 
taking out of these any three columns, we have the corresponding sets of planAa Por 
instance, lines 1 and 2 contain 78 and 87 respectively; striking these out, the lines are 

1. 9, 13, 6; 

2, 10, 14, 5; 

whence we have the sets (1, 9, 13) and (2, 10, 14); viz., there is an irrational equation 
of the form 

VO + VOO-b Vi37l4 = 0, 

but it is probably necessary to introduce constant fectors along with the products 
1.2, 9 . 10, and 13 . 14 respectively. There are ^ 16 . 15, = 120 pairs of lines, and each 
line gives 4 equations ; in all 120 x 4, = 480 equations, as above. 

160. I stop to remark that Kummer gives for his 13-nodal surface an equation 
containing three arbitrary constants, say X, /t, v, such that, putting one of these = 0, 
we have the 14-nodal sur&ce ; putting two of them each = 0, the 15-nodal surface ; 
putting all three of them = 0, the 16-nodal surface. The equations for the 16-nodal 
surface and that for the 14-nodal surfece, made use of by Kummer, are, in fact, those 
deuced as above finm the equation of the 13 (a)-nodal sur&ce: and the like form 
might have been used for the 15-nodal surface. But the form actually used by 
Kummer, as presently appearing, is an equivalent form not thus deducible from the 
equation of the 13 (a)-nodal surface. 
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The lo-nodal Surface 15(2, 1, 1, 1, 1), 

161. Kummer’s equation is readily converted into the folloTOng: 

Kl 

Avfi + + (7h xyzP — 0, 

m ^ 

the circumscribed cone being thus 

{lA + mFP")xyzP = 0, 
and the equation being in the node-form (2, 1, 1, 1, 1). 


The formulae for the 15 nodes and the 10 singular planes depend upon a quadric 
equation, for the symmetrical expression of which I write 

aoL p rsf p p — fya=77 — a p = m, 
aOL — P7 =pp —7a =77 — ap =-or; 


so that 

- «■ = S'f - 0"y = 7 a" - 7 V = a'S" - a" S', 

CO + Si = a' a" +0S" + yY‘ 


the equation in question then is 


Kl 




SO that, calling the roots of it pi, ps, we have 


Pi+pi = (0 + -sr, piPi=cosr + 


Kl 

icLfiffni ’ 


or we may write 


if for shortness 


Pi = i (® + «■ -I- V^)j — i + yy" + V 

p, = K® + - Vil), = i («'«" + jS'jS" + yy - Vn), 


fl = (cB — w)® — 


Kl 

aSym' 


162. I write also for shortness 


a = (y 8 - 7 )aV' +ai00' -y'y'), 
h = iry-a)00' + S{y'y"-oL'ci!'), 
o:={a-S)yY +y{a'<P- 00 '); 
and 1 say that the singular planes are 

( 1 ) (1) a; = 0, 

(2) (2) y = Q, 

(8) (3) z = 0. 
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( 10 ) _l(r-».)+(ft-»)(i+5).o, 

(.1(11) -i(Z'-») + (p.-»)(2+|).0, 

m (13) - j-(Z"-») + (p,— )(|+^) = 0, 

(S, (14) -l(r'-») + (,.-»)(;i + 5)=o, 

») (16) -^(Z"-„) + (p,-..)(f+|).0, 

(10) (8) P = 0; 
and that the nodes are 

(1) (1) ( 0 , -A 7 . “'“"/Sy). 

(8) (2) ( a , 0 , - 7 , 

(з) (3) (-a, ^ , 0 , 7'7"a ^ ), 

W (9) { 0 , P 1 - 7 Y, «(Px-7V'){ft-mi, 

(6) (10) {-(p,-yY), 0 , p^-dd' , )3(pi-aV')(ft-7y')}. 

(6) (11) { . -(p,-dd'), 0 , y(p.-m{p.-«^d')}. 

(« (13) I 0 . p,-y'y" , -(pi-m. «(p=-77")(Pi-i3'r)K 

(8) (14) {-(pi-7V')i 0 , p,-dd' , ^(p,-dd')ip,-yY)}, 

(9) (15) { ps-/8'i3" , -iPi-dd'), 0 , y{p,-mip.-dd')], 

( 10 ) ( 8 ) ( 0 , 0 , 0 , 1 ), 

(и) (5) (1, 0, 0, 0), 

(19) (6) (0, 1, 0, 0), 

(IS) (7) (0, 0, 1, 0), 

(U) (16) (4a(a-aVn), iyio-y^/Cl), , 

(13) (12) (ia(a + aVllX JyS (h + ^3 ^11), i7(c + 7Vn). ^) • 


163. The small reference numbers are those used by Kummer. It is, I think, 
better to retaia the reference numbers belonging to the case of the 16-nodal surface; 
viz., there are here given, large, 1, 2, 3, 8, 9, 10, 11, 13, 14, 15 for the planes, and 
1, 2, 3, 5, 6, ... to 16 for the nodes. Belonging to each node (that is, with the node 
as vertex) there is a quadric cone passing through 8 other nodes; and each node lies 
(exclusively of the cone whose vertex it is) in 8 such cones. We have thus the 
following square diagram: 
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164. The arrangement is the same as in the 16-nodal square diagram; only, in 
the right-hand margin, a bracket (6, 7) denotes that instead of the planes (6, 7) we 
have a quadric cone; which cones are, in the body of the table, denoted by G. Thus 
for the node 1 the sextic cone is made up of the planes 1, 8, 9, 13 and of a quadric 
cone (6, 7), = 0 : the remaining 14 nodes lie on the nodal lines of the sextic cone, 
viz., the node 2 on an intersection of the cone G with the plane 8, the node 3 on 
an intersection of the same cone and plane, the node 5 on the intersection of the 
planes 9, 13, and so on. 


The Equation of the \o-nodal Surface, as deduced from that of the 12(a)-nodal. 

165. If, in the equation hereafter given for the 13-nodal surface, we write v = 0, 
li = 0, or (what is the same thing) in that of the 14-nodal surface we write /i—0, the 
form is 

nP (A + 4tkyz) 

+ %w {B — ^\yz X) 

-h 0 = 0. 


The circumscribed sextic cone is thus (2, 1, 1, 1, 1), 

(fjoPyz + ^aP -h <^axy + a^xz) yz (F - piF') (F - p«P") = 0, 
where pj, pa now denote the roots of the equation 


The singular planes are 

(4) 

( 12 ) 

(16) 

( 3 ) 

( 2 ) 

(15) 

( 11 ) 

(14) 

( 10 ) 

( 5 ) 


X (pa - d'f - (® - pa'«" = 0. 

w = 0, 
P'-P:P" = 0, 
F-p,F' = 0, 
z=0, 

y=o, 

^P,(^Z'-W)-{Z"-W) = 0, 

^Pa(F-w)-(r"-w) = 0, 

|^,pa(r-'a;)-(F'-«f) = 0, 
X— w = 0, 


and we have then the same square table as before: the c50ordinates of the 15 nodes 
may be obtained without difficulty. 
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166. The form is really equivalent to that first considered in regard to the 
1.5-nodal surface. To show that this is so, we have only to arrange according to powers 
of viz., the equation thus becomes 

a? {{rfyj f + + W^'^'zw + ^y"wy + 20^^'T/Yyz] 

+ 2ai \^'y"a7!t^'y^z + H- — zvf — vfiy — yyy"w]^ + Myzvj\ 

+ (add'yz ■\-wy — wzf — iXyzw (X — w) = 0, 

where, if for a moment A denotes the coefiScient of a?, we have y = 0, z = 0, w = 0, 
X — w = 0, four tangent planes of the quadric cone j1 = 0. 


14i-nodal Surface 8 (3i, 1, 1, 1) + 6 (2, 2, 1, 1), Node-form (3i, 1, 1, 1). 


167. In the equation hereafter given for the 13-nodal surfece, writing v = 0, the 
sextic cone becomes 

^z Q^y^z + nS^ZD? + + yaaoy^ + a^xyz) (F' — piP") (P' — p«-P") = 0 ; 

viz., this is of the form in question (3i, 1, 1, 1); and the equation of the surface is 

+ 4 (fy + pjz) z — Ak/iz^ 

+ 2/0) [B — 2 (XyX + /i® 7) «} 


+ a=o. 

The singular planes are 

v) = 0 , 

F-p,F" = 0, 
F-p,F' = 0, 
z =0, 

^p,(Z'-w)-(Z"-w) = 0, 

and the nodes are 

( 0 , 0 , 0 , 1 ), 

( 1 , 0 , 0 , 0 ), 

( 0 , 1 , 0 , 0 ), 

( 0 , 0 , 1 , 0 ), 



C 

1 


FF' ’ 

aV' ’ 

<^'F'f-o^Ff'Pr )■ 

F'-Fp. 

0 

ryV'(i8"-)8'ft)(a"-a'p,)^ 

FF' ’ 

a'a" ’ 

d'F'f-^Ff'p^ r 


(4) 

(4) 

(12) 

(2) 

(16) 

(3) 

(3) 

(1) 

(15) 

(6) 

(11) 

(5) 

(8) 

(1) 

(5) 

(IS) 

(6) 

(14) 

0) 

(5) 

(11) 

(4) 

(15) 

(8) 


37 


c. vn. 
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( M ^00' yyY ft >1 

0'-0Pi’ '/'-yW r 

(16) ( 7 , 

( 00 Cl' fi00' ri'y" ft 

0'-0P.’ y"-yW )’ 

(12) (s) 

( 00' , 00' , 7V' , 0 ), 

(4) (6) 

( -« , /S , 0 , 7V'«A 

two nodes on line 

(3) (2) 

y^,^,p,(2'-w)-(Z"-w) = 0 , F-piF' = 0 , 

yO p 

(IS, 14) ( 9 , 10 ) 

and two nodes on line 


y^,p,(2'-w)-iZ"-w) = 0, F-p,F'^0, 

(9, 10) (11, 12) 


where the lai’ge numbers are those for the 16-nodal surface, the small numbers are 
Rummer’s. 

168. In these formulae, pi, p^ denote the roots of the equation 

+ iX0^ + pa:^)(a"0y 

- 2 ^0' + pa’a" + (® - pa'0(i"0' = 0 . 

169. The relation of the nodes and sextic cones is given by means of the square 
dia^m on the opposite page: 




on 4,16 04 04 4,11 OIG 016 016 11,10 04 011 Oil 
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where the arrangement is the same as before; only in the right-hand margin, a 
bracket (5, 6, 8) denotes that, instead of the planes 5, 6, 8, we have a nodal cubic 
cone (5, 6, 8), which is in the body of the table referred to as C, and the nodal line 
thereof by x ; and the brackets (2, 5), (9, 13) denote that, instead of the planes 2, 5, 
we have a quadric cone (2, 5), and instead of the planes 9, 13, a quadric cone (9, 13); 
which cones are in the body of the table referred to as D, D' respectively. And it 
is to be understood that each vacant square of the table should contain the symbol 
(D, ly), this being omitted only for the purpose of better exhibiting the form of the 
table. 


170. The equation of the surface may be presented in the irrational form 
V(P' - p,F') (Z' -w)- y'a'T {Z" - w)] 

+ V(F - p,F') W'a^p^ iZ' - w) - id'^' {Z" - w)] 

+ (P: - P.) a' W' zw = 0. 

In fact the norm of the left-hand side is 

= (/)i — (cD — -cr)- {ty- \A-\- itZ + pjia) — 

+ 2wlB — 2z (XyX + /ixT)] 

+ C }. 


To partially verify this, observe that, writing the equation under the form V-K + V^+ 0, 

on writing therein w = 0, we ought to have 

{B—Sy ‘= (pi — psY (© — tsY {asioL"yz -l- ^'zx -I- Y/’i'soyf. 


But writing w = 0, we have 

B-S= (F- p,F') (y"a'Fp,Z' - ye^'^'Z") 

- (F-p,F'){y''a'^p,Z'-yW’F'Z"), 

= (p.-p^W<x'FFZ'-y'a"^'F'Z"), 

= (P. - Pi) W' (/Sy® + yVy + a'Fz) (/S/S"® - acffy) 

- y' (jS Y'® + y"a"y + ci'^'z) - asiy)], 


which is easily found to be 

= pi) (® - w) {add'yz -t- ^^^'zx + yiy"x!y ) ; 

and .thus {R — Bf has the value in question. 

171. In further verification, observe that, writing x, y, z = c£d', jS'yS", ^y", and 
therefore F = 0, F' = 0, we ought to have 


(fk ~P»)® ^ d'^y -1- sW = (pi - ps)* (® - w)* ttP [A -t- 4? (\y + fix)- 4X/ts*], 

observing that, for the values in question, B, X, F, G all vanisL 
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This is 


(p, - p,y {yYf = (<0- uf {(a, - + W iW + - Wt"):. 

which is in fact the value of {pi — obtained from the equation in p. 


Tlie l^{a)^odal Surface 3(4„ 1, 1)+1(3, 1, 1, l) + 9(3i, % D- 

172. The equation, node-form ( 43 , 1, 1), is 

vfi {4 + 4 (\yz + fiz(c + vxy) — 4 {jiva^ + vXy- + 

+ 2w[B — ^ (\yzX + fizxY + vosyZ)} 

+ (7 = 0; 

viz., for the circumscribed cone we have 

{4+4 (fyz + fjLZCC + vcsy) — 4 (jivof + v\y“ + Xfzz’)] G 
— {jB - 2 (kyzX + yzxT + vxyZ)Y 

= 4 {Xay^^ + + S^ttPyz + jay^zx + a^z-xy] 




where, on the right-hand side, the first factor, equated to zero, represents a trinodal 
quartic cone, the nodal lines whereof are (y = 0, - 2 ^ = 0), {z = 0, x = 0), (a? = 0, y — 0). 

173. As regards the second factor, it is to be observed that, "WTiting as above 


we have identically 


a)~tzr=:^Y'-/3'Y, =7'a"-7"a', = a'/3'' - a"/3', 


nr p/ /y/ p// ^ G> ^ 'GT 7 

P JT p JT — , O > 

77 aa p 

ITU "Ttll _ m — ‘ts Z 

"aW^" 7 ’ 


so that the second factor is 


(o) — «•)’ 


{- \ («'■?' - (vY'a'a")* 

- V (a'a Wy (y'F - 7"P")> + (® - cr)* alol'F^'H’I^F’] ; 
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•or, what is the same thing, 

7 -^-, {- [X W"y'7 + ( 7 V? + V ia;m (a'/SyF? 

\<o — 'sjy 

- [X(W+/^(7«0^ + K«')3'y](«"r7"i^? 

+ 2 [X OSVjSV) + ( 7 'aVV') + v (a'^a"^") + J (« - ®)=] x a'0'^'Fc^’0'YF'}, 

so that, equating to zero, we have a pair of planes, each passing through the line 
P'5=0, P" = 0, and which it is clear must be the tangent planes from this line to the 
quadric cone A' = 0. I will presently return to this, but I consider first the foregoing 
identical equation in regard to the circumscribed cone. 

174. In verification hereof, observe first that, if a;=0, the equation becomes 

[iy — •s)® + 4\ya — 4X (w/^ + /*«'“)} (aa'a")® — {aa'o" — ys^) — 2\yza ( 7 VV ~ 

= 4\yV {— \c^{rfYy — — (aa'a'y {vf + fiz^) — aVa" (7'^ + jS'z) Yy + ^’z)}, 

viz., omitting terms which destroy each other, this is 
[(y -zf+ (aa'a'7 y^^^ - [a</ a" {y^z - ysF) - 'ikyza (yV'^/ - 

= [- ko? HYy ~ ^ iiy + ii'y + 

Or again, this is 

^\yz (oa'o")* jrV + iKyz a®a' a" — yi?) ( 7 VV ~ ^'0'^) 

= - i\y-z‘ a?a'a" (yy + ^z) {y"y + ^'£) ; 

viz., this is 

dd'yz + (y - z) (7 V'y - ^ 0 '!^) = (7'y + /S'z) (7"y + 0 'z), 
which is at once seen to be true. 

175. Again, compare the terms which contain a^yz. On the right-hand side, we 

have 

^^ya?yz x term in 3 ? of + a!i^ 00 'yY^'^^ 5 

viz., the coefficient is 

= 4^7 {-y.iy'yy-v(00J + 00'yY]- 

On the left-hand side, that is in A'G — the only terms which give rise to the 
terms in question are 

in A', (1 — 4y[tv) a!® ; in G, 2^0^'rf/r/'a?yz; 

and in S' 

( 777 " -2vy00')3?y, -(^^^'-2y,^'y")a?z; 
whence the coefficient is 

i^00'yyY (1 - V) -i- 2 {yyY - ^vy00') (^0^' - 2p^yY), 
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•which is in fact 

= 4^87 {- M {y'iJ - i; + ^^"yYl 

•which is right; and the verification may be completed without difficulty. 


176. The singular planes ai-e 


w — 0, 
F'-p,P" = 0, 
P'-p,jP" = 0, 

and the nodes are 


(4) 

( 12 ) 

( 16 ); 


(0. 

P 

P 

1). 




(8) 

(1) 

(1. 

p 

P 

0), 




(5) 

<5) 

(0. 

1. 0, 

0). 




(6) 

(6) 

(0, 

0, 1, 

0). 




(?) 

(7) 

/ aa'«" 

/SyS'^" 

yS"-i8'p,= 

/ // 




(16) 

{2) 

( add' 

W'-dpi' 

y9/8'ys" 

t n 

r/7 

> // / 3 

7 -7|02 




(12) 

(S) 

( a'd' , 

;8'/8" , 

/ 

» 77 > 

0), 



(4) 

(41 

three nodes in I 

r 

II 

0 


(IS, 14, 

15) 

(8.! 

9.10) 

7i 

„ -F 

►'-p,P" = 0 


(9, 10, 

11) 

{11,12,13) 


where the small numbers are those used by Kummer, the large ones ai-e those 
referring to the 16-nodal surface, and are here adopted. In the foregoing formulae 
Pi, pi are the roots of 

[\ 03 v)= -i- (a w] o>«'^ v)^ 

+ (F' yT+/^ W «')“+*' («' yS' )»] (aW? 

- 2 |>/3y/S'Y' + /iy'a V'a" + i/a'yS V'/3" + i (w - •sr)®] pa'yS'yV'^V' = 0- 

177. We have the square diagram in the folio-wing page: 



HODES 4 6 6 7 8 9 lu 11 la 10 lo cones 



4,16 C4 ^4 (74 (716 (716 (716 (716 (74 x x x ¥= I 4, 16, (8 ; 9, 10, 11) trinoclal 
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where for greater clearness I have omitted the symbol (7(7, which is to be understood 
as occupying each of the vacant squares. 

The arrangement is the same as before; the right-hand margin shows the sextic 
cone; viz., for the node 4 this is made up of the singular planes 4, 12, 16 and of 
a cubic cone represented by (5, 6, 7) (as replacing the planes 5, 6, 7 in the case of 
the 16-nodal surface). Similarly for the node 5, the sextic cone is made up of the 
singular plane 4, the nodal cubic cone (2, 3; 5), and the quadric cone (9, 13) (the 

numbers in these last symbols indicating the planes in the case of the 16-nodal 

surface, which are here replaced by cones). So for the node 8, the sextic cone is 
made up of the singular planes 12, 16 and of the trinodal quartic cone (8; 1, 2, 3). 
As regards a nodal cubic cone, for example (2, 3; 5), the semicolon is used to indicate 

that the nodal line replaces the intei'section of the planes 2, 3; the other intersections 

2, 5 and 3, 5 having disappeared. And so for a trinodal quartic cone (S; 1, 2, 3), 
the semicolon is used to indicate that the nodal lines replace the intersection (1, 2), 

the intersection (1, 3), and the intersection (2, 3) respectively; the other intersections 

1, 2; 2, 8; and 3, 8 having disappeared. Finally, in the body of the table, C is used 
to denote the cubic or the quartic cone (as the case may be); x to denote a nodal 
line of either of these cones; and C' the quadric cone; as already mentioned, the 
vacant places are considered to be CC, 

The reading of the table is then as follows; viz., for the node 4, the remaining 

twelve nodes lie on the nodal lines of the sextic cone 4, 12, 16, (5, 6, 7), as shown; 

viz., 5, 6, 7 are each of them on the intersection of the cubic cone with the plane 4; 
8 is on the intersection of the planes 12 and 16 ; and so on. 

I reserve for another Memoir the discussion of the 13 ()8)-nodal surface, and the 
surfaces with less than 13 nodes. 


0. VIL 


38 
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ON PLtJCKEE’S MODELS OF CEETAIN QUAETIC SUEFACES. 

[From the Proceedings of the London Mathematical Society, vol. m. (1869 — 1871), 
pp. 281 — 285. Eead June 8, 1871.] 

The Society possesses a series of 14 wooden models of surfaces, constructed under 
the direction of the late Prof Pliicker, in illustration of the theory developed in his 
posthumous work, “Neue Geometric des Raumes gegriindet auf die Betrachtung der 
geraden Linie als Raumelemente,” Leipzig, 1869. These all of them represent, I believe. 
Equatorial Surfaces ; viz., models 1 to 8 represent cases of the 78 forms of equatorial 
sirfaces deren Breiten-Ourven eine feste Axenrichtung besitzen,’' voL ii. pp. 352 — 363, 
the remaining models. Nos. 9 — 14, I have not completely identified. I propose to go 
into the theory only so far as is required for the explanation of the models. 

In a “ Complex,” or triply infinite system of lines, there is in any plane whatever 
a singly infinite system of lines enveloping a curve; and if we attend only to the 
curves the planes of which pass through a given fixed line, the locus of these curves 
is a “complex surface.*' Similarly, there is through any point whatever a single infinite 
series of lines generating a cone; and if we attend only to the cones which have 
their vertices in the given fixed line, then the envelope of these cones is the same 
complex surface. In the case considered of a complex of the second degree, the curves 
and cones are each of them of the second order; the fixed line is a double line on 
the surface, so that (attending to the first mode of generation) the complete section 
by any plane through the fixed line is made up of this line twice, and of a conic; 
the surface is thus of the order 4: it is also of the class 4; the surface has, in 
fact, the nodal line, and also 8 nodes (conical points), and we have thus a reduction 
= 32 in the class of the surface. 

In the particular case where the nodal line is at infinity, the complex surface 
becomes an equatorial surface ; viz., (attending to the first mode of generation) we have 
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here a series of parallel planes each contaming a conic, and the locus of these conics 
is the equatorial surface. 

It is convenient to remark that, taking a, b, h to be homogeneous functions of 
{x, w) of the order 2 ; ^ of the order 1 ; and c of the order 0 (a constant) ; then 

the equation of a complex surface (see voL l. p. 162) is 

y, -sr, 1 |=:0; 

y. a, K g \ 

z. K / 

1 , 9^ o\ 

and that, vmting or considering a, h, b] f, g; c as functions of x of the orders 

2, 1, 0 respectively, we have an equatorial surface. 

A particular form of equatorial surface is thus 4- -f a6 =: 0, or taking c = l, 
this is by^ + + oft = 0, where a, b are quadric functions of x. 

The surface is still, in general, of the fourth order: it may however degenerate 
into a cubic surface, or even into a quadric surface ; the last case is however excluded 
from the enumeration. The section by any plane parallel to that of yz is a conic; 
the section by the plane y = 0 is made up of the pair of lines a = 0, and of the conic 

= that by the plane ^ — 0 is made up of the pair of lines 6 = 0, and of the 
conic y®+a = 0; the last-mentioned planes may be called the principal planes, and the 
conics contained in them principal conics. The surface is thus the locus of a variable 
conic, the plane of which is parallel to that of yz, and which has for its vertices the 
intersections of its plane with the two principal conics respectively. And we have thus 
the particular equatorial surfaces considered by Plticker, voL n. pp. 346-“363 (as already 
mentioned), under the form 

and of which he enumerates 78 kinds ; viz., these are 

1 to 17 Principal conics each proper. 

18 „ 29 One of them a line-pair. 

30 „ 32 Each a line-pair. 

33 „ 39 Principal conics, each proper, hut having a common point. 

40 „ 43 One of them a line-pair, its centre on the other principal conic. 

44 „ 61 One principal conic a parabola. 

62 „ 73 One principal conic a pair of parallel lines. 

74 „ 76 Principal conics each a parabola. 

77 and 78 Principal conics, one of them a parabola^ the other a pair of parallel lines. 

38—2 
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The models 1 to 8 correspond hereto, as follows: 


Mod. 

1 is 

13, 

i.e. 2 

is Mod. 

5 

>} 

2 

9 

3 

» 

6 

» 

.3 

40 

4 


7 

)i 

4 

34 

9 

9f 

2 

ti 

5 

2 

13 

3 ? 

1 


6 

3 

32 

}f 

8 

}3 

7 

4 

34 

if 

4 

7) 

8 

32 

40 

ii 

3. 


Mod. 5 is 2: the form of the equation is here 

f- ^ ^ 1 - 

viz., the principal conics are one of them a hyperbola, the other imaginary; hence the 
generating conic has always two, and only two, real vertices, viz., it is always a hyperbola : 
there are no real lines. 

Mod. 6 is 3: the form of the equation is 


S‘[(x-ay‘+^yi'’^[ix-ay+^'^] ’ 

viz., the principal conies are each of them a hyperbola; the generating conic has four 
real vertices, viz., it is always an ellipse: there are no real lines. 

Mod. 7 is 4: the form of the equation is 

1 ^ .1 _rt 

(® - 7 ) (a? - 8) ^ r [(® - a'f + ^ 

The principal conics axe one of them an ellipse, the other imagiaary; for values 

of 05 between 7 and S, the variable conic has two real vertices or it is a hyperbola ; 

for any other values it is imaginary, so that the surface lies wholly between the planes 

00 — S: the surface contains the real lines y — 0, x = y and y = 0, x — S, 

Mod. 2 is 9: the form of the equation is 

y^ ^ 

P {x -y)(s-B)'*' i'* (® - 7 ') (a7 _ 8 ') + ^ 

where, say the values 7 , S lie between the values 7 ', S": the principal conics are each 
of them an ellipse, the vertices (on the axis or line y = 0 , ^ = 0 ) of the one ellipse 
lying between those of the other ellipse. The variable conic for values of x between 
7 , 8 has four real vertices, or it is an ellipse; for values beyond these limits, but 
within the limits 7 ', S' — say from 7 to 7 ', and from S to S' — ^there are two real vertices, 
or the conic is a hyperbola; and for values beyond the limits 7 ', S', the variable conic 
is imaginary. 
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There are four real lines (i/ = 0 , « = y), ( 3 ^ = 0, «=S), (2 = 0, a; = y'), (2 = 0, x = S'). 
The surface consists of a central pillow-like portion, joined on by two conical points 
to an upper portion, and by two conical points to an under portion, the whole being 
included between the planes a; = 7', x= S'. 

Mod. 1 is 13 : the form of the equation is 

^ 1 1 A 

lx « y) « S') + 1 ® 5 

the values 7', 8' lying between 7, 8; the principal conics are one of them a hyperbola, 
the other an ellipse, the vertices (on the axis or line y = 0, ^=0) of the h^-perbola 
lying between those of the ellipse. 

The variable conic, for values of x between 7', 8', has two real vertices, or it is 
a hyperbola; for the values, say, from y to 7, and S' to S, there are four real vertices, 
or the conic is an ellipse ; for values beyond the limits 7, 8, there are two real vertices, 
and the conic is a hyperbola. There are the four real lines (y = 0, a? = 7), (y = 0, S), 

and (js;= 0 i ^ = Y)i (^ = 0 , r = S'). The surface consists of 8 portions joined to each 
other by 8 conical points, but the form can scarcely be explained by a description. 

Mod. 8 is 32 : the form of the equation is 

y^ - 

viz., the principal conics are each of them a line-pair, the variable conic is always an 
ellipse. 

There are the two real nodal lines (y= 0 , X'=y) and (-2^ = 0 , ^ = 7'), each of these 
being in the neighbourhood of the axis crunodal, and beyond certain limits acnodal; 
the surface is a scroll, being, in fact, the well-known surface which is the boundary 
of a small circular pencil of rays obliquely reflected, and consequently passing through 
two focal lines. 

Mod. 4 is 34 : the equation is 

P {x - 7) (® - 8) P {x - 7') (a: - S) ^ 

where a; = 3 is not intermediate between the values x — y and x = y'; say the order is 
3 , 7, </. The surface is thus a cvbic surface ; the principal conics are ellipses having 
on the fl-vig a common vertex at the point ® = 3 , and the remaining two vertices on 
the same side of the last-mentioned one. The variable conic for values between 3 and 
7 has four real vertices, or it is an ellipse; for values between y and y two real 
vertices, or it is a hyperbola; and for values beyond the limits 3 , 7' it is imaginary. 
There are on the surfece the two real lines (y = 0 , *=7) and (2=0, x = y). The sur&ce 
consists of a finite portion joined on by two conical points to the remmning portion. 
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Mod. 3 is 40 : the form of equation is 

The surface is thus a cubic surface; the principal conics are, one of them an ellipse, 
the other a pair of imaginary lines intersecting on the ellipse: for values of x between 
7 and S, the variable conic has thus two real vertices, and it is a h^qperhola; for values 
beyond these limits it is imaginary, and the whole surface is thus included between 
the planes x = y and x^i. There are the two real lines ( 3 / = 0 ,^ 2 ? = 7 ) and {z — 0, ir=S). 

Taking the surface is 

{x — 7) (a? — S) (ic — zy 

which is a particular case of the parabolic cyclide. 

As already mentioned, I have not completely identified the remaining models 9 to 
14, but I -will say a few words about them. 

The equatorial surfaces, not included in the preceding 78 cases, Pliicker distinguishes 
(vol. II. p. 363) as “gedrehte*’ or ‘‘tordirte," say as twisted equatorial surfaces; the 
equation of such a surface is 

63/® -h 2hyz -f + a& — A® = 0, 

where 

h =:Faf^ — 2Rx-\-Bj 
a = JEsi^ 4 " 277(3?+ (7, 

h = EaF — Ox-- G (or in particular ^ — Ox— (?). 

Mod. 13 is such a surface, being a twisted form of model 2 . 

Mod. 9 and Mod. 14 belong, I think, to the case a=0; viz., the form of the 
equation is by^ 2hyz — ^ 0. The variable conic is a hyperbola, the direction of one 

of the asymptotes being constant (vol. IL p. 368). 

There are moreover (p. 372) equatorial surfaces in which the variable conic is 
always a parabola, and where there are on the surface four real or imaginary lines. 

Mods. 10 , 11 , and 12 seem to represent such surfaces. 
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NOTE ON THE DISCRIMINANT OF A BINARY QUANTIC. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. s. (1870), p. 23.] 

It is well known that the discriminant of a binary qnantic (a, b, c, d, 1)“ is 
of the form 

Ma + m 

but it is further to be remarked that if 6 = 0, then the form is 

a (ifa+Ac®), 

if 6 == 0, c = 0, the form is 

a® (ilfa + Nd*), 

and so on, until only the lowest two coefiScients are not put =0. Or, what is the 
same thing, if in the discriminant of the original function we put a = 0, then the 
discriminant divides by 6®; if 6 = 0, the discriminant divides by a, and, omitting this 
factor, if we then write a = 0, it divides by c* ; if 6 = 0, c = 0, the discriminant divides 
by a®, and omitting this factor, if we then write a = 0, it divides by d * ; and so on, 
until as before. 

Thus if 6 = 0, the discriminant of (a, 0, c, d, e'^t, 1)*, divides by a, and omitting 
this factor it is 


- 18 

+ 54 ajcd?e 
- 27 ad* 

+ 81 c*e 
-54c*d* 

which for a = 0 has the fector if 6 = 0, c = 0, the discriminant of (a, 0, 0, d, e§t, 1)* 
has the factor and omitting this &ctor it is 

a& 

- 27 d* 

which for a = 0 has the factor d*; the series of theorems here terminates, sinoe the 
lowest two coefficients d, e are not to be put =0. 
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ON THE QUABTIC SURFACES (•JH, F, ir)==o. 


[From the Quarterly Journal of Pwre and Applied Mathematics, vol. x. (1870), 

pp. 24-34.] 

I PEOPOSE to myself for investigation the quartic surfaces represented by an 
equation 

V, Tf)=* = 0, 

where U, V, W are quadric functions of the coordinates. 

Such a surface has 8 nodes (conical points), viz., these are the points of inter- 
section of the quadric surfaces U = 0, F = 0, TT = 0. It is to be observed, that not 
every quartic surface with 8 nodes is included under the above form; in fact the 
equation of a quartic surface contains (homogeneously) 35 coefficients, or say 34 arbitrary 
parameters; in order that a given point may be a node, 4 conditions must be satisfied, 
and it is consequently possible to find a quartic surface having 8 given points as 
nodes (and having in its equation (34—8.4=) 2 arbitrary parameters): but 8 given 
points are not in general the intersections of three quadric surfaces, and such a quartic 
surface is therefore not in general included under the above form. I think, however, 
that it may be assumed that the above form includes all the quartic surfaces having 
8 nodes, points of intersection of three quadric surfeces. It will presently appear that, 
included in the form, we have surfaces where (instead of the 8 nodes) there is a nodal 
or cuspidal conic; and that these are the most general forms of such quartic surfaces. 
A quartic surface has at most 16 nodes, and the general form with 8 nodes must 
admit of being particularised so that the surfece shall acquire any number not exceeding 
8 of additional nodes. This does not show, but it is probable, that the above special 
form with 8 nodes can be particularised so that the surfece shall in like manner 
acquire any number not exceeding 8 of additional nodes. Similarly, a quartic surface 
with a nodal conic may have besides 1, 2, 3, or 4 nodes; and it will be shown in the 
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sequel how the form, particularised so as to give a nodal conic, may be fiirther 
particularised so as to give the 1, 2, 3, or 4 nodes. So a quartic surface with a cuspidal 
conic may besides have 1 node, and it will be shown how the form, particularised so 
as to give a cuspidal conic, may be further particularised so as to give 1 node. 

Starting from the equation (»5?7, V, TI0'‘ = 0, we may, by substituting for U, V, W 
linear- functions of these expressions, transform the equation precisely in the manner of 
a conic, and therefore into any of the forms under which the equation of a conic can 
be exhibited; for instance, in the forms + 67= + cF===0, fVW + gWU + hUY = 0, 
UW — 7= = 0, &a I attend at present only to the last-mentioned form JJW —7 = 0, 
which, it thus appears, is equally general with the original form {*^17, V, Wf = 0. 

The quartic surface 

U’F-7= = 0 

where CT, 7, W are any quadnc ftinctions of the coordinates, may be considered as 
the envelope of the quadric surface 

iu, 7, wie, i)==o, 

where d is an arbitrary parameter. And it thus appears that it is very easy to 
reciprocate (in regard to any given quadnc surface) the quartic sur&ce. For the 
reciprocal of the quartic surface is clearly the envelope of the reciprocal of the variable 
quadric surface ; this reciprocal is itself a quadnc sur&ce, and the reciprocal of the 
quartic surface is thus given in the same form as the original surface, viz., ^ the 
envelope of a quadnc surface the equation whereof contains rationally the variable 
parameter $; the equation of the reciprocal surface is consequently obtained by equating 
to zero the discriminant in regard to 6, of the equation of the reciprocal quadric 
surface. 

It is to be observed that, inasmuch as the equation of the reciprocal quadric 
surface is of the third degree in the coefficients of the original quadric, it is in 
general of the degree 6 in the parameter 0-, we have thus a sextic function of 6, 
the coefficients whereof are quadric functions of the coordinates; and the discriminanii 
is a function of the order 10 in these coefficients, that is, of the order 20 in the coordi- 
nates. The reciprocal of the quartic surface is thus a surface of the order 20; this is 
right, for in a general quartic surface the order of the reciprocal surface is = 36, and 
the 8 nodes reduce the order by 16 ; 36 — 16 = 20. 

In the equation UF — 7 = 0, or say 7*— UW=0; if U reduce itself to the square 
of a linear function, the equation becomes 7*-F*F=0, which is the general 

form of the quartic sur&ce having the nodal conic 7=0, P=0. And if, moreover, 
F be the product of this same linear function P by another linear function Q, W=PQ, 
then the form is 7* — P®Q = 0, which is the general form of the quartic sur&ce having 
the cuspidal conic 7=0, P = 0. 

Writing for greater convenience a;, y ia. the place of P, Q respectively, we have 
the quartic 


0. VU. 


(AA) V*-a?y = 0, 


39 
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having the cuspidal conic F" = 0, a; = 0 ; and which has besides the conic of plane con- 
tact V=Q, y==0. In virtue of the cuspidal conic the reciprocal surface should be of 
the order 6 ; and by the foregoing method of obtaining the equation of the reciprocal 
surfece, I will verify that this is so. To effect this as simply as possible, I fix the 
remaining coordinates z, w as follows. The line a: = 0, y = 0 is not in general a tangent 
to the surface 7=0; it therefore meets this surface in two points, and we may take 

g — — Q to be the equations of the tangent planes at these two points respectively; 

we have thus V=aaf^ + 2ha!y + bf + 2nzw. Introducing for convenience the numerical 

factor 2, and taking the equation of the surface to be 

{aa? + 2hxy + by^ + %rizwf - 2x^y = 0, 

this is the envelope of the quadric surface 

+ 26 (aa? + 2hxy + by^ + 2mw) + 2a?y = 0, 

which is a surface (a, b, c, d, f, g, h, I, m, ri^x, y, z, vif = 0, where a = ^ + 2a^, b = 26b, 
h = 2dh + l, n=2dn, and where all the other coefficients vanish. Assuming, as usual, 
that the reciprocation is effected in regard to the surface aP + y^ + z^ + w^ = 0, the general 
equation is 

a? .dQ)c —f^) — cm? — bn^ +2fmn 
+ .d(ca—g-)~an^ — oP +2gnl 

+ zF .d(db — M) ^ bP — om® 4- 2klm 
+ ijp.cd)o-af’‘—bg^~clP + 2fgh 
+ 2yz.d(gh — af) + Pf +amn—hnl —gin, 

-F 2zx . d Qif — ) + itPg + bnl -flm — hum 

+ 2aiy.d{fg—ch)+n’‘h +dm —gmn—fiil 

4- 2xw. — I (bo— /®) — n (hf —hg) — m (fg — ch) 

+ 2yw.-m(ca-f)-l (fg -ch)-n (gh-af) 

+ 2zw. — n(ai-h?) — m(gh-af) — l Qif —Ig), 

(I write down this general result as it will be useful for reference in other cases); 
in the present case this becomes simply 

a?. — bTp+y‘. — arP + 2a!y . nJP 4- 2zw (— Tiab 4- nJP) = 0, 

where a, b, n, h have the foregoing values; the equation is thus only of the order 4 
in regard to 6] but it in feet divides by n(=2dn) and thus reduces itself to the 
third order, viz. it becomes 

n (ba? + ojf) — 2}Paiy + 2(db — A®) zw=0, 

or, substituting for a, b, n, h their values, this is 

a?. 46»d* 4- y® (2*# 4- 4(m^) 4- 23W (26d* 4- — 2 (ay 4- aw) (2dA 4- 1)* = 0, 
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{A, B, G, DJd, 1 )’= 0 , 

where A, B, G, D are each of them a quadric function of the coordinates; it being 
observed that 0 and D are respectively numerical multiples of the same function 
xy + zw. Hence equating the discriminant to zero, we have 

A^I> + 44 + iB^D - mO"- - 6ABGI) = 0 , 

which equation, inasmuch as every term contains either 0 or D as a factor, divides 
hy asy + zw, and thus becomes an equation of the order 6 in the coordinates : that 
is the order of the reciprocal surface is = 6 . Multiplying by f to avoid fractions, the 
actual values of A, B, 0, D are 

A= 3 (ny^ + ^zw), 

B = 2 {bna^ + any- + 2dbzw — 2A.® (xy + zw)], 

G = — 4h {xy + zta), 

D = - 3 {xy + zw), 

or say 4 = 3a, B = 2 y 3 , G=-4!hy, B = -dy; where y = xy + zw', substituting these values 
and omitting the factor 87 , the equation is 

27a^ — 2o6h‘arf — 32/3® — 64A®^ — 144ha^7 = 0, 

which is an equation of the form {*^ol, 7 )® = ©. The sextic surfece has thus singular 

points a = 0 , /3 = 0 , 7 = 0 , viz. these are the two points {x-0, y=0,z= 0 ), {x= 0 , y= 0 , w=0) 
each four times. The further discussion of the sextic surface is reserved for another 
occasion. 

I do not at present attempt to enumerate the particular cases of the surfece 
IT'S — ajSy = 0 , but content myself with the discussion of a particular case in which the 
order of the reciprocal surface is =3. Suppose that Y=0 is a cone, y = 0 a tangent 
plane to the cone (so that the conic y = 0, breaks up into a line twice repeated), 

x = 0 an arbitrary plane (so that we have still the proper cuspidal conic x=0, iF= 0 ). 
Any other tangent plane of the cone may be taken for the plane 2 = 0 ; the plane 
containing the lines of contact of the two tangent planes for the plane w = 0 ; the 
equation of the conic then is V=dv^+2fyz = Q; and the equation of the surface is 

{AB) {dvfi + 2fyzy - is’y = 0. 

For convenience of comparison, I change x, y, w, z into y, w, z, x, and asmgn numerical 
values to the coefficients, writing the equation under the form 

{AB) 27 (4®a> + 2 ®)? - = 0 . 

The quartic is here the envelope of the quadnc surface 

0® . ^yw + 0.9 (4®«; + 2 *) + 12y* = 0, 

viz., comparing with the general form 

(o, h, c, d, f, g, h, I, m, nfx, y, z, w)» = 0 , 


39—2 
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■we have 5 = 12, c — ^6, l = l%6, m = i6^, all the other coefficients vanishing. The 
reciprocal equation is 

a? (— cm?) + 2/® (— cP) + 2 ? {— hP) + 2a^ . chi + ^ocw (— Ihc) = 0, 
or subs'fcituting for 5, c, I, vn their values, this is found to be 

6 (6x — 9y)= + 108 {z^ + im) = 0. 

Eepresenting this by {A, B, G, D\d, 1)’ = 0, the discriminant in regard to d would, in 
■virtue of the values of A, B, C, contain D as a factor; the reason of this appears 
from the original form; in fact, forming the derived equation in regard to d, this is 

found to be (6x-9y){dx—2y) = 0; the value 6x — 9y = 0 gives as a factor of the 

discriminant iP + (dw ; the value 6x — Zy = Q gives 3y (— Qyy + 108® (^z~ + onw), that is the 
factor ‘f+x{^+xw)‘, the complete value of the discriminant as obtained by sub- 
stitution of the values of A, B, C, D being ; the equation 

of the reciprocal surfece is 

y^ + x ( 2 ? + xw) = 0, 

viz. this is a cubic surface, Prof Schlafli’s Case xx., having a uniplanar point 
a;=0, y = 0, z = Q reducing the class by 8, and so giving a reciprocal surface of the 
order (12 — 8=) 4, viz. the surface 27 (4ixw+2?y — 64<y^w = 0. See the Memoir, Schlafli, 

“On the distribution of surfaces of the third order into species in reference to the 

absence or presence of singular points and the reality of their lines,” PhU. Trans., 
vol. CLm. (1853), pp. 193 — 241. 

I pass to the case of a sur&ce 

F-P=i7=0 

having a nodal conic F= 0, P = 0, but not having in general any nodes. And I pro- 
pose to show how the constants may be determined so that the surface shall have 
1, 2, 3, or 4 nodes. It is to be remarked that in the above equation the plane P = 0 
is a determinate plane, but the quadric surfece F=0 is not a determinate quadric, 
we may in feet substitute for it the quadric F-l-XP®=0, writing the equation under 
the form 

(F-l- XP^f -P^{U+ 2XF + VP>), 

so that we may without loss of generality, by means of the disposable constant \, 
subject the surfece F=0 to any single condition; for instance, take it to be a cone, 
or to pass through a given point, &c. 

Taking the planes ®=0, j/ = 0, z = 0, «? = 0 to be arbitrary planes, the implicit 
constant fectois in these equations may be determined in such ■wise that the equation 
of the given plane P=0 shall be x+y + z + w = 0. The equation of the surfece -will 
then be 

{(o, 5, c, d, f, g, h, I, m, njx, y, z, w)*}* 

= (® + y + « + w)*.(a', V, c', 6!,f', /, K, V, m, y, z, wf, 
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and we may assume that the node or nodes (if any) lie at a vertex or vertices of 
the tetrahedron x = 0, y = 0, z — <), w = 0, say at the points A, 'B, G, D. The conditions 
for a node at each of these points are at once found to be 


Node at A, 

Node at B, 

j Node at G, 

Node 

at 

D, 

2a? 

= a' + a' 

2hh 

= h' +b' 

2cg 

= g'+c' 

2dl 

= 

V 

+ d' 

2ah 

= A' + a' 

26= 

= 6' +6' 

2c/ 

=/' + c' 

2dm 

= 

m‘ 

+ d' 

2ag 

= y' + a' 1 

1 26/ 

=/' + &' 

2c= 

= c' +c' 

2d)i 

= 

n' 

+ d' 

2al 

= l'+o! 

26m 

= m'+6' 

2cn 

= n' + c' 1 

2d= 

= 

d' 

+ d' 


The first set of equations gives 

a' = a“, h! =^iah — d?, g' — 2ag — g-, I' = 2a2 - a-. 

If the first and second sets are satisfied simultaneously, we have ^(a—b)h = aP-lr, 
that is a = b, or else A = |(a + 6); that is, the two sets may be satisfied in two 
different ways according as a and b are equal or unequal. Similarly the first, second, and 
third sets may be satisfied in three different ways and the four sets in five different 

ways according as there are or are not any equalities between a, b, c, and between 

a, b, 0 and d respectively. The several solutions are shown in the annexed table, viz., 
in the line I no set is satisfied; in the line 11 only the first set; in the lines III 
and IV the first and second sets ; in the lines V to VII the first, second, and third 

sets; and in the lines VUI to XII the four sets. 

[See next page for this Table, which should come in here.] 

I is the general case, V^=F^V', of a quartic and a nodal conic but without nodes. 

(^ 0 ). 

II is the case of a single node; writing, as without loss of generality we may 
do, a = 0, the equation is 

[(0, 6, c, d,f, g, h, I, m, y, z, vjff = {x + y + z + wy.{b, c, d, n, z, vif, 

viz. the quadric Cr=0 is here a cone having its vertex on the quadric F=0. (J.J)). 

m and IVj are two cases each of them with two nodes, viz. IH, the equation is 

{{aat+by) (« + y) + os* + inm + du;* + Iw) ■^■ty{fz + mw)\^ 

= (flj + y + s + [(oa + byf + c's® + In'zw + d'vfi (-4-®) 

+ 2® {(2ay — a*) a + (2oZ — a*) w] 

+ 2y {(2^ — 6®) z + {2bm.— If) w}], 

where it is to be observed that the line z = 0, to = 0 joining the two nodes (y = 0, z = 0, w = 0) 
and (w = 0, z = 0, ® = 0) is a line on the sur&ce. Writing, as we may do, a=0, the 
equation assumes the more simple form 

{6y (® + y) + cz® + 2nzw + dto® + 2® (yz + iw) + 2y (/z + mw)]* {AE) 

= (® + y + z + w)* [hy + c'z* + 2n'zw + d'w* + 2y {(2^— lf)z + (26m — 6*) w}]. 
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In rV the equation is 

{a (a^ + y^) + 2hasy + + dvfi + 2nzw +2x(gz+lw) + 2y {fz + mw)Y 

= {x + y+z^-wf \p? (a? + y®) + 2 {2af- o?) xy + cV- + 2n'm + i'a;® {AF) 

+ ^\l^2ag — a-) z+{2al - a®) w] 

+ 2y {(2a/ - a?) z+(2am - or) w}], 

where it will be observed that the line a; = 0, = 0 joining the two nodes is not a 

line on the surface. 

Writing, as we may do, a = 0, the equation becomes 
[2hcy + ca® + 2nzw + dvfi + 2x{gz-irlw)-\-2y{fz-\- mvj)]- 

= {x + y + z + w'f {c'z- + 2n'zio + d'ltfi), {-^F) 

viz. the form is F® = P®QiJ, the quadric surface Z7=0 breaking up into the two planes 
Q = 0, iJ = 0; and the nodes being situate at the intersections of the line Q-0, R = 0 
with the surface F=0. 

V, VI, VII are apparently cases with three nodes, but in fact VI is the only 
case of a proper quartic surface with three nodes. For in V the equation is 

[{ax -Vhy + oz){x + y z)->r dw® + (lx + my + nz)Y 

= {x + y + z + 'wyi(ax+by + czf + d'w® + 2'w {{2al - a®) ® + (26m -¥)y + {2cn - c=) « •], 

which is satisfied by «; = 0, and the surface thus breaks up into the plane w = 0 and 
a cubic surface. 

And in VII the equation is 

{a (ic® + 1/® + z®) + dvf‘ + 2fyz + '^gzx + 2hxy + 2lxw + 2m,yw + 2nzwY 

= (a? +y + + w)® [a® (a? + + a®) + d'v? 

+ 2 {{2af- a?)yz +{2ag -a-)zx + {2ah - a*) xy 
+ (2aZ — a®) am; + (2am — a’‘)yw + {2an — aP) zw}], 

which putting a = 0 is 

(dm/^ + 2fyz + 2gzx + 'ihxy + 2lxfw 4- 2myv} + 2rmo'f = (« + y + « + w)® d'vf‘, 
viz. this is a pair of quadric surfaces 

In the remaining case VI the equation is 

[a + y®) + + 02:® + dw® + (a + c) (jjz •^zx)-\-2wlJx+my + nz)Y (A(?) 

= (« + y + ^ + w)® [a* (a® + y*) 4- c®^;® 4- d'w® 4- 2ac.z (« 4- y) 4- 2 (2afe — a*) xy 

4- {{2ad — a*) ® 4- (2am — a*) y 4- (2o» - a*) zj], 

which putting therein a=0 is 

{2Aa;y4-d'2t;®4-C2(a!4-y4-2:) 4-2w;(Za!4-my4-n2f)}* 

— (a! + y+^ + wy{(pji^ + d'ivP+2{2cn — <?)zw}, (ACf) 
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which is a surface having the nodes A, B, C; and it is to be observed that the lines 
CA, OB, but not the line AB, are lines on the surface. 

IX, X, XI, XII are apparently cases with four nodes, but it is only XI which is 
a proper quartic with four nodes. In fact IX is 

{(a® + ay + cz + dw) (® + y + .s + w) + 2 (A — a) xyY 

= + y + ^ + {(a® + ay + 02 + di/if + 4ci (A — a) ®y|, 

which is satisfied if ® = 0 or if y = 0; that is, the surface breaks up into the two 
planes ®=0, y = 0, and a quadric surface. 

X is 

(a (®= + 4- 2=) + dto^ + 2fy2 + 2gzx + 2A®y + (a + d)(xw + yw + zwi)]° 

=-{x + y+ 2 + wf {a‘^{a? + y'^+i^) + dpyr‘ 

+ 2 (2a/ - a=) ya: + 2 (2ay - a?) a® + 2 (2a/- a=) ®y + 2ad (xw + yw + 2 w)}, 
which putting therein a = 0 is 

{d'w{x+y + z + 'U}) + %fy 2 + 2yar® + 2Aa^}“ ^{x + y + z + 'wf d^w\ 
and thus breaks up into two quadrics. 

And Xn is 

(a“ (®® + y° + + vA) + 2/ya + 2ya® + 2A®y + 2lxw + 2myw + 2nwY 

={x + y + z + wf {a?{a?+y^+z^ + vfi) 

+ 2 (2a/— a”) ya + 2 (2ay — a®) a® + 2 (2aA — a®) ®y 
+ 2 (2al - a®) mu + 2 {2am - a®) yw + 2 (2aA - a®) zw], 

which putting a = 0 is 

( 2^2 + 2gzx + 2hay + 2lxfw + 2myw + 2nzw'f = 0, 
and is thus a quadric surface twice repeated. 

There remains XI, and here the equation is 

{{ax + ay + 02 + Guj){x + y + z+w)+2(h- a) xy+ 2 {n-o)zw]* 

= (« + y + 2 + w)® {(a® + ay + ca + ow)* + 4a (A — a) ®y + 4c (ft — c) aw}, ' 
or writing A+a, n+o in place of a, c respectively, this is 
{(a® + ay + ca + cw) (® + y + a + w) + 2Aa^ + 2nw}® 

= (®+ y +Z+ w)»} {ax+ ay+cz+owy+^ahay+ 4enaw}*, {AS} 
or putting herein a=0 it is 

{c(a+«;)(® + y + a+w) + 2A®y+2naw}* = e(®+y + a + w)*{c (2 + w)*+4Raw|, {AS) 
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which may also be written 

c (a; + y + 2 ! + w) {Aay ( 2 + w)~ nzw {00 + y)] + {hxy + nzwf = 0, {-^S) 

the equation of a quartic surface with the four nodes A, B, C, Di it is to be observed 
that the lines AG, AID, BG, BD are, the lines AB and GB are not, lines on the 
surface. 


A more simple form may be given to the equation as follows ; using the second 
of the above forms, multiplying the equation by 4 , and writing therein 

p = ^/(e)(x+y + z + w), 
qr—c(z + wY + 4inziv, 
st = c {x -k-yY —^hxw, 

q, r, and s, t being the linear factors of the two quadric functions respectively, we have 
grr - St = c (® + y + 2 + w) (- a; - y + 2 + ?«) + ikxy + 4 n 2 !«, 

and thence 

f + qr — st=2c{z-\-w){x + y-^z + vj) + ikxy + inztu, 


wherefore the equation is 
or, what is the same thing, 


+ qr — stY = ■ip^qr. 


P+*/{qr)+V{st)-o, 


(AE) 


where p, q, r, s, t are any linear functions of the coordinates; this is the equation of 
a quartic surface having the nodal conic p = 0 , qr—st=0; and the four nodes 
(g = 0 , r = 0 , p® — st = 0 ) and (s = 0,t—Q,p‘~qr = 0 ). It includes the Cyclide, the equation 
of which may be written 


6 ® = V {{ax — ehY + 6 “y^} + ^/{{ex — akY — 6 ^ 2 ’}. 


I remark that Prof Kummer in his most valuable Memoir, "Ueber die Flachen 
vierten Grades auf welchen Schaaren von Kegelschnitten liegen,” Crelh, t. Lxvi. (1864), 
pp. 66 — 76, has considered several of the cases of a quartic surface with a nodal conic, 
viz. no node, {AG ) ; a single node, {AE ) ; two nodes (the case AF ) ; and four nodes, 
(A5); but he has not considered two nodes, the case {AE)\ nor three nodes, {AG). 

In reference to the general case of a quartic surface with a nodal conic, some 
most interesting properties have recently been obtained by Prof. Clebsch, see Besrl. 
Monaish., April 30, 1868, where it is shown that there are on the surfece 16 right 
lines forming 20 systems of double-fours, analogous in some respect to the 27 lines 
and 36 systems of double-sixes of a cubic sur&ce. 


C. WI. 


40 
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458 . 

ON THE ANHAEMONIC-KATIO SEXTIC. 

[From the Quarterly Journal of Pure and Applied Mathematics, voL x. (1870), 

pp. 56, 57.] 

Me Walkee’s equation is A(\®— \ + — X)” = 0; changing the sign of X, 

and also the numerical multipliers of 7, A (so as to convert the discriminant equation 
into its standard form A = 7® — 27 J®), the equation is 

4iA (X= + X + l)s - 277» (X= + X)= = 0. 

I remark that this is most readily obtained as follows ; writing 

A={a — d)(f-c), 

B = (6— d)(c — a), 

G = ic-J){a-h), 

then we have A+B+C=0, 

7= gif (^=+ 5^+ C=) = - (BC+ GA + AB), 
J=MB-G)(G-A)(A-B), 

V(A) = ^71B(7, 

see my Fifth Memoir on Quantics, PhU. Trans., vol. CXLVin. (1858), pp. 429 — 460, [156]. 
And observe also, that in virtue of the relation A + B + G = 0, we have 

^12I=^A^+AB+B‘ = A^+AO+G>=B> + BG+G\ 


Hence writing 
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A. IB A. Q JB G 
when X has any one of the values ^ * 'A’ TJ' 3’ T)" B’ 

only the values A, B, G, and it is thus determined by the equation 
Eliminating u, we obtain 

16V(A){^(x + i-fcl) -(x + i + i)-i| = o, 

or, what is the same thing, 

lA(x + i+l)’-2r7>(x + i+2)-0. 

that is 

4 A (\2 + \+ i ) 3 _ 27 /^=(\ + 1)2 = 0 , 

the required equation. 


L assumes 


40—2 
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459 . 

ON THE DOUBLE-SIXERS OF A CUBIC SURFACE. 


[From the QiiaHerly Jourml of Pure and Applied Mathetmtics, vol. s. (1870), 

pp. 58—71.] 

The 27 lines on a cubic smi-fece include, and that in 86 different ways, a double- 
sixer; viz. a system of two sets of six lines 1, 2, 8, 4, 5, 6 ; 1', 2', 8', 4', o', 6', such 
that every line of the one set intersects all the non-corresponding lines of the other 
set, thus 

1 2 3 4 5 6 

r 

2 ' 

3' 

4' 

o' ... . 

6 ' 

there being in all 30 intersections. 

Any line say 4, of the one set, intersects five lines 1', 2', 3', o', Q' of the other 
set; and these six lines being given the double-sixer may be constructed; viz. (besides 
the line 4) we have a line 1 meeting the lines 2', 3', 5', 6'; a line 2 maAting the 
lines 3,5,6^, F ; a line 3 meeting the lines 5', Q', 1^, 2^ ; a line 5 meeting the lines 
6', V, 2', 3'; and a line 6' meeting the lines 1', 2', 3', 5'; and then the lines 1, 2, 3, 5, 6 
are all of them met by a single line 4s, which completes the system. 

We may, if we please, consider the lines 4, 2 as given, and then 1', 3', o', 6' will 
1» any four lines each of them meeting the two given lines 4, 2; 2' will be any 
line meeting 4; and we have to determine a line 4' meeting 2, such that there may 
exist the lines 1, 3, 5, 6, completing the ^tem as above. Or what is the same 
thing, we have a skew quadrilateral Y, 2, 3', 4; 5' and 6' meet 2 and 4; 2' meets 
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4 , and 4 ' meets 2 : 5 and 6 meet 1 ' and 3 '; 1 meets 3 ' and 3 meets 1 '; and the 
two sets 2 ', 4 ', S', 6' and 1 , 3 , 5 , 6 meet thus 

13 5 6 
2 ' .... 

r . . . 

Hence, starting with the skew quadrilateral 1 ' 23 ' 4 , and taking cc — 0 , y = 0 j 2 — O, 0 
for the equations of the four planes 41 ', 1 ' 2 , 23 ', S '4 respectively; or what is the same 
thing a? = 0, ^ = 0 for the equations of the line 1'; 3/ = 0, 5 = 0 for those of the line 2: 
5 = 0 , w^O for those of the line 3 ' ; and 20 = 0 , a? = 0 for those of the line 4 ; the 
several lines may be determined, each of them by means of its six coor dina tes, as 
follows : 



a 

b 

c 

/ 

9 

h 

1' 

0 

0 

0 

0 

0 

1 

2 

0 

0 

0 

1 

0 

0 

3 ' 

0 

0 

1 

0 

0 

0 

4 

1 

0 

0 

0 

0 

0 

2' 

A. 

B, 

G, 

0 

6^2 

S. 

4 ' 

0 

B, 

0, 

F, 

G4, 

s. 

5 ' 

0 

B, 

G, 

0 

G. 

E, 

6' 

0 

B, 

G, 

0 

Os 

Es 

1 

<h 

k 

<h 

fl 

9 i 

0 

3 

<h 

h 

0 

/* 

9 i 

h 

5 


h 

0 

fs 

ffi 

0 

6 

Qj^ 

h 

0 

A 

9 <^ 

0 


+ C^Sfi == 0 , 


B,G, + C,H, = 0, 
B,Q,+ O,E, = 0, 
B^Ge + = 0, 

(hfi + 'kgi = 0 , 

a«/« + hzgz = 0. 


where 
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The conditions in regard to the intersections of the lines 2 ', 4', o', 6 ' and 1 , 3, 5, 6 , 
are formed by means of the diagram 

1 I /i 5^1 0 Oi &i j -da jBa Co 0 6^2 jffo I 2', 

3 /a gz h as ^>3 0 I 0 -^4 5^4 I 4', 

5 /s 0 ^>5 0 0 Gs 0 (?5 jffs I 5', 

Q \ fe gs ^ ^6 ^6 ^ 0 B^ Cq 0 Gq Sq \ 6 i 

viz. vre have the equations 
first set, 

fiA^-\-giB.2 + JjGa + Ciffo “ 9j 
giB^ 4- UiF I + ^iG^ 4* CiBI-i “ 
giB^ 4“ 4" C1JT5 “ 0, 

4" ^iGq 4“ CiSg = 0 ; 

second set, 

fz^2-^gz^2 + hOii +hG.2 =0, 

gz^4 4" ^3 ^4 "h aa^^ } 4" ^3 (^4 ”9, 

g^Bs 4" ^sC^s 4* h^Gji = 0, 

^3 jBg 4* AsOg + 63 (je = 0 ; 

third set, 

y*5^2 4“ 4"65(?2=9, 

gsB4^ +asF^ + 65 (?4 = 0, 

gzBz 4-66<?6=0; 

fourth set, 

g^Bii +6g(?2=9, 

g^B^ dzFtj^'^h^G^ ~ 9, 

gzBz 4-66<?5=9; 

and it is to be shown, that taking as given the coordinates of 2 ', o', 6 ', that is 
{Ai, £ 2 , 0^, (? 3 , So), (^s, C^ 5 » S 5 ) and {B^, Og, ffg, Sg), we can find the coordinates 

of the remaining lines 4', 1, 3, 5, 6 . 

The first set of equations gives 

^ ~ ^ 5 j S 5 , 

5g, ©g, Sg 

viz. &i, Cl are proportional, but as only the ratios are material, they may be taken 
equal, to the determinants ffgSg— G^gSg, Sg^g — SgBg, B^Gz—B^Gs* And then retaining 
gi, 6 i, Cl to signify these values respectively, the first equation gives fiA^, and the 
second equation gives ai^' 4 ; multiplying together these values, and writing (hfi — ’^^igu 
we find 

{B^B^y Q^G^, S 2 S 4 , GiSi~{- G^H^j S^B^-i-S^B^^ B^G^"]- BiGi-^r A^F,^^ii bi, Ci)* = 9. 
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Proceeding in a similar manner with the second set of equations, we have first 

9^} hzi ^*3 = I 


319 



c„ 

Gs 

Buy 


G$ 


or since 
this is 


(observe - G^B^, = - c^, 

and then 

{B,B,, C,G„ Q,G,, G,G,^C,G,, G,B, + G,B,^A,F,, B,G, + B,G,^,, h. 

The third set gives more simply 

g^^B^B^ + ^565 (Bn G4 + B^Gn + AnF^) + hQ-GnG4, = 0, 

95 • is — Gtq : — Sg, 

GfB^B^, — GqBq (B^ (?4 +B4,G2+ AnFi) + B^GJS-i = 0, 
and similarly, the fourth set gives 

gs^BnBi-^ gQlQ(B.2G4, + B^G^ + AnF^) + be'G^Gi — O, 

or since ge • ie^Gs : — Sg, this is 

G^BnB,- Q,B,(B,G,+BA+A,F,) + B,^G,G, = 0 : 

and these last two results lead to the values of the ratios of B^B^, BnG^+B^G^+AnFi, GnG^ : 
viz, these axe proportional to expressions containing the common factor B^G^—B^G-. 
and omitting this common factor, and taking them equal instead of merely proportional 
to the resulting expressions (which is allowable, since the absolute values are not 
material), we have 

50 ^ 4 , BfiG4,'\- B4^G^-\‘ AnF^, GzG^=B^Bq, BsGs + BsGs, GsGe* 

Returning to the result obtained from the first set of equations, this now becomes 

(Bi^Bq, G^Gs) GfiSi G^Sn, S^B^) + &i, Ci)-==0: 

but the terms containing hi axe {Bsgi + G5bi)(Bsgi + Gibi),Yi2L this is = — -ffgCi. -ffgCi, 
that is jffg-HgCi^ ; the whole equation is thus divisible by Ci, and omitting this factor, 
it becomes 

gi (EnB, + 54^2) + bi (G,E, + G,E,) + {E.^E, + E,E,)^Q, 

Proceeding in like manner with the result obtained from the second set of equations, 
this becomes 

(RgjBg, ( 72 Gt, GsQa, 02(74 + BuGe-h B^G^, B^G^ + B 4 G.^^Z 9 bn 63)* — 0, 

where the terms containing ^3, 63 are (Bg^+Gsh){Bgs+G^), viz. this is —hiGs,-‘hC^=h^GiC^: 
the whole equation divides by and it then becomes 

gs(B, 0 , + BA) +h(G,G, +G,G,) +b,(G,G, -hG,G,) =0. 

Considering £4, G^, F^ as given by the equations 

B^B,^B,B,, GA^G.G,. B,G,+ G,B,^ A^F,r^B,G, + B,G,, 
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the equations last obtained determine the values of and C4, viz. these equations may 
be written 

(giBo + 61 + Ci-ffo) B4 + jE?2 (giB^ -i- 61 6^4) + CiSr^H^ = 0, 

+ AgOg + ) C4 + Gg (5^3-®4 + ll^G^ Cg = 0 J 

but in order that the values (£4, G^, (?4, given by these five equations may 

belong to a line (0, B^, G^, G^, they must satisfy the equation 


viz. in order to the existence of the line 4, this equation must be satisfied identically 
by the foregoing values ; and I proceed to show that it is in fact thus satisfied. 
Multiplying the values of G^, and writing G^H^=- B^G^, the identity to be verified is 

(y^iB*> 4" “b ^^^2) “b h^G^ “b ^^G^ B^Gi 

+ [-^2 (9A + hG^) + CiHsH^ [Co (g-iB^ + 63C4) + ^GsGq] = 0. 

The first line includes the terms 

{ffiffii^‘2 4* hibsG.2 + + isgi) Bf^Gi + oJi^G^E^ - 84 C 4 , 

which, writing G^E^^ — B^G^ and B^B^ — B^B^, G 2 G 4 ,= G^Gq, are 

“ ffiffz^nGiBuBQ 4 * hih^G-iB^Gj^GQ + (fiig^ ’^gibz "" B^B^G^G^* 

The second line includes the terms 

C3jff2(9^i54+ 61 C 4 ) (fl' 3^4 + hGi) -b CihzG^E^G^E^, 
which, reducing in like manner, are 

” “ ^I^S^^G^G^Gq (5i 5^3 4* Cl ^3) -®5-^6 G^G{], 

and these are together 

= (g2gM-^hAG,G,)(B2G,-B,G.;). 

The remaining terms from the first line are at once reduced to 

(gih^G^Gi + Cigs^^G^ 4- (bih^G^B^ + Ci^zE^B^ G^Gq) 

and those from the second line are 

CsCg iZa {g-Ji^B^ 4- iJhG^ 4- Er^H^G^{cigzB4^ 4- Oih^G^. 

Hence, attending to the relation Cj = — A3, and collecting and arranging, the equation to 

Ra ’TTiinfi/a/l TQ 

{B,G,-B,G,) 

+ A»C^s ^iiffiBiB^ — biH^S^ 

+ JiiHiBi (giCtGe — bf Gi Gt ) 

+ KG,B,{hG,G,-g^E,H,) 

+ KE,G,{hOA -g,BM^0. 
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But we have 

- b,S,H,=B,B, (G,H, - Q,H,) - E,E,{B,C, - B,G,) 

= B,E,{B,G, + C,E,)-B,E,{B,6, + G,E,)=0, 

and similarly 

ffiGsGg — 63 G, Gg = 0 , 

hiGgGg—ggEsSg = 0, 

biGg Gg gg Bg Bg = 0. 

Moreover, writing giBgBg^bgEgSg, we have 

giga^sBg ~ bgbgGgGg 

= h igzEgEg — hi Gg Gt) = 0, 

and the five terms of the equation in question thus separately vanish ; and the 
equation is consequently verified. 

We may collect the results as follows: 

Data are lines 1', 2, 3', 4, 2', o', 6'; 

and then, for the remaining lines, 1, 3, 5, 6, 4' the coordinates are as follows : 

For 4', 

BgBg=BgBg, GgGg = GgGg, A^Fg=BgGg+BgGg—BgGg — BgGg, .4.4 = 0, 

Bg, Gg, Eg Eg-\- SgBg, EgGi, EgSg =0, 

Bg, Gg, Eg Bg, Gg, Eg 

Bg, Gg, Eg Bg, Gg, Eg 



a vn. 


41 
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For 5, 


For 6, 


ffs—Gg, bs =—Be, Aifs=BeG2— B«Os, F^Ois — BfGi—BiGg, Cj — 0, hi — 0, 

ict^fi+hg-o = 0, identity). 

> 

9 b “ “ “ ^ 5 > -^2^6 = 55(72““ 50(75, F lOe = 556^4 — (75, Ce = 0 , Ae = 0 ; 


and, for actual calculation, it is convenient to remark that as only the ratios are 
material, a set of six coordinates may be multiplied or divided by any common number 
at pleasure. 

But these results may be further reduced. Writing 

(^3, A3, &3)=1155, C5, (?5|1, 


Fq, Gq, Gq 


we have 




gsBgBg G 3 + = 


BgBgG3{GgGg-GgGg)\ f B^GgCgiB^Gg-B^Gg) 


+ GgGgBg (BgCg - CgBg)j [+BgGA {GgBg - G.B^ 

_Q Q j~ BgGi^ 

~ ' “ [SgiGgBg-GgBg) 


= CgCg {B3 {GgHg - GgHg) + G3 {BgEg - B^Eg)] 
= CgGg {B^gi + Gibi), 


igi) Cl)— -^Sj Gg, Eg ; 

Bg, Gg, Eg 


the equation obtained is thus 


We then have 


n n 

gzBg + lgGg^^igA+l^Gg). 


■(ggBg+KGg+lgG3)Gg=^ ^iGg{gA + lhG3)+hB3G3] 
= {Gg {gA + fhG3)-^<h Gg 
= {g^Bg^hGg■\■o,E^, 


fi _GgGg giBg + ff, + CiEg _ 
Eg ggBg+h^Gg+bgGg’ 


that is 
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and in like manner 


+ O 1 II 3 ) £4 — ^ (ffi - 1 - biB,GnQt) + SsSe, 

g,G«B,Be + hB,G,G, = \ f B,G,H,{G^B,- GA)] 

^ \+B,G,G,{H,B,-H,G,)i \+B,GMB,G,-B,G,)j 


' ‘\-0,(B,G,-B,G,) 
= H,Ee {B, {0,C, = G,G,) + G, (B,G, - B,G^)] 

= -Hj-Ss {B«g3 + Gshi) ; 
the equation obtained is thus 


and then 


that is 


g.B, + 6,ff4 = (%3 + GJh ) ; 

~ {ffiBi + 61 (?2 + Ci-Sa ) El = ^ (-^ 2^3 + ^2^*3) + (hBs Gi } 

E E 

= - (52 (%3 + Gs&a) + AsC.fi-,} 

^-^iB^g^ + G-ik + G^bi), 

jT E3E3 g^Bz "h h^G^ hs Gn 

^~~Gr giB,+JhG, + c,E3’ 


■which values of Gi, Ei satisfy, as they should do, the relation 

GiEi — BiGi. 


We have also 


•4.2^4 — j?5 G^s + Bi Gs~ 


B3G1G1 G3B1G, 

G, B. 


= i^{GA-B,Gi){G3Bi-B3Gi), 


which gives Fi. 

Moreover 

T 3 _ - T> , -L n , ^ TT ^ 5 ^ 58 j 3 , j . /3 ■v hfEfEf giBi+btGt + kfGi 

-Fi(h-g^Bi+lhGi + o,Si- + g^B^+hG^+o^E^ 


-5,5, 


{g»Bi + b^G^ (giBi + biGt + Ci 5 j)) 


G^EiigiB^-^ biGi+CiEi) (+ (sr» 5 j+ 6 *(?j+ hfG^ hfE^ 


(( 5 ^*®*'!' ^^ 2 ) (giBa’i’biG^'i-OihtBtG^f 


-G^E^igA + biG^+OiE^)^^^*"' 
which combined with the foregoing value of F^, g^ves Oj. 


41—2 
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Again, 


— Fidi ~ ffiBi + figCi + 636*4 = “ 


^^{g,B,+b,Q,) = 


Cl GfCf SiBi + 61 G*o + CiS^ 
Si SsBt -i- kjC 3 + 63 (?j 


OjOe f iffiB^ + 61 6*3) {gsB^ + 63C2 + 636*3) 

G3S3 (ffiBi + 63 C3 + 63 63) [+ (^i5. + 61 63 + CiS^ C1O3 


-G,G, 

G3S3 {^^B^ h^G^ H“ 6363) 


{{ffiBi + 61 63 ) (ffiB^ + 6363 ) + Cj/jsSsOs}, 


which combined with the foregoing value of F^, gives 03. 


Write 
we have 


that is 
and similarly 


(0 = BsQ) + BaGs + GfSg +GiSs, 


kgi = (EgBg - HgBg) (GgSg- GgSg) 

= - Hg^Bg Gg - Eg^Bg Gg + EgEg {Bg Gg + Bg Gg) 


= EgEg (GgEg + GgEg + BgGg-\- BgGg), 


biffi — SgEg0, 

bgffs — Gg Gg <0, 
bibg“BgBg ©, 


9ig%=G^sGga>, 

biffg + igffi + Cihg = — (BgGg + BgG^ co, 


(6163 + 5 ^i 5 s) (6363 + OihgBgGg = {GiBgBg-\- BgGgGg — BgGg (BgGg + BgGg)] a 

= (GgBg-BgGg) (GgBg-BgGg) m, 

which last value is to be substituted for the left-hand function in the formulae for Oi 
and Os respectively. 

Whence, finally recollecting that 

BgGg-]r GgEg=0, BgGg+GgEg = 0, BgGg+OgEg = 0, 

w — GgEg -{- GgEg -h BgGg -h BgGg, 


and 

we have 


For 1 


(9i» 6is ^^“1 II » 

bi9i ~ EgEgo. 


si I B. r 

g) 


03 = 


+ Ai ©2 + CiH^ 


) Aj — 0, 
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' {gz, 

fh) 

bz) = 

B„ Gg, 

Gg i 

For 

3 - 




Bg, Gg, 

Gg ! 






GgGgto. 


observe 

that 

“f" A3 — 

0. 




9s- 

= G6, 


~Bg, 


For 

6 - 









=0 , 


^ 0, 




r 

5^6 = 

-Gg, 

k= 

-Bg, 


For 

6 ■ 








Cq = 

= 0 , 


■■ 0, 





f,= -^{G.X-B,G,), 

A.:iBiGg 


as = 


G,B,-B,G,‘ 


/« = 4 (G,B,-B,G,), 


(la — 


A^BiGi 
G^B, — B^Gs' 


For 4' 


A=0. 


Q _GsCg g\Bg + 6165 + CtHg 
jHjj gzBg-\-}igGi-\-l}gGi’ 

TT B[sB^t g^Bg •\'higGg'\'bgGg 

Gg giBg + hiGs+CiSg 




Bg ’ 


IT _ (<?s-Bii - GfB^) (GgBg - (rjSa) ^ GsGg 

a:gM ’ ^^~~G7’ 


I have thought it worth while to efifect the numerical calculations for enabling 
the construction of a drawing or model. For this purpose taking X, F, ^ as ordinary 
rectangular coordinates, I write 

fl7= X + F+X— 10, 

y= 

z =— X + F+ X — 10, 
w= F, 

that is, I take 1' and 2 to be lines in the plane of XT, defined by the equations 
X+F=10 and X— F=— 10 respectively, and 3' and 4 to be lines in the plane of 
XX defined by the equations X — X= — 10, X+X=10 respectively. And I take 5' to 
be the line joining the points (2, 0, 8) and (—9, 1, 0); 6' the line joining the points 
(3, 0, 7) and (—8, 2, 0); 2' the line joining the points (9, 0, 1) and (—3, 7, 4). We 
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calculate then for each of the lines the ayyz%o coordinates of two points thereof; and 
thence the six coordinates of the line, viz. ; 


reduced 


X y z V) 

X y z w 

A £ CFG E 

A B C F G E 

5' : 0, 8, - 4, 0 

- 18, 0, 0, 1 

0, 72, 144, 0, 8, - 4 i 

1 0, 18, 36, 0, 2, - 1 

6’ 1 0, 7, - 6, 0 

- 16, 0, 0, 2 

0, 96, 112, 0, 14, - 12 

0, 48, 56, 0, 7, - 6 

2' i 0, 1, - 18, 0 

- 2, 4, 4, 7 

76, 36, 2, 0, 7, -126 

76, 36, 2, 0, 7, -126 


and effecting the calculations for the remaining lines, we have 



A 

£ 

C 

F 

G 

E 

4' 

0 

24 

-944 

9 

38 

2 

3 ! 

59 1 

1 

1 

380 

59 

60 

30 

385 

19 

- 5 

0 

3 

127680 

-720 

0 

15 

19 

140 

-30 

5 

i 304 

1 

- 48 

0 

21 

19 

7 

0 

6 

1 152 

1 

3 

- 18 

0 

27 

38 

0 

0 


a 

6 

c 

/ 

Sf 

K 


or reducing to integers, the values are 



A 

£ 

0 

F 

G 

H 

5' 

0 

18 

36 

0 

2 

- 1 

6' 

0 

48 

56 

0 

7 

- 6 

2' 

76 

36 

2 

0 

7 

-126 

4' 

0 

53808 

- 2116448 

-531 

4484 

114 

1 

1444 

13452 

6726 

10443 

-1121 

0 

3 

485184 

- 2736 

0 

3 

532 

-114 

5 

5776 

- 912 

0 

21 

133 

0 

6 

5776 

- 2062 

0 

81 

228 

0 


a 

h 

G 

/ 


h 
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The line (a, 6, c, f, g, h) is given as the intersection of any two of the four planes 


( h -g, a\x, y, z, w) = Q, 

-K f, h 
g> -f c 

-a, -b, -c, ; 


or substituting for so, y, z, w the values Z-t- F+.^-10, -Z-J- F, these 

become 


( g . a-g , 
-f-h h+f-h, 
g , o+g , 

C Q/j 


h~g , 

f-h , 

g-f , 


g 

h-g 

-g 

0 +a 


^X, 7, Z, 10)= 0, 


or, what is the same thing, 


. , 2^-a + c , 2g-f-h , -2g '§X, 7, Z, 10) = 0. 

— 2g + a — o, . , a + b + c+f—h, ~a~e j 

~^g+f+h —a—b—c—f+h, . , ~f+h I 

^g > a + c , -f+h 


And substituting, we have the equations of the several lines, viz.: 


(1') 

Z + F^ 

= 10, 

Z=(i, 


(2) - 

-Z-hF: 

= 10, 

F = 0, 


(30 - 

~X+Z: 

= 10, 

F=0, 


(4) • 

X+Z: 

= 10, 

z=o. 


(50 < 

f 

\ • J 

40, 

5, 

- 4 \X, 7, Z, 10) = 0, 


-40, 

• ^ 

55, 

-36 1 



- 5, 

-55,' 

• J 

1 



4 , 

36, 

- 1. 



(60 < 

> • J 

-35, 

10, 

- 7 $Z, F. Z, 10) = 0, 


-85, 

• > 

55, 

-28 



-10, 

-55, 

• > 

3 



7, 

28, 

- 3, 

, 
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(20 ( . , - 30, 70, - 7 F, F, 10) = 0, 

i 30, . , 120, -39 



1-70, - 

120, 

, 63 



7, 

39, - 63, 



(40 

( • . 

- 2107480, 

9385, 

- 8968 $X, F, X, 10) 


2107480, 

• J 

- 2063285, 2 

1116448 


- 9385, 

2063285, 

• > 

— 645 


8968, 

-2116448, 

645, 

• 

(1) 

( • . 

3040, 

- 12685, 2242 JX, F, X, 10) = 0. 


- 3040, 

* > 

32065, - 8170 


12685, 

- 32065, 

. , 10443 


- 2242, 

8170, 

-10443, 

1 

(3) 

( . . 

-484120, 

1175, - 1 

064 5X, F, X, 10) = 0, 


484120, 

• J 

482565, — 485184 


-1175, 

— 482565, 

• } 

117 


1064, 

48.5184, 

- 117, 

' 

(5) 

( . , 

5510, 

245, - 266 $X, F, X, 10) = 0, 


- 5510, 

• > 

4885, -5776 | 



- 245, 

— 4885, 

. , 21 



266, 

5776, - 

21, 


(6) 

( • . 

-5320, 

375, — 456 

^X, F, X, 10) =0. 


5320, 

• j 

3805, - 5776 



- 3751, 

-3805, 

. , 81 



456, 

5776, - 

81, 
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The several lines intersect as they should do, the coordinates of the points of 
intersection being as follows: 



viz. the coordinates of 12' (intersection of lines 1 and 2') are (|§^, Hf), and so 
in other cases; where there is no divisor the coordinates are integers. I find however, 
on laying down the figure, that the lines 3 and 4, 3' and 4' come so close together, 
that the figure cannot be obtained with any accuracy. 


C. VTT. 


42 
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460 . 

NOTE ON ME FEOST’S PAPEE ON THE DIEECTION OF 
LINES OF CUEYATUEE IN THE NEIGHBOUEHOOD OF 
AN UMBILICUS. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. X (1870), 

pp. 111—113.] 


I REMARK as follows : 

1. In regard to a quadric surface, it is not, I think, correct to say that the 
generatrices through an umhilic are curves of curvature; notwithstanding that, as shown 
p. 80, the normals at every point of such generatrix lie in one plane and consequently 
intersect. The way in which these generatrices as quasi-curves-of-curvature present them- 
selves is as follows: 

The curves of curvature satisfy a certain differential equation, the complete integral 
of which gives these curves as the intersections of the given quadric surfece by the 

s? 

series of confocal surfaces = l,h being the constant of integration 

of the differential equation. The singular solution of the differential equation, or envelope 
of the curves of curvature determined as above, gives the umbilicar generatrices. 

2. In regard to a surface in general, I think it must be considered, not that 
there pass through the umhilic three distinct curves, but that the umbilicar curve of 
curvature is a curve having at the umbilic a triple point, or rather a point at which 
there are in general three distinct directions of the curve. The umbilicar curve of 
curvature in fact presents itself as the curve belonging to a certain value of the 
constant of integration A; in order that the curve of curvature may pass through a 
given point on the surface, h must satisfy a certain quadratic equation, that is for a 
given point of the siuface there are two values of A, and therefore two curves of 
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curvature; but an umbilic is a point for which (as in effect shown, p. 81, for the 
particular case of a quadric surface) the two values of h become equal; that is, there 

is through the umbilic only a singular curve of curvature ; but ^ is determined by a 

cubic equation, and the umbilic is thus (as just mentioned) a point at which there are 
in general three distinct directions of the curve. 

3. Some researches on the subject are contained in my paper “On Differential Equations 
and Umbilici/’ Fhil Mag., voL XXVL (1863), pp. 373—379 and 441—452, [330]. It is 
noticeable that in the integral equations which I have there obtained for the differential 
equations cy(p®--l)+(a— c)a^=0, and the more general form (bx-{-cg)(p^—l)’\-2{fa+gy)=0, 
which belong to the neighbourhood of an umbilic, the curve through the umbilic does 
break up into three distinct curves ; and the same is the case with the umbilic on the 
surface xyz — 1 presently referred to. 

4. In the paper “Mdmoire sur les surfaces orthogonales,” Liouv., t. xii. (1847), 
pp. 241 — 254, M. Serret has given two very remarkable cases of three systems of surfaces 
intersecting each other at right angles, and consequently in the curves of curvature of 
the surfaces of each system. It was only on referring to this paper, in connexion with 
that of Mr Frost, that I perceived an obvious enough simplification of M. Serret’s 
formulae, whereby it appears that the curves of curvature on the surface xyz^l are 
given as the intersection of this surface with the series of surfaces 

h = {ix^ + a>f + ©%=)* + (< 2 !® + a>Y + 

where © is an imaginary cube root of unity; the rationalised equation is of the 
twelfth order in (x, y, z), and for the pai'ticular value A = 0, reduces itself as is easily 
seen to 0 = (y^ — ;^^)2(-s®- ic=)®(^- 2/^)1 The point x = y = z==l is obviously an umbilic 
on the surface xyz = 1, and the corresponding value of h being A = 0, the equation just 
obtained determines the umbilicar curves of curvature, viz. combining therewith the 
equation xyz = 1 of the surface, we have the three hyperbolic curves 

{y = e,coy^ = 1 ), yz^= 1 ), {x = y, za? = 1 ), 
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461 . 

ON THE GEOMETRICAL INTERPRETATION OF THE COVARIANTS 

OF A BINARY CUBIC. 

t 

[From the Quarterly Journal of Pure and Applied Mathmatics, voL x. (1870), 

pp. 148 — 149.] 

Consider the bioary cubic U = (a, b, c, d^w, yf, and its covariants, viz. the dis- 
criminant (invariant) 

V = d?d^ — Qabcd -I- iad + ^l!‘d — 36®c“, 

the Hessian 

S = {ac — ¥)iifi + (ad — 6c) xy + (bd — &) f, 

and the cubieovariant 

<E>= ( aH-Zahc + W)a? 

— (— Zahd + 6ac® — 36®c) 

+ (— 3acd + Qbd? — 36c®) anf 

— ( ad? — 36cd-t-2c® )y®, 
connected by the identical equation 

$2- V(7s=_4ffs 

Then if we regard (a, 6, c, d) as the coordinates of a point in space, but (x, y) 
as variable parameters, the equation 

V=0 

represents a quartic torse, having for its cuspidal curve the skew cubic uc — 6® = 0, 
ad~bc=0, bd — (? = 0', the equation 


V=0 
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is that of the tangent plane to the torse along the line aa^ + 2bxy = 0^ 
hcc^ -I- 2cxy + dy^ = 0 : this line meets the cuspidal curve in the point whose coordinates are 
a : h i c z d = y^ \ : —y^. The equation 

S=0 

is that of a quadric cone having the last mentioned point for its vertex, and passing 
through the cuspidal curve: and the equation 

is that of the cubic surface which is the first polar of the same point in regard to 
the torse. 

The equation — V — 4^®, writing therein fT == 0, gives = — 4H^, a result 
which implies that 27= 0, is a certain curve repeated twice, and that CT = 0, 

<S> = 0 is the same curve repeated three times. The curve in question is at once 
seen to be the line of contact Sa.27=0, Sy27=0; it thus appears that the tangent 
plane 27 = 0 meets the cubic surface ^ = 0 in this line taken three times. This can 
only be the case if the equation <S> = 0 be expressible in the form MU = or, 
what is the same thing, 

MU 4" U^ 4" 27)® = 0, 

a and ^ constants, M & quadric function of (a, &, c, d); that is, <I> must be equal to 
a function of the form 

MU+(aBxU+j38^U)^, 

Seeking for this expression of and writing the symbols out at length, I find that 
the required identical equation is 

j" ( a^d — Sabo 4“ 26® ) £c® 

— (— 3a6c? 4- 6ac® — 36®c) afy 

J , , !- + 2{a(aa? + 26a!y + C2^)+^(&®®+2ci»y + dy»)}* = 

4“ (— 3acc& 4- 66a- — 36c®) xy^^ 

^ — (— ad? — 36cd 4- 2c® ) y® > 

(a, 6, c, 2/)®-( 2a® , 6a6 , 66® , — ad4-36c 3^)*(“, Sy, 

6ab , 12ac 4- 66® , Sad 4- lo6c, 6c^ 

66® 5 Sad 4- 156c, 126d 4- 6c*, 6cd 

^ad + Sbc, 6c* , 6cd , 2cZ* 

(where the f indicates that the binomial coefficients are 7iof to be inserted, vizL the 
function on the right hand is {2a*^ 4- 4- ^l?xy^ 4- (— cidL 4- Sbc) a® 4- &c.). As a 

verification remark that for a? = a, 2^ = i8, the equation becomes simply 2Cr®= CT. 227* 
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A NINTH MEMOIE ON QUANTICS. 


[From the Philosophical Transactions of the Boyal Sodety of London, vol. CLXi. (for the 
year 1871), pp. 17 — 50. Received April 7, — ^Read May 19, 1870.] 

It was shown not long ago by Professor Gordan that the number of the 
irreducible covaxiants of a binary quantic of any order is finite (see his memoir 
“Beweis dass jede Oovariante und Invariante einer binaren Form eine ganze Function 
mit numerischen Coefficienten einer endlichen Auzahl solcher Formen ist,” Grelle, 
t. LXix. (1869), Memoir dated 8 June 1868), and in particular that for a binary quintic 
the number of irreducible covariants (including the quintic and the invariants) is =23, 
and that for a binary sextic the number is =26. From the theory given in my 
“Second Memoir on Quantics,” Phil. Trans., 1856, [141], I derived the conclusion, which, 
as it now appears, was erroneous, that for a binary quintic the number of irreducible 
covariants was infinite. The theory requires, in feet, a modification, by reason that 
certain linear relations, which I had assumed to be independent, are really not 
independent, but, on the contrary, linearly eoimected together: the interconnexion in 
question does not occur in regard to the quadric, cubic, or quartic; and for these cases 
respectively the theory is true as it stands; for the quintic the interconnexion first 
presents itself in regard to the degree 8 in the coefficients and order 14 in the 
variables, viz. the theory gives correctly the number of covariants of any degree not 
exceeding 7, and also those of the degree 8 and order less than 14 ; but for the 
order 14 the theory as it stands gives a non-existent irreducible covariant (a,. f(x, yj*, 
viz, we have, according to the theory, 5 = (10 - 6) + 1, that is, of the form in question 
there are 10 composite covariants connected by 6 ^^gies, and therefore equivalent to 
10—6, =4 asyzygetic covariants; but the number of asyzygetic covariants being =6, 
there is left, according to the theory, 1 irreducible covariant of the form in question. 
The fiset is that the 6 syzygies being interconnected and equivalent to 5 independent 
syzygies only, the composite covaiiants are equivalent to 10 — 5, =5, the foil number 
of the asyzygetic covaiiants. And amilarly the theory as it stands gives a non-existent 
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irreducible covariant (a, . .)® (x, y)®. The theory being thus in error, by reason that it 
omits^ to take account of the interconnexion of the sy^gies, there is no difficulty in 
conceivmg that the effect is the introduction of an infinite series of non-existent 
irreducible covariants, which, when the error is corrected, will disappear, and there will 
be left only a finite series of irreducible covariants. 


Although I ana not able to make this correction in a general manner so as to 
show from the theory that the number of the irreducible covariants is finite, and so 
to present the theory in a complete form, it nevertheless appears that the theory can 
be made to accord with the facts; and I reproduce the theory, as well to show that 
this is so as to exhibit certain new formulae which appear to me to place the theory 
in its true light. I remark that although I have in my Second Memoir considered 
the question of finding the number of irreducible covariants of a given degree 0 in 
the coefficients but of any order whatever in the variables, the better course is to 
separate these according to their order in the variables, and so consider the question 
of finding the number of the irreducible eovariants of a given degree 9 in the 
coefficients, and of a given order ii in the variables. (This is, of course, what has to 
be done for the enumeration of the irreducible covariants of a given quantic; and 
what is done completely for the quadric, the cubic, and the quartic, and for the quintie 
up to the degree 6 in my Eighth Memoir, PhU. Trans. 1867, [405].) The new formul® 
exhibit this separation; thus (Second Memoir, No. 49), writing a instead of x, we 


have for the quadric the expression 7^ jr, showing that we have irreducible 

(,1 — a) 

covariants of the degrees 1 and 2 respectively, viz. the quadric itself and the dis- 


criminant: the new expression is -^-7= rr, showing that the 

^ (1 — 0 ( 8 ®) ( 1 - 0 ®) ® 

question are of the actual forms (o, yf and (o, ..)® respectively. 


covariants in 
Similarly for 


the cubic, instead of the expression No. 55, 
1— a®£B' 


1 — 0 * 


we have 


(l-o) (1-0®) (1-0*) (1-0*)’ 

; ,s /■, w, exhibiting the irreducible covariants of the forms 

(1 — am?) (1 — a®(c®) (1 — a®(B*) (1 — o*) ° 

(a,..'^x, yf, {a,..f(x, yf, {a..f{x, yf, and (o, ..)*, connected by a syzygy of the form 
(o, ..)*(», yf; and the like for quantics of a higher order. 


In the present Ninth Memoir I give the last-mentioned formul®; I cany on the 
theory of the quintie, extending the Table No. 82 of the Eighth Memoir up to the 
degree 8, calculating all the syzygies, and thus establishing the interconnexions in 
virtue of which it appears that there are really no irreducible covariants of the forms 
{a,..f(x, yf*, and (o, y)“. I reproduce in part Qordan’s theory so fiir as it 

applies to the quintie, and I give the expressions of such of the 23 covariants 
as are not given in my former memoirs; these last were calculated for me by 
Mr W. Barrett Bavis, by the aid of a grant from the Donation Fund at the disposal 
of the Eoyal Society. [The expressions referred to are in isust printed, 143.] The 
paragraphs of the present memoir are numbered consecutively with those of the former 
memoirs on Quantics. 
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Article Nos. 328 to 332. M^yrodiiction of my original Theory as to the Numhsr of 

the Irredvffible Govariants. 


828. I reproduce to some extent the considerations by -which, in my Second 
Memoir on Quantics, I endeavoured to obtain the number of the irreducible covariants 
of a given binary quantic (o, h, ...J®, jr)". 

Considering in the first instance the covariants as ftmctions of the coefficients 
(a, h, c , . .), vrithout regmding the variables (r, y), and attending only to the following 
properties— 1 , a covanant is a rational and integral homogeneous function of the 
coefficients; 2®, if P, Q, P, ... are covariants, any rational and integral function 
P(P, §, P, ...), homogeneous in regard to the coefficients, is also a covariant,— we say 
that the covariants X, 7,... of the same degree in regard to the coefficients, and 
not connected by any identical equation aZ + ;87... = 0 (where a, A- are quantities 
independent of the coefficients {a, b, c , ...)), are asyzygetie covariants, and that a covariant 
not expressible as a rational and integral function of covariants of lower degrees is an 
irreducible covariant; and it is assumed that we know the number of the asyzygetic 
covariants of the degrees 1 , 2, 3,....; say, these are A„ A„ A„..., or, what is the 
same thing, that the number of the asyzygetic covariants of the degree 0, or form 
{o, 6 , ...)*, is equal to the coefficient of in & given function 

^(a) = l + A^a + AJa^..+Afla« + ..., 

where I have purposely written a, as a representative of the coefficients (a, b, c,...), 
in place of the x of my Second Memoir. 


329. The theory was, that determining Bj, ... by the conditions 


Ai = ai, 

•^2 “ (#1 d" 1) + ®S> 

As = f Bi (Ui + 1) (Bi + 2) + + Of, 

that is, throwing 

. , , l+Aia+ilsa“+Asa*+... 

into the form 

(1 - a)-»i (1 - (1 _ a»)-% . . . , 

the index b, would express the number of irreducible covariants of the degree r less 
the number of the (irreducible) linear relations, or ^^gies, between the composite or 
non-i^ucible eovanants of the same degrea Thus A, = a„ there would be a, 
TOvamnts of the degree 10 ; these give rise to K(ai + 1 ) composite covariants of 
the degree 2; or, assuming that these are connected by k, ^gies, the number of 
^^getic wmposite eovariants of the degree 2 would be ia,(a, + l)-yfe,; and thence 
there would be A 2 -H(bi + 1 )+A,. that is, a.+A. irreducible covariants of the same 
degree; so that (irreducible iuTariants less syzygies) — is = 05 . 


^ =1; tat in the investigstion the term ooveriant properly 

stands for any fhnction sati^png the conditions !• and 2». papery 
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330. The syzygies are here irreducible syzygies; for, calling P, Q, JR, ... the 
CO variants of the degree 1, there is no identical relations between the terms P®, 

PQ, ... : imagine for a moment that we could have such identical relations (viz. 
this might very well be the case if instead of the ^ai(cci + l) functions P^, Q% PQ,,,.^ 
we were dealing with the same number of other quadric functions of these quantities), 
that is, relations not establishing any relation between P^, PQ^,,,, and besides these 

k^ non-identical relations as above ; then the number of irreducible invariants would 
be ^2 + ^2 + k> ^d the number of irreducible syzygies being as before k^, the difference 
would be not but ou + L, The k identical relations are here relations between 
composite covariants, and the effect (if any such relation could subsist) would, it 
appears, be to increase ct^; between syzygies such identical relations do actually exist, 
and the effect is contrariwise to diminish the a ; we may, for instance, for the 
degree s have irreducible covaiiants less irreducible syzygies — 4* 

331. Assume for a moment that, for a given value of s, is positive; but for 
the term Ig it would of course follow that there was for the degree in question a 
certain number of irreducible co variants; and it was in this manner that I was led to 
infer that the number of the covariants of a quintic was infinite — viz. the transformed 
expression for the number of asyzygetic covariants is 

= coeff. a® in (1 - a^)”^ (1 — a®)“® (1 ~a^)'^(l— 

a product which does not terminate, and as to which it is also assumed that the 
series of negative indices does not terminate. 

332. The principle is the same, but the discussion as to the number of the 
irreducible covariants becomes more precise, if we attend to the covariants as involving 
not only the coeflScients (a, 6,...) but also the variables (sc, y)\ we have then to con- 
sider the covariants of the form (a, b,,,,y(sc, yY, or, say, of the form (degree 6 
and order yt), and the number of the asyzygetic covariants of this foim is given as 
the coefficient of a^o(f‘ in a given function of (a, x), (I write a instead of the z of 
my Second Memoir in the formulae which contain x and z)i by taking account of the 
composite covariants and syzygies, we successively determine, from the given number of 
^yzygetic covariants for each value of d and /x., the number of the irreducible 
covariants for the same values of 6 and /a. This is, in fact, done for the quintic in 
my Eighth Memoir up to the covariants and syzygies of the degree 6. But before 
resuming the discussion for the quintic, I will consider the preceding cases of the 
quadric, the cubic, and the quartic. 


Article Nos. 333 to 336. New formiilcB for the number of Asyzygetic Govariants, 
333, For the quadric (a, 6, c'^x, y)% the number of asy^getic covariants aV 


= coeff. in 


1 — .r 


(l-a)(l-aa;)(l-a^)’ 


(see Second Memoir, No. 35, observing that q is there — and that the sub- 
traction of successive coefficients is effected by means of the factor 1— a? in the 
C. YH. 43 
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numerator. See also Eighth Memoir, No. 251, where a like form is used for the 
quintic). Writing aa? for o, and ^ for x, this is 


= coeffi a^af in 






The development is 
1 


a? 


+ aa? 

+ a® (a;* + 1) 

+ a* (a!* + a?) 

+ a* (a;® + a^ + 1) 


“(I) 

“■(s+s) 

“‘(s + 5 + l) 


which is 


where 


A{x) = 


■(l-aa?)(l-aO’ 

and, since contains only negative powers, the required number is 

1 


= coeff. a*a^ in 


(l-aa^)(l-a=)’ 


indicating that the covariants are powers and products of (oa? and a% the quadric 
itself, and the discriminant. Compare Second Memoir, No. 49, according to which, 
writing therein a for x, the number of asyzygetic covariants is 

= coeff. a® in 


(l-a)(l-o®)‘ 

334. For the cubic (a, b, o, djar, y)* the number of a^zygetic co variants a®a!'‘ is 

1 — x 


= coeff. a®iB®^ in 
or transforming as before, this is 

= coefE a^x>^ in 


(1 — o) (1 — aa!)(l — oaf) (1 —a®*) ’ 

1-i 

^ 

(1 — a®*)(l — oa:) (1 — aar^) (1 — aar^ ' 
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the fanction is here 


= A{x)~-,A{- 
^ a? \x/ 


where 


A{x) = 


1 — aW 

(1 — CM!®) (1 — aV)(l — «®a!®)(l — a*) 


(that this is so may be easily verified); and since the second term contains only 
negative powers, the required number is = coeff. a V in A (x). The formula, in feet, 
indicates that the oovariants are made up of (a^, a-aP, aPaP, a*), the cubic itself, the 
Hessian, the cubicovariant, and the discriminant, these being connected by a syzygy 
(oV) of the degree 6 and order 6. Compare Second Memoir, No. 50, according to 
which the number of covariants of degree 9 is 


= coeff. a® in 


(l-a)(l-a®)(l-a®)(l-o!0' 


335. For the quartic (a, b, c, d, e^x, y)‘ the number of asyzygetic covariants aPxP is 


= coeff in 


(1 — a) (1 — ax) (1 — aaP) (1 — aoP) (1 — oaf) ’ 


or transforming as before, this is 


= coeff in 


(1 - ax*) (1 - aaP) (1 - a) (1 - aar^) (1 - oar*) ’ 


the function is here 




where 


1 — 


^ “ (1 _ CM!*) (1 - aV) (1 - a®) (1 - aP) (1 - ePaP) ’ 


and the second term containing only negative powers, the required number is = coeff a^ap- 
in A (x). The formula indicates that the covaxiants are made up of (ax*, a-aP, a®, aP, aPaP), 
the quartic itself, the Hessian, the quadrinvariant, the cubinvariant, and the cubi- 
covariant, these being connected by a syzygy (a‘aP) of the degree 6 and order 12. 
Compare Second Memoir, No. 61, according to which the number of covariants of degree 
9 is 


= coeff a® in 


(l-ci)(l-a®)®(l-a»)* 


336, For the quintic (a, b, c, d, e, /^a?, yf the number of asyzygetic covariants 
is 

- 1 — a: 

= coeff a^ap-ii^ m (j _ „) (i _ ax) (1 - aaP) (1 - oa;®) (1 - aaP) (1 -aaP) ’ 

43—2 
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or transforming as before, this is 

1 - ar^ 

= coefif. in (1 _ (1 _ (l - cw) ( 1 - ax-^) ( 1 - ax-^) ( 1 - ax ->) ' 


The developed expression is 

1 

+ aa® 

+ a" + »*+■«“) 


1 

+ aar‘ 

+ £1^ (ar“ + ar^ + x~-) 


but here there is not any finite function A {x) such that this development is 


=^A{x) 



The numerical coefficients are of course the same as those in the development of 
the untransformed function; viz. they are the numbers given in the third column of 
Table No. 82 (Eighth Memoir), and also (carried further) in the third column of the 
following Table, No. 87. And we can, from the discussion of these coefficients, deduce 
the form of A (x), viz. this is 


l-a‘£e“ 



l-aW 

1- a’a? 

1-aV 


2 

5 

4 



3 

0 ! 


1-a’af 

3 

1 



1 

1 

(1-oV)* 

14 

13 

(10)* 

12 

11 

(8)* 

10 

(9)* 

( 6)= 

8 

7 


6 


1 

1-a‘x* 

1 —aV 

1 1-aV 

2 

1 

1 ® 



! 20 



14 


l-a« 


where, for shortness, I have written 1 — a®a!® to stand for (1 — aV) (1 — aV), and so in 

2 

other cases: moreover in the third column of the numerator the (9)* shows that the 
factor is (1 — aW)*, and so in other cases: this will be further explained presently. 
Compare herewith the form, Second Memoir, No. 52, viz. the number of asyzygetic 
covariants of the degree 0 is 

= coeff. o« in (1 - a)-^ (1 - a®)"* (1 - aV (1 - «*)“* (1 - (1 - «*)* (1 - oO* (1 - • • • 

each index being, it will be observed, equal to the number of factors in the numerator, 
less the number of factors in the denominator, in the corresponding column of the 
new formula. 



462] 


A NINTH MEMOIE ON QUANTICS. 


341 


Article Nos, 337 to 346. Th& 23 Fundajnental Govariants. 

337. Gordan’s result is that the entire number of the irreducible covariants of 
the binary quintic is =23. I represent these by the letters A, £, C,..., W, identifying 
such of them as were given in my former Memoirs on Quantics with the Tables of 
these Memoirs, and the new ones, 0, P, B, S, T, V, with the Tables Nos. 90, 91, 92, 
93, 94, 95 of the present Memoir. 


Table No. 87. Identification of the 23 irreducible covariants of the binary quintic. 


Table Xo. 

A (a, 6, c, d, e,f\ oo, yf f 13 


^ ( 

i)^-^{A,Br ( 

i(A, 5) ( 

0 ( 

( 

H — \{B,Gf^\B^ ( 

I =-i{B, G) ( 

J=-l(B,Dy ( 

K=-{B,1)) ( 

L=-M-^,E) + IBE ( 

M = Sf-^BG ( 

F= i{B,H) ( 

0=-(B,J) ( 

P=-i{A,M)-BK ( 

Q=i{B,M)^ ( 

B=-i(B,M) ( 

S =-96(I», M) + UB0-7QK ( 
T=-{J,M) ( 

( 

F=-(fi, T) ( 

F = -i(0, T) ( 


fi 

y 

^=(//y 

14 

f ( 

y 

<i>=(ffy 

15 


y 

3 

16 

n 

y 

(/‘) 

17 

n 

y 

m 

18 

y( 

y 


19 

y( 

y 

II 

20 

y( 

y 


21 

y( 

y 

11 

22 

y( 

y 

(;0 

23 

y ( 

y 

m 

24 

y( 

y 

T = {jplf 

83 

y( 

y 

w 

84 

y ( 

y 

(«) 

*90 

y ( 

y 

(/t) 

*91 

y( 

y 

(^ry 

25 

y ( 

y 

(Ti) 

*92 

y ( 

y 

(r) 

*93 

)“( 

y 

7 = (to) 

*94 

)“( 

y 

((H «) 

29 

y*( 

y 

(^) 

*95 

)“( 

y 

{(«). 7 ) 

29a 
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338. The Table exhibits the generation of the several co variants; viz. {A, B) 

denotes d^A • — dyA . d^B, {A, By denotes d^^A . dy^B — ^^yA . 'd^yB + 9y“-4 . 'd^B, &c. 

(see No. 348). The column /, ^—{ffy> shows Gordan’s notation, and the 

generation of his 23 forms {(ffY written as with him for (/, /)*, &c.) : it will be 
observed that the forms are not identical; if the calculations had been made de novo, 
I should have adopted his values, simply omitting numerical factors of the several 
forms (thus every term of l, —{ffY contains the factor 2.(120)^ =28800): of course 
the presence of these numerical factors renders the f, l, <j>, &c. as they ' stand 
inconvenient for the expression of results; and the numerical fixation of the values 
was no part of Gordan's object. But by reason of the existing Tables the change of 
notation is in fact more than this; thus H instead of being a submultiple of (B, Cy, 
that is, of jp, is in fact = — ■|•(S, + and so in other cases. If the occasion for 

it arises, there is no difficulty in expressing any one of the forms /, t, (f>, &c. in terms 
of the (A, B, (7.. F, W)\ thus in the instance just referred to, we have 

Ay = smc, 

and 

^ = ^)^ =288005, 

whence p = 2304000 (5, Gy ; also (5, (T)® = — hH + 25® ; and therefore, finally, 

p = - 11520000 H + 4608000 5^. 

339. I remark upon the value 5 = — 96 (J), M) + 1650 — 7 GK, that S is the 
complete value of a covariant ( )® ( )% the leading coefficient of which is given in 
Table No. 86 of my Eighth Memoir; the form (5, M), omitting a numeric^ factor 
(if any), would have had smaller numerical coefficients, but there is in the form 
actually adopted the advantage that it vanishes for a = 0, 5 = 0, that is, when the 
quintic has two equal roots, [see post. No. 346]. 

340. I now form the following Table No. 88, viz. this is the Table No. 82 of 
my Eighth Memoir, carried as far as a\ but with the composite covariants expressed 
by means of the foregoing letters A, 5, G, ... , TT; instead of giving the syzygies as 
in Table No. 82, I transfer them to a separate Table, No. 89. In all other respects 
the arrangement is as explained. Eighth Memoir, No. 253; but in place of N, 8, 8' 
I have written *, 2, 2' to denote new covariant, new syzygy, derived syzygy, 
respectively; and I have, as to the terms aW* respectively, introduced the new 
symbol <r to denote an interconnexion of syzygies, as appearing by the Table No. 89, 
and as will be further explained. 
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Table No. 88. 

[Xu this Table and the subsequent Table 89, I have for convenience used, instead 
of capitals, the small italic letters o, h, c,...w to denote the 23 irreducible co variants of 
the quintic.] 


Ind. a. 

Ind. X, 

Goes. 

i 

1 

5 

1 

a 

< 

* i 


3 

0 




1 

0 


t 

■2 

10 

1 




8 

0 




6 

1 

c 

* 


4 

0 




2 

1 

b 

* 


0 

0 



3 

15 

1 

ci? 



13 

0 




11 

1 

ac 



9 

1 

/ 

* 


7 

1 

ah 

i 


5 

1 

e 

# 


3 

1 

d 

* i 


1 

0 

. i 

1 

4 

20 

1 

0? 

' 


18 

0 


' 


16 

1 

(fc “ i 



14 

1 

¥ • , 



12 

2 

a% (? ■ i 



10 

1 

ae • j 



8 

2 

1 

ad, be 



6 

1 

i 

i 

{ 


4 

2 

h\ h 

* 

j 


2 

0 


1 

1 


0 

1 

9 

* 1 
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Table No. 88 (continued). 


Ind. a. 

Ind. X. 1 

Coeff. 



5 

25 

1 

a® 


i 

23 

0 




21 * 

1 

a^c 


! 19 1 

1 i 

aY 


I 

17 

2 1 

a% acr 



15 

2 ' 

a\ cf 



13 ! 

2 1 

ahc 



11 

2 

ai, hf^ ce 

2 


9 

^ 1 

ab% ah, cd 



7 

2 1 

he, 1 

* 


5 

2 

ag, hd 



3 

1 1 

k 

* 


1 

1 

j 

* 

6 

30 

1 

a® 



28 

0 




26 

1 




24 

1 


1 


22 

2 

a% 

1 


20 

2 

a\ acf 

i 


18 

3 

aH, c^hc, (?, /- 

2 j 

! 16 

2 

a-i, ahf, ace 

2' i 


14 

4 

a?lf, aVi, acd, h<^, ef 

2 ' 


12 

3 

dhe, al, ci, df 

2 


10 

4 I 

org, ahd, b% cIi, 

2 ' 


8 

2 

ah, hi, de 

2 j 


6 

4 

aj, h% hh, eg, dr 

2 1 


4 

1 

n 

* 


2 

2 

hg, m 

* 


0 

0 



7 

35 

1 

dl 



33 

0 




31 

1 

dc 



29 

1 




27 

2 

dh, 



25 

2 

a% a^cf 



23 

3 

a*d, a%c, ac®, af^ 

2' 


21 

3 

d?i, a^hf, a^ce, <?f 

S' 


19 

4 

aVi, d^cd, cd)c\ aef 

S' 


17 

4 

d^he, aH, act, adf, hef, 

2S' 


15 

5 

d^g, d^hd, cdPc, ach, a^y (?d, fi 

S', S 


13 

4 

a% obi, ode, b% bee, d, fh 

s 


11 

5 

a^j, db\ abh, aeg, ad?, bed, ei 

s 


9 

4 

an, b\ hi, ek, di, eh, fg 

3S 


7 

4 

dbg, am, h^d, cj, dh 

s 


5 

3 

hk, p, eg 

* 


3 

2 

dg 



1 

1 

0 

* 
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Table No. 88 ('conclnded'). 


Ind. a. 

Ind. X. 

Coeff. 


8 

40 

1 




38 

0 




36 

1 

a®c 


j 

34 

1 

iff 


1 

32 

2 

1 




30 

2 




28 

3 




26 

3 

a% c^hf^ cv^ce, cic“f 



24 

5 

a% tv^cd^ a^har^ a-e.f^ cf% c* 



22 

4 

a^be, (iH, a/^ci, crdj\ ahcf] a(re 



20 

6 

a% cdbdy C(rb\ orch^ aV, achl^ afi, bc^j bf^, cef 



18 

5 

a% cM, cdde, ab% abce, acl^ f(J\ cH, cdf 


1 

16 

7 

<rj, drh^, cdblt^ drcg^ abed, aei, b-c% hef, c-A, oe-, fl 


1 

14 

5 

ahi, ab\ cibJ, ach, adi, aeh^ afg, bci, bdf, ede 



12 

7 

arhg, a^m, ab-d, acj, adliy br^c, bch, b(^, e% cd% el, fk, i- 



10 

5 

abk, aeg, ap, b\ hde, cn, dl, fj, Id 



8 

6 

abj, adg, Wh, heg, heir, cm, ek, Jr 



6 

3 

cto, bn, dk, ej, gi 



4 

4 

% hni, dj, gh 



2 

1 

T 



0 

2 

^7^ 7 

* 


25 ' 

<r 

45 ' 

55' 

<r 

35 

35 

25 

25 


it 


341. The syzygies and interconnexions of syzygies are given in 

Table No. 89. 

[See ante Table No. 88."] 


(5. 11) 1 

ai + bf- ce = 0 

(6, 18) 

c^d - a’6c + 4<!® +/" =0 


(6, 14) , 

orh — ^acd —^h<^—ef =0 


(6, 12) 1 

al — 2ci + 3c^ = 0 


(6, 10) 

dg - \%abd — 4&®c - =0 


(6, 8) 

eJe "i” 26^ ”” ^de ~ 0 


(6, 6) 

+26A — = 0 


(7. 15) 1 

abh + ach- 6c*rf - fi 

= 0 

(7, 13) 

a^k - (M- ZVf+Qd +Zfh 

= 0 

(7. 11) 

— ab* + abh—9a(^—6bcd- 

•et = 0 

(7, 9) 

— 5*6 — 6dt + 26^ — 

= 0 


2W + Mi - ek + fg 

= 0 


2c& - 12d* + eh - fg 

= 0 

(7, 7) 

am + + flf — 3dA 

= 0 


c. vn. 
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Table No. 89 (continued). 


<r, (8, 

20) 

O.a^a^g -Uabd-m - 

buprd 

(6, 10) 1 



-a{a%d — dbc^-^ ach — ^<?d—fi) 


(7. 15) 1 



+ h {aH — drhc + 4c^ + /®) 

?> 

(6, 18) i 



+ c {a^h - - ih(? - ef) 

J1 

(6, 14) 



-f{ai + hf - ce) = 0 

>> 

(5, 11) 

<r, (8, 14) 

0 . a (an — h^e — — fg) 

mpret 

(r, 9) 



+ a( 26Z + Mi- eh-^fg) 

t) 

( .. ) 



+ a( ^ch —\2di+ eh-fg) 

11 

( » ) 



— 26 (cd — 202 * 4" ^d^^ 

11 

(6, 12) 



-2c (ok + 2bi — Zde) 

11 

(6, 8) 



+ 6 J (ai 4- hf — ce) = 0 

11 

(5, 11) 

(8, 

12) 

ab'd — b^c + 2bcli - erg + r = 

0 




- Zadh - 2bch 4 2(?g 4 lSc(P +fk - 2i? = 

0 




el+fk- 2^ = 

0 


(8, 

10) 

ahk - cn — Ml — 2^* 4 = 0 

ap 4 2cn 4 =0 

bH 4 C21 4 Zdl 4 ^ - 2^2 = 0 

(8. 

8) 

ahj - 6^ 4 46^/i ~ %d^ 4 12cm -ek— ZW = 

0 


i 


adg 4 26^^ - 1 26cP 4 8cm — ek- 27r = 

0 


1 (8, 

6) 

ao 4 Mk — Zej 4 2gi = 0 
bn-rZdk— ej + ^^=0 


342. In illustration take any one of the lines of Table No. 88, for instance 
[resuming the notation by capital letters] the line 

(I, 17) I 4 I A^BE, A% ACI, ABF, BGF, OE ] 22' 1 

there are here 6 composite covariants, but the number of asyzygetic covariants is =4: 
there must therefore be 6 — 4, = 2 syzygies ; we have however (see Table No. 89) two 
derived sy^gies of the right form, viz. these are 

A{AL-WI + WF) = (i, 

0(.4J+ BF- OE) = 0, 

which are designated as 22', and there is consequently no new sy^gy 2. 

But in the line 

(7, 15) 1 5 I A*Q, A^BD, AB^G, AGE, AE‘, 0‘D, FI | 2', 2 1 

there are 7 composite covariants, but the number of asysygetic covariants is = 5 ; 
there must therefore be 7—5, =2 syzygies. One of these is the derived syzygy 

A {A^ -E^- 12ABB - 4B*0) = 0, 
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which is designated by X'; the other is a new syzygy (see Table No. 89), 

A^BD-ABG^+ACE- 6C?>D - FI= 0, 

designated by X. 

343. Take now the line 

(8. 20) I 6 ! A^Q, A^BB, A^EG, A^GE, A^E, AOD, AFI, BG\ BF^, CEF \ oX', o- 1 : 

there are here 10 composite covariants, but the number of irreducible covariants is 
= 6 ; there should therefore be 10 — 6, = 4 syzygies. There are, however, the 5 derived 
syzygies 

A^{A^G-nABB-4>R-G-E=) = Q, &c. (see Table No. 89) 

designated by 5X'; since these are equivalent to 4 syzygies only there must be 
1 identical relation between them (designated by o-), viz. this is the equation 0 = 0 
obtained by adding the several syzygies, multiplied each by the proper numerical fector 
as shown Table No. 89. 


344. Again, for the line 

(8, 14) I 5 I A^N, AEE, ABL, AGK, ABI, AEE, AFG, BGI, BBF, GBE i 6X', 1 

there are here 10 composite covariants, but only 5 irreducible covariants; there should 
therefore be 10 — 5, =5 syzygies; we have in fact the 6 derived syzygies 

A {AN- EE - m + 2EE- FG) = 0 &c. (see Table No. 89) 

designated by 6X'; these must therefore be connected by 1 identical relation (designated 
by a), viz. this is the equation 0 = 0 obtained by adding the several syzygies, each 
multiplied by the proper numerical factor as shown Table No. 89. 


346. These two cases (cr) are in feet the instances which present themselves where 
a correction is required to my original theory. The two identical relations in question 
were disregarded in my original theory, and this accordingly gave the two non-existent 
irreducible covariants (a,. .)*(», y)“ and {a,..f(x, y)“. And reverting to No. 336, these 
give in the denominator of A (x) the factors (1 — a^a^) (1 — a*iB**). In virtue hereof, 

(1 — a®P 

writing a; = 1, we have in A (x) the fector ^ , = (1 — a®)*> agreeing with the 

(1 — a?)* 

function (1 — )~^(1 — a)““ ... (1 — o*)®.... And we thus see that the denominator fectors 
of A (x) do not all of them refer to irreducible covariants ; viz. we have 

osj®, aW, aV, a®«®, aW, a*»*, a*, a^x', oW, a% a‘x*, a^a?, aW, cHx, d^a?, 

each referring to an irreducible covariant, but and a*®*® each referring to an 
identical relation (<r) or interconnexion of syzygies. And we thus understand how, 
consistently with the number of the irreducible covariants being finite, the expression 
for A{x) may be as above the quotient of two infinite products; viz. there will be 
in the denominator a finite number of factors each referring to an irreducible covariant, 
but the remaining infinite series of denominator fiictors will refer each &ctor to an 

44—2 
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identical relation or interconnexion of syzygies. But I do not see how we can by 
the theory distinguish between the two classes of factoi’S, so as to determine the 
number of the irreducible covariants, or even to make out affii-matively that the 
number of them is finite. 

S-iS. The new covariants 0, P, R, S, T, F are as follows: 

[Table No. 90 (Covariant 0), 

Table No. 91 (Covariant P), 

Table No. 92 (Covariant R), 

Table No. 93 (Covariant S), 

Table No. 94 (Covariant V), 

printed in the paper 143, “Tables of the Covariants Jlf to W of the Binary Quintic; 
from the second, third, fifth, eighth, ninth and tenth Memoirs on Quantics” with the 
insertion as therein mentioned of the terms with zero coefficients. The covariant 
S, = — 96(J), M) + 16RO — 7&K, of the present Memoir is there called S', and there is 
given the more simple form S = {I), M), of this covariant.] 


Article Nos. 347 to 365. Sketch of Professor Gordan’s proo/ /or the finite Number, 
= 23, of the Govariants of a Binary Quiniic. 

847. I propose to reproduce the leading points of Professor Gordan’s proof that 
the binary quintic (a, h, c, d, e, f\x, yf has a finite system of 23 covariants, viz. a 
system such that every other covariant whatever is a rational and integral function 
of these 23 eovariants. 

348. Derivation. Consider for a moment any two binary quantics if>, tlr of the 
same or different orders, and which may be either independent quantics, or they ma}* 
be both or one of them covariants, or a covariant, of a binary quantic f. We may 
form the series of derivatives 

{<f>> = 12 = dx<l> . dy-^ - dy<f > . daf-, 

( 4 >> '^)‘ = 12 = 23a3j,^.9a33/V^ + 9y®^.9iB®^, 


where, however, there is no occasion to use the notation (^, ■^)® (as this is simply the 
product ^), and the succeeding derivatives may (when there is no risk of ambiguity) 
be written more shortly {iff, {<f>ff, &c.; in all that Mows the word 

“derivative” (Gordan’s U^tereinanderschiebmg) is to be understood in this special sense. 

349. The degree of the derivative {4>ff is the sum of the degrees of the con- 
stituents if>, f; the order of the derivative is the sum of the orders less 2k; it 
being understood throughout that the word degree refers to the coefficients, and the 
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■word order to the variables. In speaking generally of the covariants or of all the 
covariants of a quantic /, or of the covariants or all the covariants of a given degree 
or order, we of course exclude from consideration covariants linearly connected with 
other covariants (for otherwise the number of terms would be infinite); but unless it 
IS expressly so stated, we do not carry this out rigorously so as to make the system 
to consist of asyzygetic covariants; viz. it is assumed that the system is complete, but 
not that it is divested of superfluous terms. 

350 . Theorem A. The covariants of a quantic / of a given degree m can be all 
of them obtained by derivation from f and the covariants of the next inferior degree 
(m-l). ^ 

In particular for the degree 1 the only covariant is the quantic / itself; for the 
degree 2 the covariants are (//)», (//)=, (//)^...: using for a moment $ to denote 
each of these in succession, the covariants of the third degree are 
and so on. > > . 


351. Suppose that the covariants of the second degree (//)“, (ff )\ {ffy... are 
in this order represented by jS*..., then the covariants of the ’third degree 

■written in the order 


wy. W), mr, ... wr, (a/)^ ...(y8,/)», (/s,/), (A/)^.. 


may be represented by 71, 73, 73,..., the ojvariants of the fourth degree written in 
the order 


(7i/)“, (71/), (7i/y. ...(7=/)'’, (7^), (75/n ..•(7»/)'’. (73/X {yjy... 


may be represented by Si, Sj, S3.,., and so on: we thus obtain in a definite order 
the covariants of a given degree m; say, these are fii, /tj, /t,, fCt,...: any term ju, is 
said to be a later term than the preceding terms fi^, and an earlier term than 
the following ones, 


Observe that each term /v is a derivative (Xg/)*, the derivatives of an earlier X 
are earlier, than those of a later X; and as regards the derivatives of the same X, 
the derivative with a less index of derivation is earlier than that with a greater 
index of derivation, or, what is the same thing, those are earlier which are of the 
higher order. 


352. The series /ti, ytta, /t3, is not asyzygetic; we make it so, by considering 
in succession whether the several terms ya,, ... respectively are expressible as Hnear 
functions of the earlier terms, and by omitting every term which is so expressible. 
The reduced series thus obtained is called T*, .... Observe that not every (i 

is a T, but that every T is a /a; every T therefore arises irom a derivation upon / 
and a certain term X; which term X (supposing the X series reduced in like manner 
to 81, Si, Ss , is a linear function of certain of the fifs. Each later T is derived 
from later jS’s, or it may be from the same fifs as an earlier T; viz. if the later T is 
derived from {Si, 8i,...8a), then the earlier T is derived, it may be, from {Si, 8t,,,.St), 
or from {Si, S»,..,8»^), but so that there is not in the series any term later than Sf, 
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And if, considering any T as thus derived from certain of the and in like 
manner each of these Ss as derived from certain of the J2*s, and so on, we descend 
to any preceding series, 

ilfx, 

it will appear that the T is derived from a certain number (Jfi, i/g, ... of the 
terms of this series. 

353. The quadricovariants (//)°, {fffy (//)^••• are of different orders, and con- 
sequently asyzygetic. They form therefore a series such as the T-series, and they may 
be represented by 

•fiij -Sg, .... 

Supposing / to be of the order % Bi is of the order 2?z., of the order 2?i — 4, 
of the order 2n — 8, and so on. Those terms which are of an order greater than n, 
.are said to be of the form W (agreeing with a subsequent more general definition 
of W); those which are of an order equal to or less than n, are said to be of the 
form %; so that the earlier terms of the B series are TT, and the later terms are %; 
viz. the % terms taken in order, beginning with the earliest, are Xs,.... 

354. By what precedes any particular T is derived from certain terms Bg, ... Bg, 

of the B series. This series, Bj, Bg, ... B^, may stop short of the terms x> or it may 
include a certain number of them, say %2> •••%/• The terms derived from the x’s 

^e in the sequel denoted by P^. 

35.0. Every covariant whatever is a form or sum of forms such as 

12“ 13^ 

writing in regard to any such expression 

2 ind. l = i, 2 ind. 2=^*, ... 

(viz. i is the sum of all those indices a, &c. which belong to a term containing 
the symbolic number 1, j the sum of all the indices a, 7, &c. which belong to a term 
containing the symbolic number 2, and so on) then each of the numbers i, is at 
most =w, that is w — i, ... may be any of them =0, but they cannot be any of 

them negative; the degree of the function is =wi, and its order is =m7i — j... It 
is to be further observed that the form is a function of the differential coefficients 
of / of the orders w — i, w— j, &c. respectively. It follows that if n — i, n—j,... are 
none of them =0, the form in question may be obtained from a like form belonging 
to a quantic /' of the next inferior order 71 — 1 by replacing therein the coefficients 
by ax + by, hx+cy, &c. respectively: for example, if /denote the cubic function 

— 2 

{a, b, e, yf, then the Hessian hereof is 12 fif%\ the like form in regard to the 

quadric /'=(a', V, d\x, yf is 12 fifi, which is =a'c' — b'*; and substituinng herein 

cx+by, bx + cy, cx + dy for a', b', c' respectively, we have the Hessian 12 /i/j of the 
cubic. A covariant of / derivable in this manner from a covariant of the next inferior 
quantic f' is said to be a special covariant. 
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356. Reverting to the form 

if, as before, re— 1, n~j, &c. are each of them >0; if there is at least one index i 
which is = or (that is, for which n — i>^), and if the order mn — i—j ... be 

>re, then the form, or any sum of such forms, is said to be a form or covariant W. 
Every covariant W is thus a special covariant, but not conversely. In the particular 
case m = 2, the form is 

12 f\fti 

which will be a form W if re — a > or, what is the same thing, 2n — 2a > re, that 
is if the order be >re. Hence, as already mentioned, the covariants T of the degree 2 
are W, or else %, according as the order is greater than n, or as it is equal to or 
less than re. 

357. Theorem B. If any covariant T be expressible as the sum of a form TT 
and of earlier Fs than itself, then forming the derivative {Tfy‘, either this is not a 
form T, or being a form T, it is expressible as the sum of a form W and of earlier 
2*8 than itself; or, what is the same thing, (Tf'f, if it be a form T, is (like the 
original T) the sum of a form W and of earlier T& than itself. 

Hence also every form T is the sum of a form W, and of forms derived from 
the functions Xs. .... say 

2’=Tf+Px, 

or, what is the same thing, every covariant whatever is of the form IF 4- P^. 

358. The proof that for a form f of the order re the number of covariants is 
finite, depends on the assumption that the number is finite for a form /' of the next 
inferior order re — 1 : this being so, the number of the special covariants of f will be 
finite; say these are Au A^, A^,... (f is itself one of the series, but we may separate 
it, and speak of the form / and its special covariants): the forms W are functions 
of the special covariants, and hence every covariant whatever of / is of the form 
P(j4) + Pjj; but it requires still a long investigation to pass from this to the theorem 
of the existence of a finite number of forms F such that every covariant whatever 
is P(F). I pass this over, and reproduce only the investigation for the case of the 
quintic. 

359. Starting from the assumed system of forms, 

/. ^ = (//)“. » = (//)*. ? = P = t = 7 = ('ra), 

Up)> (A)> (». 

(fil m (P), (Pi (-nl 

(ia ), (iiy), («>•, ((ia), a), (irf, {(ia), y), 

say, the 23 forms P, it is to be shown that every other covariant whatever of the 
quintic is of the form F(U). 
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The special covariants are /, <f>, (fip)} % i> which are forms JJ ; the only form x 
is i, so that instead of writing Pj, every co variant whatever of / is 

= P(P) + Pi; 

and it remains to show that every form Pi is Fiji)-, or, what is the same thing, 
that if if be any form F (JJ) whatever, then that (-ffi) and (Stf are each of them 
FiU). 

360. In order to show that every covariant of a degree not exceeding m is 

F{U), it will be sufScient to show that the several forms (Hi) and (Hi)^ of a degree 

not exceeding m are each of them F(U): and if for this purpose we assume that 
it is shown that every covariant of a degree not exceeding m — 1 is F{U), then in 
regard to the forms (Hi) and (Hif of the degree m, it will be sufficient to show that 
any such form is a function of covariants of a degree inferior to m. 

361. First for the form (Hi): we have (FQ, i) = F(Qi) + Q(Pi); and hence we 
see that (Hi) will be F(U) if only (Ui) is always F(U). 

In forming the derivative of i with the several covariants U, we may omit i 
itself, and also the four invariants (iif, (it)*, {(ia), a), ((ia), y), since in each of these 
cases the derivative is = 0. We have therefore to consider the derivative of i with 

f. <i), j, a, p, r, y, (M (fp), (fr), (jr), (fi), ((fn), (ji), (pi), (n), (ia), (iy), 

respectively : the first seven of these are each of them U ; the remaining eleven are each 

of them of the form {(PQ), i). Now {(PQ), i) is a linear function of P(Qi)^ Q(Pi)\ 
and i (PQy, that is ((PQ), i) is a function of covariants of a lower degree than itself 

362. Next for the form (Hi)\ we have (PQ, if, a linear function of P(Qif, 

Q(Pif, i(PQf; and we hence see that (Hif vdll be P(17) if only (Uif is always 

F(U). 

In forming the second derivative of i with the several covariants U, we may 
omit as before the four invariants, and also omit the four linear co variants a, ia, y, iy; 
we have therefore to consider the second derivatives of i with 

f, <f>, i, j, P, r, (f4>), (fp), (/t), (jr), (fi), (<f>i), (ji), (pi), (ri), 

respectively: the first six of these are each of them U\ the remaining nine are each 
of the form ((PQ), if. Now ((PQ), t)* is a linear function of {(P{f, Q), ((Qi)», p), 
P(Qi)*, and Q(Pif. The first two of these are terms of the same form; (P^> & 

covariant of a lower d^ee than ((PQ), if, is F(U), and hence {(Ptf, Q) will be 

F(U) if only (U, Q) is F(U); Q being here any one of the functions f, i, j, p, t, 
and U being any one of the functions 

/. <l>, ». jy Py r, a, y, (f^), (fp), (fr), (jr), (ft), (i)i)(ji)(pi)(n)(ia)(iy). 
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363. For U equal to any one of the last eleven values, the form is (Q, S) R 
wHch is = jR (QS) + S (QR), and is thus a function of covariants of a lower degree : 
there remains only the derivatives formed with two of the functions f, (j>, ij jj p, t, or 
of one of these with a or <y. But these are all 27 other than the derivatives 

(fj)> (<f>P), (4>r), {pr); (/a), (^a), (jat), (jja); (fy), ((jry), (jy), (pj), (ry), 

and since ry^(TCL), the derivatives containing y will depend upon covariants of a lower 
degree; there remain therefore only (fj), (^j), (#), (pr); (fa), (<^ 2 ), (ja), (pa): 

each of these can be actually calculated in the form F{U). 

Hence finally, assuming that every covariant of a degree inferior to m is F(U)y 
it follows that every co variant of the degree m is jF( 27 ); whence everj^ covariant 
whatever is F(U)y viz. it is a rational and integral function of the 23 covariants U. 

364. It will be observed that, writing A, By G for P, Q, i, the proof depends on 
the theorems 

{(AB\ G), a linear function of A(BGf, B{CAfy C{ABy, 

(ABy Cy „ „ do. do. do. 

{(AB), oy „ „ {(ACff, B), {(BCy, A), BiACf, GiABf, 

which are theorems relating to any three functions A, B, G whatever. 

365. I remark upon the proof that the really fundamental theorem seems to be 
that which I have called theorem A. As to the forms TT it is difficult to see 
d pnori why such forms are to be considered, or 'what the essential property involved 
in their definition is; and in fact in a more recent paper, “Die simultanen Systeme 
binaren Formen’* {Math. AnnaleUy t, II. (1869), see p. 256), Professor Gordan has 
modified the definition of the forms W by omitting the condition that the order of 
the function shall exceed n; if it were possible further to omit the condition of at 
least one index being = or <^n, and so only retain the conditions n — i, n—jy &:c., 
each of them >0, then the essential property of the forms W would be that any 
such form was a rational and integral function of the special covariants formed, as 
above, by means of the quantic of the next inferior order. And moreover, as regards 
the theorem P, there seems something indirect and artificial in the employment of 
such a property; one sees no reason why, when a system of irreducible covariants is 
once written down, it should not be possible to show that the derivatives of F(1j) 
with the original quantic f are each of them F{U)y instead of having to show this 
in regard to the derivatives of F{U) with the several covariants x- ^ regards the 
quintic, where there is a single covariant x^ quadric function t, there is obviously 
a great abbreviation in this emplo 3 ment of i in place of /; but for the higher 
orders, assuming that the proof could be conducted by means of the quantic / itself, 
it does not appear that there would be even an abbreviation in the employment in 
its stead of the several covariants %. The like remarks apply to the proof in the 
last-mentioned paper. I cannot but hope that a more simple proof of Professor 
Gordan’s theorem will be obtained — a theorem the importance of which, in reference 
to the whole theory of forms, it is impossible to estimate too highly. 

c. yn. 
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463 . 

NOTE ON A DIFFERENTIAL EQUATION. 


[From the Mmoirs of the Literary and Philosophical Society of Manchester, 
vol. n. (1865), pp. Ill — 114. Eead February 18, 1862.] 


The following investigation was suggested to me by Mr Harley’s “Remarks on 
the Theory of the Transcendental Solution of Algebraic Equations,” communicated tc 
the Society at the Meeting of the 4th of February. 


Mr Harley’s equation 
may be written 

or putting 

it becomes 


y"— ny+(n — 1) ® = 0 


n-1 . 1 « 

s- 


«-i 1 

a> = u, - = a, 

n n 


y = u + ay* 


which equation may be considered instead of the original equation; and it is to b< 
shown that y, regarded as a function of a, satisfies a certain linear differential equatior 
of the order n — 1. In fact, expanding y by Lagrange’s theorem, we have 


y = u + a«» + (w»*y + ^ ° g («*")" + &C., 

= HI + au* + ^ 3n (3n - 1 ) + &c., 

l.Z.o 
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the law whereof is obvious, and using the ordinary notation of factorials, viz. 
\nj‘ = w (n — 1) . .. (ti — r -{- 1), we may write 

where 6 extends from 0 to oo. 

It is now very easy to show that y satisfies the differential equation 

f V n d 271 — 11”“^ „ . 

|_ du\ ^ [n—1 dll 71 - 1 J ^ 

In fact, using on the left-hand side the foregoing value of y, and on the right-hand 
side the following value of obtained from that of y by wTiting 0 — 1 in the 

place of 0, viz. 

1 <7/ = iSffl ^ 

d 

and observing that in general the symbol as regards w”*, is the equation 

in question will be satisfied, if only 

[720]^V/ ixzi 1171-1 n{n6-n\^V n /. 


[«]• 

where the right-hand side is 
and the equation may be written 




[(» - 1) « + ir ■ - N - 11". 

that is, 

[ne - l]»-= [(ra - 1) (9 + 1]»-' = [nd - !]»-» [nO - nf-^, 
which, since each side of the equation is = [n^ — 1]®+”“*, is obviously true. 

The foregoing differential equation is developable in the form 

f ^ Jiy , 1 

(s) W 

but to find the coefficients a^, I start from this form, and proceed to sub- 

stitute in the equation the value of y, which on the left-hand side I use in the 
original form, and on the right-hand side in the form obtained by writing 0-1-1 in 
the place of 0, viz. 

y=8, ®+». 


[ 6 + 1 ] 


45-2 
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The equation to be satisfied is 

(a, + a, [(« - 1) 0 + 1]* + l(n - 1) 0 + 1]» ... + [(n -1)0 + 




or, what is the same thing, 

^ ^Oto + Oi [n6Y + a, [n0]®+' . . . + a»_i 

Observing that the right-hand side may be written 


1 [ai (0 + 1)]®+”“^ 
[<9 + l]«+i * 


1 n{e^l)[ne + n-lY-^-^ 


. . . + an~i = [nl9 + w - 1]®+"“*, 


the equation becomes 

0£o [?2 ^ + ofi [w 0] ® + 02 \nOY'^^ 

or, what is the same thing, 

ao+ IJ^+OaKw— = 


so that Oo, Oi, ... a„_i ai^e the coefficients of the expansion of [nO + n (which is 

a rational and integral function of 6, of the degree n — 1) in a factorial series, as 
shown by the left-hand side of the equation. 

To determine the actual values, write 
this gives 

n0 + n-l = ”^+^^-f^ + ^; 

71—1 

and we have therefore 

and thus the general expression is 

1 A, ^n<}) + n’‘ — Sn + l\ 

— )• 


where A denotes the difiference in regard to <f> (£lU^= U^i- IT4,). and, after the 
operation A* is performed, ^ is to be put equal to zero. 
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NOTE ON PLANA’S LUNAR THEORY. 


[From the Monthly Notices of the Royal Astronomical Society, vol. xxni. (1862 — 1863), 

pp. 211—215.] 

I HAVE been much surprised to find that there is an error of the order 

arising from the omission of a factor (1 + f)r\ in the expression for + Sm, as 

given by the equation (II.)' (TMorie de la Lime, t. L, p. 267), being the equation 
made use of in the theory for the determination of the perturbation of the 
reciprocal of the radius vector. This error may probably be the cause of some of the 
discrepancies in the terms of the fourth and higher orders, between Plana’s results 
and those of Pont^coulant and Delaunay. 

Plana’s equation (6), t. L, p. 260, is 

^+5.- <je’ 


if for shortness 


y) Q'e cos (cv^j 'ordv) 

-{/fe7)(i+y)(i+vr'-^g^} 

+/(e, y)Prf(l+s,Ti<d, 


@ = — (l+^<yS)eos(2grz; — 2 j 0dv) + cos (4!gv — 4 J Bdv). 

jK" (p. 256) should be 




y) 


1 -h 2 I Wdv 
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but, by an error wbicb is implicitly corrected, the a which multiplies (1 + ^ 2 j Udv 

is omitted. Hence the equation ( 6 ) becomes 

+ (1 + 2 j Udv)f(e, 7 ) Q'e cos (cv — Judv) 

+ (1 + 2 J Udv) f(e, j) P<f (1 + @, 

in which equation 

^ dCl s do, oc 0.1- d,n era, „ 

^3 = -T-+- -T-, PP- 26, 24o, Tj- = -2 — i- U, p. 265, 

du u ds uHv + ^ 

t (e, 7 ) = (1 + rf)- K f(e, 7 ) = \« (1 + ^)\ p. 261. 

But retaining for greater convenience the function f{e, 7 ) in two of the terms, 
we have 

(i+ 2 /ra.)(«“+s.) = 


+ ( 1 + 2 J Udv) /(e, 'y)Q'e cos (gv~J vrdv) 

-(I + 2J Z7(Zi;)X^(1+72)S|(1+5/)"*-^(1 + s»)' 
+ (1 + 2 J Udv) f(e, 7) Prf (1 + 0 


- ^ X^l + f)* (1+5 s)-}2 j Udv 
+ (1 + 2 j Udv)f (e, 7) Q'e cos (cv—J vrdv) 

~ (1 + 2 J Udv) X* (1 + 7*)* ■ (1 + s/)“* — ^ (1 + «*)“*! 
+ (1 + 2 J Udv)/(e, y)P<f(l + a/)-* 
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which is 




_^£ dn \ 


Tjdfi 

SlU -t 
(Iv 


- ~X^(l+'f)^ {l+^y^2j Udv (destroyed by terra infra) 
4- (1 -f 2 J CTcZi;) f(e, y) Q'e cos {cv - j ^dv) 

-xHi+ 'f)^ |(i + s;)- ® ^ (1 + *1 

- (1 + 7=)^ (1 + s/) -* 2 J Udv 

+ ^ (1 + 7“)^ (1 + s^) 2 J Udv (destroyed by term supra) 

+ (1 + 2 J Udv) f{e, 7) P7* (1 + sf) © ; 


or, putting — Sw), this becomes 

£t 

(1 + 2/ M,) (^“ + S.) - i XS (1 + (“ + 1 f ) 

- (1 + 7)’ (1 +«;)■ ^2! Udv 

+ (1 + 2 j Udv)f(e, 7) Q'e cos (cn —j -erdv) 
-X?(l +7*)i |(1 + 5/)-*-^ (1 +«*)-*! 

+ (1 + 2 J 0'ii;)/(e, 7)P7* (!+«;)"* 0. 


agreeing with the Formula 11. p. 265, except that in Plana’s last term, instead of 
the factor /(e, 7) (=^^(1 +7®)^), "we have the factor \*(1 + 7*)*. That is, the last 
term, as given by Plana, should be divided by I + 7*. And this error is introduced 
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from the formula (II.) into the formula (11.)', p. 267, viz. the incoiTect factor 
\*(l+7®)^ is there replaced by its value g; whereas, the true value being \^(l + 7®)*, 

the factor in (IL)' should he 


The corrected formula (II.)' is 

■ - Sm = — Q' 7- ^ --- cos (ci; — f -asdv) 
1+7“ J 


d?hu 

dip’ 


+ 2 


(i + s;)-*-J(i + s=)-* 
du, . dZii\ 


- 2,,> - ^ + Sm + 5 (1 + 3 /) ■ * - cos(cv-Jwdv)jJji,dv 

- Pqr/ (1 4- 7*)-' (1 + S/)"* (1 - 2/i* J p, dv) X 

|l 7“ “ (1 + i 7°) (-9^ i 7* (^9^ ■ 


Observing that P is of the order m®, and that q is approximately equal to unity, 

the error in + is of the order mV> ^ noticed above. It may be right to 
dv^ 


mention that I obtained the correction in the first instance by starting from the 
fundamental equations, and not as here from the intermediate equation (6), so that 
there is not in that equation any error afterwards implicitly corrected in the trans- 
formation to (ii.y. 
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NOTE ON THE LUNAE THEOEY. 

[From the Monthly Notices of the Royal Astronomical Society, vol. xxv. (1864 — 1865). 

pp. 182—189.] 

I ATTEND, in the expressions for the lunar coordinates, only to the coe£6cients 
independent of m. Plana’s values, taken to the fourth order only, are as follows; for 
greater simplicity I write a = 1 ; and, instead of nt + constant, cnt 4- constant, gnt 4- con- 
stant, I write I, c, g respectively ; viz., I is the mean longitude, c the mean anomaly, 
g the mean distance from node : this being so, then r, v, y, denoting the radius vector 
longitude and latitude respectively, we have 

^ (Plana) = 

e — ^ e®— i cos c 

4- e® - ^ - I „ 2c 

4- I e® „ 3c 

4- t c* » 4c 

- \ » Sgr 

- t „ c-2g 

(but I omit Plana’s term 4- ^ cos 2 o 4 - 25 rwMch should be =0). 

V (Plana) = ? 4- 

+ 2 e — ^^—^rfe sin c 

+ i „ 2c 

4- if e* » 3c 

4--We* » 4c 

- i + » 2^ 

4- f 7 ^ „ c-2g 


c. vn. 


46 



362 


NOTE ON THE LUNAR THEORY. 


[465 


y (Plana) = 


-i'fe 

sin 

c + 2y 

-i 

3 > 

2c— 2g 


3 ) 

2o + 2g 


33 

^g. 

7 - 7^ -It® 

sin 

9 

+ 76 - 1 7 ^ 

jj 

c- g 

+ 76 - 1 76 ® — 1 7*e 

33 

c+ g 

+ I 76 ^ 

33 

2 c- g 

+ 1 76 ® 

33 

2o+ g 

+ 1176® 

33 

3c- g 

+ f 76 ® 

33 

Sc+ g 

-At® 

33 

^9 

+ 1 7®6 

33 

c-Bg 

-|7®6 

33 

c+Sg. 


To compare these with the elliptic values, it is necessary to write e(l + i 7 ®) in 
place of e. Making this change, or say reducing Plana’s (e, 7 ) to the elliptic (e, 7 ), 
I '\vrite down in a first column the transformed coefficients, and in a second column 
the elliptic coefficients, as follows: 


v = 


Fkna, mth Elliptic e, y 

r~ 

1 

+ e-Je* 

Elliptic 

1_ 
r ~ 

1 

+ e-Je® 

COS 

c 

+ e'-Je* 

+ 6® — ^6* 

33 

2g 

+ |6» 

+ |6® 

33 

3c 

+ 16* 

+ 16* 

33 

4c 


0 

33 

^9 

-f7®6 

0 

33 

c-2g. 

Plana, with Elliptic e, y 

1 1 

+ 2 6 - Je* 

EUiptio 

1 

+ 2 e -4e® 

1 

sm 

c 

+ 4 e^-i46‘-*7®6® 

+ 4 e®-i4e* 

' 33 

2c 

+ if e» 

+ ^6® 

i 

33 

3c 

+ ^6* 

+ J^6* 

33 

4c 

- i 7*-A7*^+47‘ 

- i 7* + 7®^+|7* 

33 

% 

+ 1 7*6 

- i 7*6 

33 

c~2g 

- i 7*6 

- 1 7*6 

33 

c->t2g 

- 1 7*6® 

+ 1^7*6® 

33 

2c— % 

-if 7*^ 

-if 7*6® 

33 

2c + 2^r 

+ A7* 

+ A 7* 

33 

4flr. 
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Plana, with Elliptic e, y 

Elliptic 



y = 


7 - 7e--|7» 

+ 76- 76®-f7® 1 

sin g 

+ 76— f 76 ®— It’s 

+ 76 — 176® — 

„ c4- g 

+ 7«-|7e’ + i7’e 

+ ye _ 1 ,y3e , 

„ c- g 

4- f 76® 

+ i 7^ 

,, 2c- g 

4- 1 76* 

+ § 7^ 

„ 2c + g 


+ ■5^76* 

„ Sc- g 

4- J 76® 

4- 1 76* 

» Sc + g 



„ Sg 

+ ife 

- ^ 7®c . 

„ o-Zg 

- i rfe 

-ife : 

,, c4-3y. 


where, for greater clearness, I remark that the values called “elliptic” of e, 7, c, ff, 
refer to an ellipse, such that the longitude of the node, and the longitude (in orbit) 
of the perieentre, vary uniformly with the time, — viz., we have mean distance = 1, 
excentricity = e, tangent of inclination = 7, mean longitude = I, mean anomaly = c, 
distance from node =g. 

We have therefore 


r 

- A 

COS 



- 1 7*e 


c-2g 

Sv= 


sin 

2c 



>» 

% 


+ i fe 

V 

o-2g 



J1 

2c — 2g 

Sy = 

~ 1 7«* + l7*e 

9) 

c- g 


+ f 76* 

99 

2c- g 


+ 1 76® 

99 

Sc- g 


4- 1 7®e 

99 

c-Zg, 


viz., these are the increments to be added to the elliptic valu® of - » y, respectively, 

in order to obtaia the disturbed values of % y» attending only to the coefficients 

independent of m ; represent, in fact, like lunar inequaMies which rise two orders by 
integration. 

The elliptic values of ^ and y are functions, and that of v, is equal 24-, a function, 

of e, 7, c, g, and the foregoing disturbed values may be obtained by affecting each of 

46—2 
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the quantities e, 7 , c, g, and I, with an inequality depending on the argument 2 c — 2 ^, 
viz,, these inequaEties are 

Be = — ^ ffe cos 2 c — 2g 
Bc= I 7 “ sin 2 c — 2 ^ 

§7^ cos 2 c — 2g 
s sin 2 c — 2 ^ 

SZ = — ^ sin 2 c — 2g. 

The verification may be effected without difficulty; thus, for instance, starting from 
the elliptic value of - , we have to the fourth order 


r U e cos 2 c/ “ U 2 e= sin 2 c/ ^ U 2 e cos 2 cJ ^ 

= (-sin csin 2 c — 2 gr — cos ccos 2 c- 2 ^) 
+ sin 2 c sin 2 c — 2 ^ — cos 2 c cos 2 c — 2g) 

=— cosc — ^ 

• — |7®c®cos2^. 


which is right ; and the verification of the values of Bv, By, may be effected in a 
similar manner. 


I have, in order to fiz the ideas, preferred to give in the first instance the fore- 
going d posteriori proof; but I now inquire generally as to the form of the values of 

v,y, or say of r, v, y, taking account only of coefficients independent of m; and 

I proceed to show that these may be obtained from the elliptic values expressed as 
above in terms of I, e, 7 , .c, g, by affecting I, e, 7 , c, g, each with an inequalily 
depending on the multiple anes or cosines of c— 

Writing for greater simplicity n = l, we have + c=ci-|-( 7 . ^ = g« + (?, where 

c = l-|m®-{-&c., g = l-hf m® + &c.; viz., c, g, are constants which differ from unity by 
terms involving ml 

Iffie required values of r, v, y, satisfy the undisturbed equations of motion, if after 
the differentiations we write in the coefficients (which coefficients are functions of m 
through c, g)m = 0; that is, if we write in the coefficients c = l, g=L In &ct, the 
requir^ values of r, % y, are what the complete values become, upon writing in the 
coefficients of the complete values m= 0 ; that is, the required values of r, v, y, differ 
from ^he complete values by terms the coefficients whereof contain m as a factor; and 
the dist^bed eqmtions differ from the undisturbed equations in that they contain the 
differential coefficients of the disturbing functaon; that is, terms the coeffidents whereof 
have the factor m\ Imagine the complete values of r, v, y, substituted in the disturbed 
equations of motion; the resulting equations are satisfied identicaUy; and, therefore, 
whatever be the value of m; that is, they are satisfied if in these equations respectively 
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we write m = 0 : it requires a little consideration to see that this is so, if in the 
coefficients only we write m = 0 ; but recollecting that c, g, stand for functions ct -f- C, 
so that, for example, c-g, =(c — gji-fO— 6^, upon writing therein ? 7 i = 0, 
becomes equal, not to zero, but to the constant value 0 — (r, the identity subsists in 
regard to the coefiBcient of the sine or cosine of each separate argument olc + 
and, consequently, it subsists notwithstanding that in the arguments c and g, instead 
of being each put = 1, are left indeterminate. And granting this (viz. that the 
equations are satisfied if in the coefficients only we write m = 0), then it is clear that, 
as above stated, the required values of r, v, y, satisfy the undisturbed equations of 
motion, if after the differentiations we write in the coeflScients c = 1, g == 1. 

The required values of r, v, y, are of the form T — j> (c, y), y = (c, g\ v = l'\-x (o, y), 

but writing = y + c — Z, = c + % (c, g\ the last mentioned property will equally subsist 
in regard to the functions r, Wj y: in fact, v enters into the differential equations 

only through its differential coefiBcient and the differential coefScients of v and lo, 

at 

that is, of Z + j^(c, g) and c + ;^(c, g\ differ only by the quantity c— 1, which becomes 
= 0, in virtue of the assumed relations c = l, g = l. 


Hence the undisturbed equations are satisfied by the values r = (c, y), y = ^ (c, g)* 
w = c + x{o, g\ when after the diflferentiations we write in the coefiBcients c ~ 1, g = 1 ; 
the foregoing values contain t through the quantities c, g, only; and we have, therefore, 

— - — j. A 
dt ^dc^^dg* 

d d d 

Hence, writing in the coefficients e=l, g = l, we hare ^ = ^ + that is, the 

at do dg 

values r-(p(o, g\ y — '>^{c,g), 9\ regarding r, v, y, as functions of c, g, 

satisfy the partial differential equations obtained from the undisturbed equations of 

^ ^ ^ Hence also, considering r, lo, y, as 

functions of c and G-g, then observing that + is =0, the values of 

d d 

r, % y, satisfy the partial differential equations obtained by writing ^ in place of ^ ; 


motion by writing therein ^ + ^ place of 


dV 


and inasmuch as these partial differential equations do not contain ^ , they are to 

be integrated as ordinary differential equations in regard to c as the independent 
variable, the constants of integration being replaced by arbitrary functions of c — g. 

Consider the pure elliptic values of r, v, y, in an elliplac orbit with the following 
elements: A, the mean distance; JIT, the mean motion and therefore 

E, the excentricity; Nt + E, the mean anomaly; M + E, the mean distance from node; 
Et+K, the mean longitude; then writing c in place of t, we have 


r =JV’"ielqr(^, Ec + E), 

v(—l—c + w)= l — c + Ec+E+E(E, r, Ee + E, Ec+E), 

y = QiE,T, Ee + E, Ec+E), 
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where N, E, T, D, H, E, are arbitrary functions of c—g: P and Q denote given 
functional expressions. But, in order that r, v, y, considered as functions of c and g 
naay be of the proper form, it is necessary as regards N to write simply jy = 1 ; we 
have then 

r = elqr {E, o + E), 

V = l-h E-i-P (E, r, c + 2), c -h E), 
y~ Q{E, r, c + D, c + E), 

where E, T, E, S, E, are arbitrary functions of c — g', or, what is the same thing, 
writing for these quantities respectively e + Se, y + Sy, Sc, g — o + Bg, 81, where Be, By, 
Bo, Bg, 81 are arbitrary functions of c — g, we have 

r = elqr (e + Be, e + Bo), 

®=Z + SZ+J?(6 + Be, y + By, c + Be, g + Bg), 

y — Q{e+Be, y + By, c + Bc, g + Bg), 

that is, the values of r, v, y, are obtained from the elliptic values 

r = elqr(e, c), 
i; = Z+P(e, y, c, g), 
y= Q(e,y,e,g), 

by affecting each of the quantities e, y, e, g, I, with an inequality which is a function 
of c-g. 
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SECOND NOTE ON THE LUNAR THEORY. 

{From the Monthly Notices of the Royal Astronomical Society, vol. xxv. (1864 — 1865), 

pp. 203—207.] 

The elliptic values of 

r, the radius vector, 

V, the lougitude, 
y, the latitude, 

are functions of 

a, the mean distance, 

e, the excentricity, 

ly, the tangent of the inclination, 

I, the mean longitude, 

c, the mean anomaly, 

g, the mean distance fimm node; 

see my Note in the last Monthly Notice, p. 182, [465], where, for the present purpose, ^ 
should he written instead of and it is there shown that the disturbed values, 

T 

attending only to the coeffidents independent of m, are obtained by affecting a, e, y, c, g, I, 
with the inequalities 

3a= 0 

8 e=— | 7 ®e cos 2 c — 2 gr 

„ 2c-25r 

8 c=+| 7 » sin 2 c — ^ 

Bg=+^^ „ 2c-2g 

« 2c-2j7, 
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or, what is the same thing, adding to the elliptic values the inequalities 


09 

1 

11 

1 

COS 



a 

c-2^. 


sin 

2c 



2-7 

+ f fe 

»> 

c-lg 


a 

Ic-^g, 

% = - 1 + 

sin 

c- g 

+ 1 7«" 

» 

^e- g 

+ 1 7e® 


3c- g 

+ 1 re 

3J 

c-Zg. 


I propose to show how these results may he obtained by the method of the 
variation of the elements. For this purpose, treating a, e, 7 , c, g, I, as elements, the 
proper formula are obtained very readily from those given in my “Memoir on the Pro- 
blem of Disturbed Elliptic Motion,” Mein. R. jist. 80c., vol. sxvii. (1859), pp. 1 — 29, [ 212 ] ; 
viz., writing c in place of g, the formulae, p. 25, give the variations of a, e, c, C, 0, 
we have then 

g = G + 'C 
f = c + C + 0 
7 = tan (j), 

and therefore 

dg = dc + dC 
dl = dc + dtj + dd 
^7 = (1 + rf) dtp, 

which give for the transformation of the differential coefficients of D, 

do, _dQ, ^dCl ^ dCl 
dc~ de^ dg dl 

do, _ dQ d£l 

dXj~ dg^ dl 

dn _ dSl 

dd~ H 

d<(> d^ 

and the formulse finally become 

^ 4 . 2 dO 2 d£i 

dt Tia dc noL dg na dl ^ 

de 1-d‘ dQ, l-e^-Vl-e* dQ dSl 

dt na^e de na^e dg na*e cU ’ 
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^7 _ 



1 + r 

da , 

(l+7=)(l-Vl+7=) 

da 

dt ~ 



na- Vl —6^7 

dg 

na- Vl — e^7 

dl ’ 

dc 

2 

da 

l-e^ 

da 



dt ~ 

na 

da 

naH 

de’ 



^=:_ 

2 


l_e8_vr^, 

f da 

l+r 

da 

dt 

na 

da 

no?e 

de 

no? VT— 7 

dy’ 

§ 

2 

da _ 

l-e^-Vl + i 

f da 

(l + 7=)(l-Vl+7=) 


dt 

na 

da 


de 

na- Vl — ^7 

dy ' 


The disturbing function contains the term 

(+ ^ cos 2c — 2g. 

If after the differentiations we write for greater simplicity a = 1, m = 1, we have 


^ = + -^ m-eV cos 2c — 2g, 
dcb 

^ = „ 2c-2g, 

^ = + -^ „ 2c - 2g, 

^ m-e^ sin 2c — 2g, 


= --^TO=eV 


dn 

dg 

0 

dl 


2e-2g, 


and the formulae for the variations give 

„ (dSl dQi\ 

Vdo dg) 


da 

dt 

de 

di 


dt 


1 do, 
e dc 

1 da 
y dg 

1 ^ 
e de 


dt 

dg _ 1 dSl 

dt 7 dy 

M 2 ^ 

dt~ da 





sin 

2c -2g, 


» 

2c - 2g, 


cos 

2c - 2g, 



2c-%, 


n 

2c-2gr, 


but this value of ^ is, as will presently be seen, incomplete. 


0 . vn. 
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Writing a+ 3 a, e+Be, &c., in place of a, e, &&, and observing that the divisor for 
the integration of the term in 2 c - 2 g is 2 {c-g), the first five equations 

give respectively 

8a = 0, 


8e=-f72e cos 2 c- 2 g, 

h = » 20-25-, 

8c = + 1 7® sin 2c — 2 g, 

8flr= + |c2 2c-25f. 


The constant term in H is 


and this gives in 


= ??iWa® (i + 1 - 1 f*), 


a term 


which is 


dl -dH ,, dCl . do, 


JJ 

Substituting for e, 7, their correct values c + 8e, 7 + 87, it appears that ~ contains 

Oit 


the term 
which is 


m-(- 1 680 + 1787), 


= wi“(ll+M=)!f ey cos 20-25-, 
= ffm^ey „ 2 c- 25 r, 

and joining to this the before-mentioned term 


= -J^m^ey „ 2 c - 2 g, 

we find 

2= » 2c- aj, 

whence, writing as above I + Zl for I, and integrating, we have 

ey an 2c-25r, 

and it thus appears that the values of Sa, 80, 87, 8c, 85-, 8Z, agree with those obtained 
in my forma* Note. 
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467 . 

EXPEESSIONS FOE PLANA’S e, y IN TEEMS OF THE ELLIPTIC e, y. 


[From the Monthly Fotioes of the Royal Astronomical Society, voL XXT. (1S64— 1865), 

pp. 265—271.] 

The coeflSeient of sin cni in Plana’s expression for the true longitude v (see 
Plana, t. L p. 574), putting therein E = e' = 4, that is, neglecting the terms which 
depend on the variation of the solar excentricity, is 

= e ( 2 + |m=-|f m®- ^ nt) 

+ e^ (- i 

+ 6* ( 

+ (mi) 

+ 67“ (- i -§!»»-+ + 

+«“-/ i-m) 

+ 6V (tm) 

+ 67* (--A) 

+ e6'» ((- ^ + I + + 

+ (- 

+ 6*6'“ ^ =)- 

+ 66V( (W-#l=)+'^’»*) 

+ ee'‘ ( ( tt 
+ e¥ (-W’wO 

+ 66'“6<(-ft)- o 
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Tating this to the fifth order only, and comparing it with the coefficient in the 
elliptic theory, we have 

Plana. Elliptic. 

= e ( 2- = e ( 2) 

+ e> (- i-17m0 +e*(-i) 

+ e® ( ^) + ^ ( m) 

+ ^r( ft) 

+ e'f (- I) 

+ ee'®(-9m"). 

The coefficient of sia gnt in Plana’s expression for the latitude (see t. l. p. 704) is 

= 7(1 
+ 7e“(- 1 

+ 7e‘( A + lff’ft) 

+ 7® (- t 

+ r‘^( 

+ 7“ (i) 

+ 7e'=( 


But according to the calculation of Prof Adams (quoted by M. Delaunay, 
Comptes Bmdus, t. Liv. (1862), this should be 

= 7 ( 1 + ^ ^ - fllfl m? - 

+ y^(- 1 
+ 7e‘( 

+ 7’ (- I + ih w*’) 

+ 7’e=( 

+ 7“ ( tl) 

+ 7«''( + 


Adopting this as the true expression according to Plana’s theory, taking it to the 
fifth order only, and comparing with the elliptic value of the same coefficient, we have 


Plana. 

7 ( 1 + ^ 

+ 7^ (- 1 -^rn?) 
+ 7e‘( *) 

+ 7* (- I + its 
+7*e*( M) 

+ 7* ( It) 

+ ye'^( I m®) 


Elliptic. 

= 7(1) 
+ 7^(- 1) 
+ 76* ( A) 
+ 7* (- I) 
+ 7*^( I) 
+ 7“ ( M)- 
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We have thus two equations for the determination of Plana’s e, 7 in terms of 
the elliptic e, 7. And the solution of these equations give 

Elliptic. 

e (Plana) = e ( 1 - f 

+ e= ( ^»i=) 

+ 7*e ( i) 

4- ee'- ( 2 ni% 

7 (Plana) =7(1- ^ m^) 

+ 7e‘( - jfi) 

+ 7® ( 

+ fe=( sv) 

+ 7 ° ( f) 

+ y.( _ H 

I annex the verification of these expressions; we have 

Plana. Elliptic, 

e (2 + fm=-||m»-^m‘)= e + + 

+ |?n*- - I 

+ g3 ( 

+ 67* (!■ + 

+ I «-.*) 

+ e*7’(-f) 

+ 67* ( i) 

+ ee'2 (9m*), 


e3 (_j_i7m*) 

= e* (-i + A™' 
-I7w») 

+ e*f(-^). 

e* ( 

— ^ i m)> 

(-i -!§’«'') 

= e7*(-i-f|™* 
+ 1 m’) 
+ 07* (-i) 

^7*( ff) 

= eV( H) 

^(-1) 

= ^(-1) 

ee'* (— 9m*) 

= ee'* (- 9m®), 
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whence, adding, we have the first equation. 

And, moreover, 

y + =■ y ( 1-T^ ’^* + 515’’^* 

+y^{ 

+ y*e (- 

■I* 7 * ( ” TVs 

+ f (f) 

+ yeH - § 7w=), 

76“ (-l--^g^m-) = 76“ (-1+ I m? 

+ 7>e=( -I), 

76* (A) = 76* (A)> 

7* (-f+ilg®^) = f (- f+ tIf 

y^^{ i) = If) 

7“ ( M) = f ( M) 

76'® ( I m®) = 7e'=( I m*), 

whence, adding, we have the second equation. 

It may he noticed that, taking the foregoing expressions only as far as the third 
order, we have 

Plana. Elliptic. 

e = e (1 +^7®- |m^), 

7 = 7. 

And moreover that, attending only to the terms which are independent of m, 
we have 

e = 6(l+if-| f +i7*), 

7 = 7(1-A6*+A6V-|7‘)- 

which are formulae that may he found useful. 
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468 . 

ADDITION TO SECOND NOTE ON THE LUNAR THEORY. 


[From the Monthly Notices of ike Royal Astronomical Society, voL xxvn. (1866 — 1867), 

pp. 267—269.] 

Writing as in. my Second Note, Monthly Notices, Tol. xxv., pp. 203 — 207 (May 
I860), [466], for the Moon, 

a, the mean distance, 
e, the excentricity, 

7, the tangent of the inclination, 

Z, the mean longitude, 

c, the mean anomaly, 

g, the mean distance from node, 

I obtained by the ordinary method of the variation of the elements, from the constant 
term of R and the term involving cos (2o — 2g), the following expressions of the 
variations. 


8a= 0, 



rfe 

COS 

2o-^g, 

^7=+ 1 ’1^ 

w 


Sc = + §7® 

sin 

2c-2g, 

^9 = + 1 e* 


2c 



2c-25r, 


viz. if in the elliptic expressions of the radius vector, longitude, and latitude, we 
apply to a, e, y, 0 , g, I, the foregoing increments, we obtain to tihe fourth order in 
(e, 7) the portions independent of m in the expressions of the radius vector, latitude. 



376 


ADDITION TO SECOND NOTE ON THE LTJNAB THEORY. 


[468 


and longitude. I wish, to notice that the results, to the very limited extent to which 
they go, agree with those obtained by M. Delaunay in his “ Theorie du Mouvement 
de la Lune,” from his 49th operation, the object of which is to take away the term 
(63) of K, that is the term involving cos(2c — 25r). The formulae (see voL I. p. 788), 
taken only to the necessary degree of approximation are 


a replaced by 

a. 




(P — 5 

COS 

^9. 

r* 

7“ + i 


^9> 

1 

1 

sin 


h + g + l ,3 


a 

^ 9 , 

h 

h + f e" 


^9> 


which, observing that 

7 (Del.) =^7(for present purpose), 
I =c, 

9-^1 = 9 > 

A + p + 1 =^ 1 , 

and therefore g = — (<5— ^)> 

become 

a replaced by a. 



» - f 

cos 

0 

1 

r 

„ 7^+ f 

if 

2c — 2 ff, 

c 

» c + 7^ 

sin 

2 c — 2 ff, 

1 

» ^ ~ A 

if 

2o — 2 ff, 

1-9 

1-9 - i 

if 

2c — 2 ff, 

the last of -wMoh may be changed into 

9 .. 9 + 

it 

2c — 2 ff, 


or if the new values of a, e, 7, c, g, Z, are called a + 3a, e + Be, 7 + By, c -f 3c, g-V- Bg, I + Bl, 
then the increments 3a, Be, By, So, Bg, Bl, have the values given above. The process of 
my Second Note, taken as a first transformation, has in fact the object of removing 
the term cos (2c — 2^), and to the degree of approximation regarded, the result is not 
affected by the previous transformations, or by the substitution, t. ii. p, 800, introducing 
for a, e, y, their standard elliptic values. 
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469 . 

ON AN EXPRESSION FOR THE ANGULAR DISTANCE OF TWO 

PLANETS. 

[From the Monthly Notices of the Royal Asti'onoynical Society, vol. xsvii. (1866 — 1867), 

pp. 312—315.] 

If for the planet m, referred to any fixed plane and origin of longitudes, we have 

the longitude in orbit, 

9, the longitude of node, 
the inclination, 

and similarly for the planet m' referred to the same fixed plane and origin of 
longitudes, if the corresponding quantities are v\ ff, <f>'; then the angular distance of 
the two planets will of course be expressible in terms of v, 6, <f>, v\ ff, but I am 
not aware that the actual expression has been given. To obtain it in the most 
simple manner, I write further for the planet m: 

0 + the reduced longitude, 

y, the latitude, 

5, the distance from node, 

so that z Xy y, are the hypothenuse, base, and perpendicular of a right-angled 

spherical triangle, the base angle of which is = And similarly ff y\ z\ have 
the like significations for the planet m'. I write also r, t\ for the distances of the 
two planets respectively. 

This being so, the rectangular coordinates of the planet m are 

T cos y cos {6 H- x), 
r cos y sin (0 + x), 
r sin y. 


c. vn. 


48 
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But observing that from the right-angled triangle we have 

cos z = cos a? cos y, 
cos <j) = tan X cot z, 
sin X = cot <f)tmy, 
sin y = sin ^ sin z, 

and therefore also 

sin a: cos y = cot ^ sin y, = cos sin z, 
the expressions for the coordinates become 

r (cos zcosd — sin a: sin ^ cos 
r (cos a; sin ^ -f sin ar cos 0 cos <f>), 
r{ sin 0 sin <f). 

Forming the analogous expressions for the coordinates of m', then if H be the 
angular distance of the two planets, we deduce at once the expression for COBS', viz. 
this is 

Cos H = (cos zcoaO — sin 2 sin 5 cos if) (cos z' cos ^ — sin / sin O' cos f) 

-I- (cos ^ sin ^ + sin 2 cos 6 cos (cos z' sin + sin / cos 0' cos (j>') 

•f ( sin if sin ^ ) ( sin z' sin f ), 

or, multiplying out, tMs is 

Cos S= cos z: cos / cos {6 — O') 

-f cos z sin / sin (5 — O') cos f 
— sin z; cos/ sin(^ — ^)cos^ 

-i- sin 5 : sin / (cos {6 — O') cos ^ cos -F sin ^ sin f), 

say this is 

= ilcosarcos/ 

+ B cos a: sin/ 

-f G sin a cos a' 

-f-Dsinasina', 

viz. it is 

= cos(a— /). 

-l-sin(a— /). - - 1 - ^<7 

+ cos(a-l-/). ^A—^D 
+ sin(a+/). ^B+^G. 

But we have 

z—z'=v — i! — 0 + ff, Z+!^ = V+l/— 0 — 0", 
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whence the expression becomes 

CosH= cos{v-v') . (iA + iD)cos(0-^')-(-i-B + ^C^sin(^-0') 
+ sm(i;-'»') . {^A+^D)sm{e-e) + i-^B + ^G)<ios0-e') 
+ eos{v+v') . a A-^I>)cos(e + $')-{ a)sin(0 + 5') 

+sin(t; + /) . (4J.-JD)sin(5 + 0') + ( hB+iC)cos(e + ff), 


or substituting for A, B, C, D, their values, and after a few easy reductions, we find 

ft + -^ cos ^ cos — 4 (1 — cos <f>) (1 — cos 6'} sin“ (6 — 0')] 

Cos H = cos {v — v')< 

y +^sin^sin(^' cos(0— ^)J 


+ sin {v — v')( 1(1“ cos <^) (1 — cos ^') sin (6 — S') cos (6 — ^')'| 
ft f sin <j} sin <}>' sin (9 — 6') J 


+ cos (v + v') 


' I- (1 — cos ^ cos <j>) cos (6 — &) cos (6 + 6') 
- + ^ (cos ^ — cos (p') sin (6 — 6’) sin (6 + 6') 
^—^sinp sin p' cos (0 + 6') 


+ sin (® + v') ( ^ (1 — cos ^ cos p') cos (6 — ff) sin (6 + 6') ] 

- — I (cos p — cos p') sin (9 — ff) cos (9 + ff) 

^ — I sin ^ sin p' sin (6 + 9') ) 


For p = p' = 0, the formula becomes, as of course it should do, 

Cos H — cos (v — if). 

It may be added, that if /, /' are the true anomalies, a, a the longitudes of 
pericentre in orbit, then v — eo+f, i/ = <o'+f'] and we thence have for cosH, fonnuke 
of the like form, containing cos/ cos f', cos /sin /', sin /cos /', sin/sin /', or containing 
cos (/—/'), sin (/—/'), cos (/+/'), sin (/+/'), respectively, in place of the like functions 
of z, z', but with of course altered values of the coefficients. 


48—2 
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470 . 


NOTE ON THE ATTRACTION OF ELLIPSOIDS. 


[From the Monthly Notices of the Royal Astronomical Society, vol. xxrs:. (1868 — 1869), 

pp. 254 — 257.] 

If an indefinitely thin shell of uniform density, bounded by two similar and 
similarly-situated ellipsoids, attracts a point P on its outer surface, it has been shown 
geometrically by M. Chasles that the attraction is in the direction of the normal at 
P,. and is equal to twice the attraction of an infinite plate, the thickness of which is 
equal to the normal thickness at P. Assuming that the attraction is in the direction 
of the normal, the proof is in fact as follows: — mth P as vertex, circumscribe to the 
interior surface a cone; this divides the shell into three parts; the one, P-t-P-fP, 
exterior to the cone, the other two, A + B and G, interior to the cone. It is shown 
that in the direction of the normal the attraction of 0 is equal to that of A -t- P ; 



and it is assumed that in comparison with these the attraction of P-i-P+P may be 
neglected; the whole attraction is thus equal to twice that of the portion A + B. At 
the point where the normal at P meets the internal surfece draw the tangent plane 
to the internal surface, thus dividing the portion A + B into the solid cone A and 
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a remaining portion B\ it is assumed that in comparison with that of J. the attraction 
of B may he neglected ; the whole attraction is thus equal to twice the attraction of 
the solid cone A ; and the attraction of this solid cone is in the limit (the aperture 
or solid angle then becoming =27r) equal to the attraction of an infinite plate whose 
thickness is equal to the altitude of the solid cone, that is, to the normal thickness 
at P. And the attraction of the whole ellipsoidal shell is thus ultimately (that is, 
when the shell is indefinitely thin) equal to twice the attraction of the infinite plate. 

It is interesting to ascertain the orders of magnitude of the attractions of the 
several portions of the shell, which attractions are compared in the foregoing investi- 
gation ; and this can he done very easily, when, instead of the ellipsoidal shell, we 
have a spherical shell (bounded by two concentric spherical surfaces). The tangent plane 
to the inner suiiace divides the portion B + E-k-F into tw-o portions D and E^F\ 
and if with P as vertex we describe a cone standing on the circle in which the 
tangent plane meets the outer surface, the last-mentioned portion is hereby divided into 
the portions E and F ; the whole shell is thus divided into the portions J., B, C, D, E. F, 
each of them symmetrical in regai'd to the normal or radius at P, and consequently 
attracting in the direction of this radius. I proceed to find the attractions of each 
of these portions; it will appear, in accordance with the assumptions of the foregoing 
investigation, that, taking the radii to be 1 and 1 + a, that is, a the thickness of the 
shell, and supposing ultimately a to become indefinitely small, the attractioirs of A 
'and 0 are each ultimately =2'!ra, that is = to the attraction of the infinite plate, 
while the attractions of the other portions are of the order a-, and thus vanish in 
comparison with that of A <?r G. 

The attraction of an indefinitely thin cone or frustrun of a cone, length r and 
solid angle da is = rda ; considering any such cone having P for its verdex, if the 
inclination of r to the radius through P is = and if the azimuth of the plane 
through r and the radius is =<j>, then we have da = sin 0 dd d<j), the attraction rda is 
=?'sin ddOd^, and this attraction resolved in the direction of the radius is =rsin ^cos 6ddd(f>. 
For the several cases which have to be considered, the value of r is independent of <j), 
and the integration in regard to ^ is always firom (f> = 0 to ^ = 2'!r; — the attraction 

is thus in each case =27rjrsin0cos0d0, the expression of r in the terms of 0, and 

the limits of 0 being known for each of the several portions of the shell. Taking 0i 
for the semi-angle of the tangent cone, we have it is clear 


sin^i 


1 

“1 + a’ 


COS01 = 


V2« -1- a* 

1 + a 


> 


and taking ^2 for the semi-angle of the cone which divides the portions E, F, 


tan ^2 = 



• a '^•2 + a 
V2(l + .)’ 


cos^. 


4a 

V^r+a)’ 
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For F we have 


Integral is 


• = 2 (1 + a) cos 6 = 02 to 6 = 


= 2 (1 + a) I sin ^ cos“ 0 d 6 , = ^{l + a) cos® 


For D + E vre have 


r =, 2 (1 + a) cos 6 , 6 = 62 to 6 = 63 , 


Integi’al is 


= 2(1 + a) J sin ^ cos® 0 d 0 , = §(l + «) (cos® 0 i — cos® ff.,). 


For E we have 


Integral is 


6 = 0ito 6=63, 

cos o 


= cic sin 0d0, = a (cos Bj — cos 63). 


For A we have 


Integral is 


For A + B ve have 


^ = 0 to 0 = 01, 

COS u 


= aj sin 0 ci!0, = a (1 — cos 0i). 


■ = (l + a)cos0-Vl-(l + a)®sin*0, 0 = 0 to 0 = 0i, 


Integral is 


= j {(1 + a) cos 0 — Vl — (1 + a)® sm® 0 } sin 0 cos 0 dB, 

= (1 + a) (—i cos* 0) + q 7 t 4 — ^ {1 — (1 + a)® sin® 0}^> between the limits, 

o + CLJr 


= i |(i + “) (1 - cos® 0i) - . 

and subtracting the above value of the integral for A, it at once appears that, for B, 
the integral is 


= 2-jr |a (- 1 + cos 0i) + 1(1 + a) (1 - cos® 0i) - 1 . 
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Hence, calculating the approximate values, and restoring in each case the omitted 
factor, 27r, we have 

Attraction A = 2«7ra — 2 V2 -Tra^', 

„ C = 27ra — f V2 -Tra^, 

„ i)= fV2'7ra^, 

„ = 1 V2 Tra^, 

„ J?'= -iV2 7ra^; 

or, if we please, 

Attraction A B — 27ra — 4 V2 Tra^, 

„ 0 = 2'7ra — I V2 7ra^, 

„ D + fV^TTot^; 

so that ultimately the attraction of the portion jD 4- jE 7 + JT vanishes in comparison with 
those of the portions A -\-B and G ; and the attraction of these last, that is, of the 
whole shell, is = 47 ra, twice the attraction of an infinite plate of the thickness cl 
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471 . 

NOTE ON THE PKOBLEM OF THE DETERMINATION OF A 
PLANET’S ORBIT FROM THREE OBSERVATIONS. 


[From the Monthly Notices of the Royal Astronomical Society, vol. xxis. (1868 — 1869), 

pp. 257 — 259.] 

The principle of the solution given in the Theoria Motus may be explained very 
simply as follows: 

Consider three successive positions of G, O', G", of a planet revolving about the 
focus S', let n, n', n", denote the doubles of the triangular areas G'SG", GSG', and 
GSC" respectively (viz. the triangular area means the area of the triangle included 
between the two radius vectors and the chord joining their extremities), r' the radius 



vector S(y ; 6", 6, the times of describing the arcs G(J and G'G" respectively, the 
units of time and distance being such that the time is equal to the double area 

divided by the square root of the half latus rectum (t = 27 ro^ for the Period in a 
circular or elliptic orbit). 


Then writing 
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(observe that « + — ?i' is = twice the triangle GO'C"), for neighbouring positions of 

the planet, the values of P and Q are approsdmately and Q&' respectively: the 

solution consists in the determination of an orbit for which P and Q have these 
approximate values ; then, by means of such approximate orbit, the values of P and Q 
are more accurately determined, and by means of these new values of P and Q, a 
new determination is effected of the orbit: and so on, to the requisite accuracy of 
approximation. 

The foregoing approximate values of P and Q I'espectively are deduced from the 
accurate values 

pJ^ aJIl L__ . 

6t}" ’ ^ T}7j" r'r" cos /cos f' cos f" ’ 

where r, r', r" are the radius vectors SC, SC, SC"-, 2/ 2/', 2f" are the angular 
distances CSC", CSC", CSC (f =f+f") and t), rj'. v" are the ratios of the sectorial 
areas CSC", CSC", CSC", to the triangular areas represented by the same letters 
respectively: the doubles of the sectorial areas are thus n-q, n'q, and n"q", and if the 
half latus rectum be denoted by p, then we have 


nq wV ?iV. 
d~ & ^ 6" ’ 


ff'q 


and it thus at once appears that the accurate value of P is as above. To 

obtain the expression for Q, taking 4>, <f>' for the true anomalies (and, for greater 
symmetry, writing for the moment v, —v, v", y, —<j, g" iu place of n, n, n ,f,J' if 
respectively), we have 


whence identically 

or writing 
this is 


r = , 


P 




1 + e cos ^ 

r' = > , 2(7' =6 -h", 

^ l + ecosd>'’ ^ ^ 


T = 


P 


1 + e COS 


r., 

(s' + 5* + 9 " ~ > 


sin2g sin 2/ , sin2g" 4 sing sin /sing" 
p-' p 

i' = r'r"sin2g, i»' = r"r sin 2g', v"-rr'sin2g", 
, ,, 4rr'r" sin g sin g sin g" 

If — 3 

_ (rrr"f an 2g sin 2g' sin 2g" 

“ 2prr'r"co6gco6g' cosg" 

t ft 

vvv 


2prr'r" cos g cos g* cos g" ‘ 


C. VII. 
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This is, in fact, 

n — n' + n" 

or since 


jm" 

P 



viz. multiplying by r'% it is 


nnn" 

2j3rr'?'"cos /cos/' cos /" ’ 

n } 

vn 



7]ri"rr'r"cos /cos /' cos /" ’ 


60 ^ /I 1 

rjri" r¥' cos /cos f cos /" ’ 


the above-mentioned value of Q. 
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472 . 

NOTE ON LAMBEET’S THEOREM FOE ELLIPTIC MOTION. 

[From the Mmihly Notices of the Royal Astronomical Society, vol. xxix. (186S — 1869), 

pp. 318—320.] 

Consider any two positions, A, B, in an elliptic orhit, focus S, and semi-axis 
major = a; then if p, p', e denote the radius vectors SA, SB, and the chord AB 

27rct^ 

respectively, and if P, =*'-7^, be the periodic time, the time of passage from A to JS 

V p, 

is given by the formula 

Time AB = ^ (x - - sin x + sin x') 

where 

2a cos j(^ = 2a — p — p' — c, 2a cos x' = 2a — /? — p' -i- c. 

To fix the ideas we may consider the time of passage as being in every case 
positive; and, for Time AB, the motion from A as being towards the apocentre; 
Time BA will, of course, in like manner denote that the motion from B is towards the 

apocentre; and we thus have according to the positions of A, B, either Time AB = Time 

BA; or else Time AB + Time BA=P. 

This being so (see the Theoria Motiis, p. 120), % always a positive arc 

between 0 and 360°; x ^ positive or negative arc between 0 and ±180°; and 
moreover x' positive or negative according as the described focal angle is 

<180° or >180°; whence, cosx' being known, the arc x' is determined without 
ambiguity. 

But as noticed in the place referred to, there is when only p, p', c, a, are known 
a real ambiguity as reg^ards the arc x> X *^7 i*® either the arc >180° or the 
are < 180°, having for its cosine the given value of cosx* I'i'® points 

S, A, B, and the semi-axis major a, there exist two elliptic orbits determined bj 

these data; and the two values of x correspond to the times of passage betweet 
A and B, in these two orbits respectively. If, however, the actual orbit he given 

49—2 
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there is no longer any real ambiguity; and it must be possible to decide between 
the two values of %: the criterion is, in fact, a very simple one, viz. drawing a chord 
from A through the other focus K of the ellipse, this either separates, or it does not 

separate, B from the force-focus 8; and I say that in the expression of Time AB, 

in the former case (viz. when chord is a separator) we have % < 180" ; in the latter 
case (viz. when chord A is not a separator) we have %>180°. 

It of course follows that, in the case of transition, when the line AB passes 
through H, we must have x = ^80° : this is at once seen to be so ; for % = 180^ gives 
the condition 4ia = p + p +c; but if cr, are the distances of AB from the focus S, 
then + 2a — p' + o*', and the condition becomes a + cr'— c; that is AB must 

pass through S. 

As a verification of the new criterion, I consider the point A as having a fixed 

position on the orbit, but the point B as having successively different positions; and 

writing down the two formulae 

Time - x' - sin % + sin x', 

Time BA == <0 — to' — sin <0 + sin a/, 

(where for simplicity the constant factor P-~2-n- k omitted) I proceed to compare 
these for different positions of the point B. We have, in every case, cos w = cos jj;, and 
cos Cl)' = cos ; whence (%, ® being each positive and less than 360°) a> = ^ or else 
<<) + %=360°, viz. the former equation subsists i£ a>, 'x^ axe each less or each greater 
than 180°, the latter if the one is greater, the other less than 180°. And again 
(x> o)' being each less than +180°) we have ©'=%', or else 01 ' = — x', according as 
a>', x' have the same or opposite signs. 


A 



Now in the figure, suppose that B occupies successively the different positions 
■8i> Bi,...Bs, the criteria for x> (or a, a/) give as follows, 

Ch. A. Gh. B. therefore Z AS Z B8A 


1 

sep. 

not 

X< 180°® >180° or 

ffl + ;\; = 27r 

<180° 

>180° 

+ 

II 

/ 

<0 =— 

or G)'= 

-x> 

2 

sep. 

sep. 

< 

< 


< 

< 

+ 

+• 


x'» 

3 

not 

not 

> 

> 

® = X 

> 

> 

+ 


« 0 '== 

%'> 

4 

not 

not 

> 

> 

® = X 

> 

> 

— 

— 


X'. 

5 

not 

sep. 

> 


II 

3 

> 

< 

— 

— 

« G)'== 

-x'- 
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Hence substituting for ai, a' their values in terms of x> x'’ 

Time AS^ ...,= x - X' “ sin X + sin x', 

„ BAi = 277 — X + x' + sin % - sin x', 

„ BAs = X - X' ~ s™ X + x'» 

„ BAs = X - x' - sin + sin x', 

„ BAi = X - X' - sin X + sin 

„ BAs = 277 - X + x' + sin - sin x' ; 

and thence (restoring the omitted factor P 27r) 

Time ABi + Time BAi = P, 

„ ABs— „ BAs = 0, 

„ ABs — ,, BAs ~ 

» ABi ~ ji BAi = 0, 

a, .dSj + „ BAs = P, 

which are the relations which in fact subsist between the times ABj, and BA^ crc. 
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473 . 

ON THE GEAPHICAL CONSTEUCTION OF THE UMBEAL OE 
PENXJMBEAL CUEVE AT ANY INSTANT DUEING A SOLAE 
ECLIPSE. 


[From the Monthly Notices of the Royal Astronomical Society, voL xxx. (1869 — 1870), 

pp. 162 — 164.] 

The cui've in question, say the penumbral curve, is the intersection of a sphere 
by a right cone, — I wish to show that the stereographic projection of this curve may 
be constructed as the envelope of a variable circle, having its centre on a given conic, 
and cutting at right angles a fixed circle; this fixed circle being in feet the projection 
of the circle which is the section of the sphere by the plane through the centre and 
the axis of the cone, or say by the axial plane. The construction thus arrived at is 
Mr Casey’s construction for a bicircular quartic; and it would not be difficult to show 
that the stereographic projection of the penumbral curve is in fact a bicircular quartic. 

The construction depends on the remark that a right cone is the envelope of a 
variable sphere, having its centre on a given line and its radius proportional to the 
distance of the centre firom a given point on this line; and on the following theorem 
of plane geometry: 

Imagine a fixed circle, and a variable circle having its centre on a given line 
and its radius proportional to the distance of the centre from a given point on the 
line (or, what is the same thing, the variable circle always touches a given Hne); then 
the locus of the pole in regard to the fixed circle, of the common chord of the two 
circles (or, what is the same thing, the locus of the centre of a new variable circle 
which cuts the fixed circle at right angles in the points where it is met by the 
first-mentioned variable circle) is a conic. 

To fix the ideas, say that P is the centre of the first variable circle; AB its 
common chord with the fixed circle; Q the centre of the circle which cuts the fixed 
circle at right angles in the points A and B; then the locus of Q is a conic. 
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To prove this, take a^ + 2 /- = l for the equation of the fixed circle, (j: — + — )9)- = 7 ^ 

for that of the variable circle; the foregoing law of variation being in fact such 
that a, /3, 7 , are linear functions of a variable parameter 6; the equation of the 
common chord AB is — Soo? — 2y9y + + — 7 ^ = 0 ; viz., this equation contains 6 

quadratically ; hence the envelope of the common chord is a conic ; and thence 
(reciprocating in regard to the fixed circle) the locus of the pole of AB, that is, of 
the point Q, is also a conic. 

Consider now a solid figure in which the circles are replaced by spheres; viz. 
we have a fixed sphere, and a variable sphere having its centre on a given line and 
its radius proportional to the distance of the centre from a given point on the line. 
The envelope of the variable sphere is a right cone; the intersection of the cone 
with the fixed sphere is the envelope of the small circle of the sphere, say the 
circle AB, which is the intersection of the fixed sphere by the variable sphere. This 
circle AB is also the intersection of the fixed sphere by a sphere, centre Q, which 
cuts the fixed sphere at right angles; and by what precedes the locus of Q is a 
conic. Hence the penumbral curve is given as the envelope of the circle AB which 
is the intersection of the fixed sphere by a sphere which has its centre Q on a 
conic, and which cuts the fixed sphere at right angles. It is obvious that the circle 
AB always cuts at right angles the great circle which is the section of the fixed 
sphere by the axial plane, or say the axial circle. Project the whole figure stereo- 

graphically; the projection of the circle AB is a variable circle which cuts at right 

angles the circle which is the projection of the axial circle, and which has for its 

centre the point Q' which is the projection of Q. But the locus of Q being a conic, 

the locus of its projection Q' is also a conic; and we have thus the projection of 
the penumbral curve as the envelope of a variable circle which has its centre on a 
conic, and which cuts at right angles a fixed circle. 

We may in the axial plane construct five points of the conic which is the locus 
of Q, by means of any five assumed positions of the variable circle, and somew^hat 
simplify the construction by a proper choice of the five positions of the variable circle. 
This is not a convenient construction, and even if it were accomplished we should 
still have to construct the projection of the conic so obtained, in order to find, in 
the figure of the stereographic projection, the conic which is the locus of Q\ I do 
not at present perceive any direct construction for the last-mentioned conic; but 
assuming that a tolerably simple construction can be obtained, the construction of the 
projection of the penumbral curve as the envelope of the variable circle is as ea^’ 
and rapid as possible. Probably the easiest course would be (without using the conic 
at all) to calculate numerically, for a given position of the variable sphere, the 
terrestrial latitude and longitude of the two points of intersection of the variable 
sphere by the axial circle; laying these down on the projection, we have then a 
position of the variable circle; and a small number of properly selected positions would 
give the penumbral curve with tolerable accuracy. 

I have throughout spoken of the penumbral curve, as it is in regard hereto that 
a graphical construction is most needed; but the theory is applicable, without any 
alteration, to the umbral curve. 
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ON THE GEOMETEICAL THEOKY OF SOLAR ECLIPSES. 

[From the Monthly I^otices of the Royal Astronoonical Society, vol xsx. (1869 — 1870), 

pp. 164—168.] 

The fundamental equation in a solar eclipse is, I think, most readily established as 
follows : 

Take the centre of the Earth for orig^, and consider a set of axes fixed in the 

Earth and moveable with it; viz., the axis of z directed towards the North Pole; 

those of X, y, in the plane of the Equator; the axis of x directed towards the point 

longitude 0°; that of y towards the point longitude 90° W. of Greenwich. Take 

a, b, c, for the coordinates of the Moon; k for its radius (assuming it to be spherical); 
a', V, c', for the coordinates of the Sun; k' for its radius (assuming it to be spherical); 
then, writing 9 + = the equation 

{d{x—a) + <f>(x — a')\^+ {6 (y — b) + <j)(y — b')Y + {d{z — c)+ ^ (z— c')]^ = (dk + ^kf 

is the equation of the surface of the Sun or Moon, according as ^ = 1, 0 or =0, 1: 
and for any values whatever of 9, <f), it is that of a variable sphere, such that the 
whole series of spheres have a common tangent cone. Writing the equation in the form 

&‘{{x-ay + (y-bf + (z- cf - A:®} 

+ 29^ {(x — a) (x — a') + (y - b) (y — b') + {z ~ e) (z — c') + kif] 

4- ^{ix-ay + (y-by+{z-cy-k'^} = 0, 
or, putting for shortness, 

p =(*8 

p' = a'* +F* 

<r =aa' +bb' + c(f + W 
P =ax -j-by +GZ 
P' = a'® + b'y + cfz, 
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the equation is 

(a? + 2^ + a*_2P + p) 

+ 26 ^ {a^ + y^ + z^ — P — P' + or) 

+ ^=(®s + 2^ + 2S-2F + p') = 0, 

and the equation of the envelope consequently is 

{ci? + y^+z^-2P + p){a?-¥f + !?-2F-^p')-{a?+fJrS^-P-F->ra'f=0, 

that is 

{a? + f+z^){p + p'-2a)-{P-Py-2{p'-c)P-2{p-a)F+pp'-r = 0, 
which is the equation of the cone in question. 

Observe that one sphere of the series is a point, viz., taking first the upper signs 
if we have 6k + ^k' = 0, that is 

6--K- A- -* 

^ ¥-k' ^~P-k‘ 

then the sphere in question is the point the coordinates whereof are 


Ua - ka' 

'' hf-k ’ 


kb-kV 


k'o-ke' 


P-k ’ kf-k ’ 


which point is the vertex of the cone: it hence appears that, taking the upper signs, 
the cone is the wmbral cone, having its vertex on this side of the Moon; and 
similarly taking the lower signs, then if we have — that is 

then the variable sphere will be the point the coordinates of which are 

k' a + ka' k'b -f kb' k'c + kc 

k'^k ’ F+IT’ TTF^ 

which point is the vertex of the cone; viz. the cone is here the penumbral cone 
having its vertex between the Sun and Moon. 

Taking as unity the Earth’s equatorial radius, if p, p' are the parallaxes, tc, k 
the angular semi-diameters of the Moon and Sun respectively, then the distances are 

_2_ and the radii are respectively; hence, if ft, I! are the hour- 

sinp sinp sinp smp ^ ’ 

angles west from Greenwich, A, A' the N.P.D.’s of the Moon and Sun respectively, 
we have 


a = — sin A cos ft, 
smp 


a' = — , sin A' cos A', 
smp 


J = — sin A sin ft, 
sinp 


b' = — -f sin A' sin A', 
smp 


c = — cos A 
sinp 


d — >cosA', 

smp 




a vn. 


50 
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p = - (1 — sin’ as'), 

sin’p ' ^ 
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p' = -r-^-,(l-sin’Ac'), 
^ sin’|) ^ ' 


<r =-r- 


sin^ sinjp 


7 [cos A cos A' + sin A sin A' cos (A' — A) + sin « sin /s'], 


P =-; — (sinA (a;cosA + vsmA)+3'Cos A], 

smp '■ 

P' = -r^. (sin A' (® cos h' + y sin h') + z cos A'}. 
smp '■ i> j I 


Moreover, if the right ascensions of the Moon and Sun are a, ct respectively, and 
if the RA. of the meridian of Greenwich (or sidereal time in angular measure) be 
= 2, then we have 

A = 2-a. A' = 2-a'. 


It is to be observed that- h~h', A, A' ai’e slowly varying quantities, viz., their 
variation depends upon the variation of the celestial positions of the Sun and Moon ; 
but h and h' depend on the diurnal motion, thus varying about 15° per hour; to 
put in evidence the rate of variation of the several angles h, k', A, A' during the 
continuance of the eclipse, instead of the foregoing values of h, h', I write 



where t is the Greenwich mean time, E, are the values (reckoned in parts of an 
hour) of the Equation of Time at the preceding and following mean noons respectively, 
taken positively or negatively, so that E, Ei are the mean times of the two successive 
apparent noons respectively; whence also 


and moreover 



15°-a + a'; 


a = A + m (t — T), 
a = A 

A =i) +71 (t-T), 
A' = J)' + »' {t-T), 


if P be the time of conjunction. A, A, E, IX the values at that instant of the 
RA.’s and M.P.D.’s; m, m' and », th' the horary motions in E.A. and N.P.D. respectively. 
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It appears to me not impossible but that the foregoing form of equation, 

(a? + + .2^) (p + p' - 2o-) - (P - P')* - 2 (p' - 0-) P - 2 (p - 0-) F + p/)' - = 0, 

for the umbral or penumbral cone might present some advantage in reference to the 
calculation of the phenomena of an eclipse over the Elarth generally: but in order to 
obtain in the most simple manner the equation of the same cone referred to a set 
of principal axes, I proceed as follows: 

Writing 


l( 

1 

f =a — a’. 

b = ca' — c' a, 

g=h-h', 

c = ah' — a% 

h = c -c'. 

(and therefore 

af + bg -1- ch = 


Then, if 

Y _ (bh— cg)a:4-(cf— ah)y + (ag — bf)g 
v'a^ + b^ + c^Vf^' + g^ + h^ 

y_ aj; + by + eg 

Va® + b® + e“’ 

Z = fe + gy + hg 

Vf“+g® + h*’ 

X, Y, Z, will be coordinates referring to a new set of rectangular axes; viz., the 
origin is, as before, at the centre of the Earth, the axis of Z is parallel to the line 
joining the centres of the Sun and Moon ; the axis of X cuts at right angles the 
last-mentioned line; and the axis of F is perpendicular to the plane of the other 
two axes; or, what is the same thing, to the plane through the centres of the Earth, 
Sun, and Moon. 

The coordinates of the vertex of the cone are therefore Y,, Z^, where these 
denote what the foregoing values of X, Y, Z, become on substituting therein for x, y, g, 
the values 

h'a T ka' k'h + kV k'c + kc' 

ITfF’ if fk • it'TA ’ 

and the equation of the cone therefore is 

(Z - ZJ-KF- F„)»= tan»X(Z-Z„)». 

where 

. k' + k 

Sm A* — /-y , 


50—2 




where p, p\ a- signify as before ; and thus X^, 7^, Z^, tan \ are all of them given 
hinctions of a, h, o, k, a', h', c', k', and consequently of the before-mentioned astronomical 

data of the problem The form is substantially the same as Bessel’s equation (3), 

jlst. Xach. No. 321 (1837), (but the direction of the axes of X, F is not identical 

with those of his y); and it is therefore unnecessary to consider here the application 

of it to the calculation of the eclipse for a given point on the Earth. 
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ON A PROPERTY OF THE STEREOGRAPHIC PROJECTION. 

[From the Monthly Notices of the Royal Astronomical Society, vol. xxx. (1869 — 1870), 

pp. 205 — 207.] 

I AM not aware whether it has been noticed that the very same circles which 
in the direct stereographic projection of a hemisphere (viz., that wherein the projection 
is on the plane of a meridian) represent the meridians and parallels respectively, — 
represent also in the oblique projection of the hemisphere meridians and parallels 
respectively. In fact, in the direct projection where the poles N, S, are in the 
horizon-meridian, or bounding circle of the projection, if we take a chord AB at right 
angles to NS, and on AB as diameter describe a circle, the original (meridian and 
parallel) circles will, as the appearance of the figure at once suggests, represent 
meridians and parallels in the oblique projection in which the horizon or bounding 
circle of the projection is the circle diameter AB, and where consequently the North 
Pole N is brought into view, the South Pole S being beyond the limits of the 
projection. That this really is so, is clear j5x>m the consideration that in any stereo- 
graphic projection whatever, the meridians will be circles passing through two fixed 
points N, S, and the parallels be circles cutting the meridians at right angles. (Or, 
w'hat is the same thing, the parallels also pass each of them through two fixed 
imaginary points, the antipoints of N, 8, but this in passing.) And moreover since in 
the oblique, as well as in the direct, projection, the longitude of any meridian, as 
reckoned firom the central meridian NS, is the angle at N between the two meridians, 
the longitude for a given meridian is the same in the two projections respectively. 
But the co-latitudes are not the same in the two projections respectively; viz., a 
circle which in the direct projection represents the parallel co-latitude c, will in the 
oblique projection represent the parallel of a different co-latitude c'. The relation 
between the values of c, c\ will of course depend upon the position of the bounding 



398 ON A PEOPERTY OF THE STEREOGEAPHIC PROJECTION. [475 

circle AB of the oblique direction: to define this position, we may use either the arc 

NM which in the direct projection determines the co-latitude of the centre M of the 
oblique projection (say NM=A., that is, i7F=A), or by the are BfM which in the 

oblique projection determines the distance of JV from the centre, or co-latitude of the 



centre (say NM=L', that is, BW = A!). The obliquity in the oblique projection is thus 
90° — A', viz., this is the inclination of the plane of projection to that of the horizon- 
meridian in the direct projection. We have also c=NX, o'=WY, The relation 
between the angles A, A', is easily found to be 


tan JA = tan^-J-A', 

viz., taking the radius in the direct projection to be = 1, we have 

OJf = tani(90°-A), 

MA = Vl - tanH (90° - A), 

MN= l-tanH90°-A); 


wherefore 

V'l-tan4(90°-A) . tan ^ A' = 1 - tan J (90° - A), 

and thence 


tan=JA'=: 


l-tani(90°-A) 

1+ tan I (90° -4 


= tan J A, 


the required relation, 
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We have moreover 


that is 


= 1 “ tan ^(90° — c) = AM {tan |-A' — tan \ (A' — c')}, 
= sm A' {tan-|-A'— tan (A' — o')}, 
= 2 sin^ i A' — sin A' tan ^ (A' — o'), 

tan -J- (90"* — c) = cos A' + sin A' tan \ (A' — o'). 


or, what is the same thing, 


cos^ (A' + c) 
cos i (A" — o') ' 


1 — tan ^ 0 _ 1+8 tan 4 c' tan ^ A' 
l+tan|-c 1 + tan -J- c' tan -^A' ' 

that is 

tan ^ 0 = tan ^ A' tan -^c', 


which is the required relation between c and o'. In the particular case A = A' = 90°, 
the two projections coincide, and we have, as we should do, c' = o. 
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476 . 

ON THE DETERMINATION OF THE ORBIT OF A PLANET FROM 

THREE OBSERVATIONS. 

[From the Memoirs of the Boyal Astronomical Society, voL xxxvriL (1870), pp. 17 — 111. 

Bead December 10, 1869.] 

I PROPOSE to consider from a geometrical point of view the problem of the 
determination of the orbit of a planet from three observations. The orbit is a conic, 
having the Sun for a focus; and each observation shows that the planet is at the 
date thereof in a given line. We have thus a given point or focus 8, and three 
given lines, say the “rays.” The orbit-plane, if known, would, by its intersections 
with the three rays, determine the three positions of the planet; that is, we should 
have the focus and three points on the orbit; or (what is the same thing) three 
radius vectors from the focus, say a “trivector.” Geometrically, through three given 
points, and with a given focus, there may be described four conics; but (as will be 
explained) there is only one of these which can be the orbit; we may therefore say 
that the orbit will be determined, and that uniquely, by means of a given trivector. 
The problem is therefore to find the orbit-plane, such that in the orbit determined by 
means of the trivector the times of passage between the three positions on the orbit 
may have the observed values; or (what is the same thing) that the orbital areas, 
each divided by the square root of the latus rectum, may have given values. If, 
instead of the orbit-plane, we consider the orbit-axis (that is, the line normal to the 
orbit-plane at the point 8), or, what is more convenient, the orbit-pole, or intersection 
of the avia with a sphere about the centre 8; then to a given position of the orbit- 
pole, there corresponds, as above, a determinate orbit; and the problem is to find the 
position of the orbit-pole, so that in the orbit belonging thereto the times of passage 
may have given values as already mentioned; and it is clear that the required position 
of the orbit-pole may be obtained as the intersection of two spherical curves; the one 
of them, the locus of those positions of the orbit-pole for which the time of passage 



476J 


ON THE DETEBMINATION OF THE ORBIT &C. 


401 


between the first and second points on the orbit has its proper given value ; the other 
of them, the locus of those positions for which the time of passage between the second 
and third points on the orbit has its proper given value : and in connexion therewith 
we may consider other isoparametric loci of the orbit-pole ; for instance, the iseccentric 
lines, or loci of the orbit-pole such that along each of them the eccentricity of the 
orbit has a given value. It is in this point of view that the problem is considered 
in the present memoir, viz., the object proposed is the discussion of the configuration, 
&c. of these loci. I consider, in the first instance, any three given rays whatever; 
but in the ulterior discussion of the spherical curves, which it is diflBcult to carry out 
otherwise than numerically, I have confined myself to the case of a particular symmetrical 
position of the three rays ; viz,, these are taken to be lines each of them at an inclination 
of 60® to a fixed plane through 8, and such that their projections on this plane form 
an equilateral triangle having 8 for its centre, and that each ray cuts the plane in 
the mid-point of the corresponding side of the triangle. 

The general theory as above explained is further developed in the memoir; and 
I consider the formulae for the determination of the orbit, &c. by means of a given 
trivector; those relating to the determination of the trivector obtained as above by 
means of a variable plane passing through a given point and intersecting three given 
rays; and lastly, the application to the particular system of three rays already referred 
to. The Plates refer to this particular system ; they are as follow : 


Plate 1. 


Sf 


3) 


2 . 

3. 

4. 

5. 


General Planogram for a single ray, ' 
Planogram for Meridian 90° — 270°, 
Planogram for Meridian 0° — 180°, I 
Spherogram for the Eccentricity, 
Spherogram for the Time. 


See Nos. 8 — 10 for explanation 
of the terms Planogram and 
Spherogram. 


Article Nos. 1 to 14, Condderatims on the General Theory. 

1. As explained in the introduction, we have a point or focus 8, and three 
lines called the “rays.” The orbit-plane is any plane through 8', it meets the rays in 
three points, which are points on the orbit; and joining these with 8, we have a 
“trivector.” The orbit is for the present considered as in general uniquely determined 
by means of the trivector. 

2. There are certain critical positions of the orbit-plane. 

First, the orbit-plane may be parallel to one of the rays; or (what is the same 
thing) it may pass through the line through 8 parallel to the ray: the point on the 
ray is at infinity; or say that it is at an indefinitely great distance in one direction 
or in the other direction along the ray; and (from the particular way in which the 
orbit is selected as one of four conics) there is, as will appear (see <pod, No. 20), a 
discontinuity of orbit as the point passes fi:om the one to the other of these positions. 

C. vn. 51 
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3. Secondly y the orbit-plane may be parallel to two of the rays; or (what is the 
same thing) it may pass through the lines through S parallel to these two rays ; the 
points on the two rays are each at infinity; viz. each of them is at an indefinitely 
great distance in one or the other direction along the ray; and there is a discontinuity 
of the orbit as each point passes from the one to the other of its two positions. 

4. Thirdly, the orbit-plane may be such that the orbit is a right line. To see 
how this arises, observe that we may consider a system of lines meeting each of the 
three rays, and of course genemting a hyperboloid ; say these are the generating lines : 
there is on the hyperboloid another system of lines, say the directrix lines, in which 
are included the three rays; the point S is not on the hyperboloid. Then, if the 
orbit-plane pass through a generating line, it will meet the three rays in the points 
in which these are met by the generating line: and the orbit is, consequently, the 
generating line (described, as being a right line not passing through 8, with a velocity 
= oo). Any plane through S and a generating line also meets the hyperboloid in a 
directrix line ; and consequently touches it at the intersection of the two lines, viz. 
it is a tangent plane of the hyperboloid. The planes in question thus envelope the 
circumscribed cone whose vertex is S; or (what is the same thing) when the orbit- 
plane is any tangent-plane of this cone, the orbit is a right line. 

5. The only exception is, fourthly^ when the orbit-plane passes through one of 
the rays. Observe that the plane then meets the hyperboloid in another line, that 
is, a generating line, or the case under consideration is included in the third case; 
it is also included in the first case. The point on the ray in question is here not 
a determinate point, but any point whatever of the ray ; the points on the other two 
rays being (as in general) determinate: the orbit is consequently indeterminate; viz. 
to any point selected at pleasure as the intersection of the orbit-plane with the ray 
contained therein, there corresponds a determinate orbit (in particular, the selected 
point may be such that the orbit is, as in the third case, a right line) ; and, corre- 
sponding to the position in question of the orbit-plane, we have the entire system of 
such orbits. 

6. Consider now the corresponding positions of ‘the orbit-pole on a sphere described 
about the centre S. It will be convenient for the moment to attend to the two 
opposite positions of the orbit-pole belonging to any position of the orbit-plane, and 
thus to regard the orbit-pole as moving over the entire spherical surface. The parallel 
through 8 to a ray meets the sphere in two points, poles of a great circle which I 
call a “separator;” we have thus three separators, each two meeting in a pair of 
opposite points which I call the points B; viz., these are the intersections with the 
sphere of a line through 8, perpendicular to the plane containing the parallels .of the 
two rays. A line through S perpendicular to the plane through a ray meets the sphere 
in a pair of opposite points which I call the points A ; these lying on the corre- 
sponding separator; there are thus three pairs of points A. The cone reciprocal to 
the circumscribed cone (that is, generated by a line through 8 at right angles to any 
tangent plane of the circumscribed cone) meets the sphere in a spherical conic which 
I call the “regulator;” this touches each of the separators at the pair of points A 
on such separator. 
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7. I say that in the first of the cases above considered the locus of the orbit- 
pole is a separator; in the second case the orbit-pole is a point B\ in the third case 
the locus is the regulator; and in the fourth case the orbit-pole is a point A. 

8. In the absence of models, the spherical figure must be represented by a pro- 
jection; the stereographic projection is convenient for facility of description; and it has 
the very great advantage that we can by means of it exhibit, no matter how large 
a portion of the spherical surface. In the figures called spherograms,” afterwards 
referred to, the representation of a hemisphere is all that is required; but, to give a 
more distinct general idea, I annex a figure representing a larger portion of the 
surface; the data are those belonging to the particular S 3 n[nmetrical case referred to as 
intended to be specially considered : and the regulator conic is accordingly a pair of 
opposite small circles, the points A and B being related to it symmetrically ; but, 
disregarding these specialities, the figure is adapted to the illustration of the general 


Fig. 1. 
A 



case (at least if the point S be situate within the hyperboloid), and it is here given 
for that purpose. The circle marked “ Ecliptic ” does not properly belong to the figure ; 
it is added as showing the boundary of a hemisphere, so that, by omitting all that 
lies outside this circle, the figure would be limited to the representation of a hemi- 
sphere; and the orbit-pole be in every case represented, no longer as a pair of opposite 
points, but as a single point ; we should have the separators each as a half circle, and 
the regulator as a single small circle ; the separators would intersect in pairs, in the 
three points 5, and would touch the regulator in the three points -4, &c. 

9, The figure constructed as above, but omitting so much of it as lies outside 
the ecliptic circle, is the representation of a hemisphere — say of the northern hemi- 

51—2 
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sphere. It is readily seen that the central triangle BBB and the three circumjacent 
triangles BBB, represent also the half-surface of the sphere, viz., instead of the omitted 
portions of the northern hemisphere we have the equal opposite portions of the 

southern hemisphere. The adoption of this figure as the representation of the half- 
surface of the sphere has the great advantage that the spherical curves can be delineated 
without the apparent breaks which would otherwise occur at their intersections with 
the ecliptic circle: I accordingly adopt it, and call the figure in question (viz., that 
composed of the four triangles) a blank ‘‘ spherogram.” We wish for any given position 
thereon of the orbit-pole to determine the values of certain parameters (eccentricity, 
latus rectum, time of passage between two rays, &c., as the case may be) belonging 
to the orbit, with a view to the subsequent delineation of the corresponding isopara- 
metric (iseccentric, isochronic, &c.) lines, so constructing a “ spherogram for any such 
parameter, or system of lines. 

10. It is for this purpose convenient to consider the values of the parameter 

corresponding to a single series of positions of the orbit-pole, viz., we consider the 

orbit-pole as describing on the sphere a curve selected at pleasure. Consider for a 
moment the orbit-plane as a material plane rigidly connected with the orbit-axis; the 
motion of the orbit-pole does not absolutely determine the motion of the orbit-plane, 
inasmuch as the orbit-plane, occupying the same position in space, might rotate about 
the orbit-axis; but if we exclude any such motion by the assumption that the motion 
of the orbit-plane is always about an axis in the orbit-plane, then the motion of the 
orbit-pole determines that of the orbit-plane, viz., the orbit-plane envelopes a cone, the 
reciprocal to that described by the orbit-axis. If then on the orbit-plane in each 
position thereof we mark, as well its line of contact with the enveloped cone, as also 

its intersections with the three rays, we obtain a figure (which may, if we please, be 

regarded as drawn on the orbit-plane in some particular position thereof), such figure 
consisting of a series of trivectors, and (belonging to each of them) a line through S 
serving to fix the position of the trivector in space. The locus of each extremity of 
the trivector is a certain curve, and the construction establishes a point-to-point corre- 
spondence between these three curves ; viz., to any point on one of them there 
corresponds on each of the other two a single point, the three points being the 
extremities of a trivector. The figure would be rendered more complete by drawing 
the orbit belonging to each trivector thereof. Such a figure (with or without the 
orbits) is termed a “planogram.” 

11. The most simple case is when the orbit-pole describes a great circle ; - the 
orbit-plane here rotates about a fixed line, the axis of the circle, or (what is the 
same thing) the enveloped cone reduces itself to this axis of rotation; and the line 
of contact is thus a fixed line in the orbit-plane; or (what is the same thing) the 
lines through 8 in the planogram are here a single fixed line, the axis of rotation. 
I say that, for each extremity of the trivector, the locus is a hyperbola, having the 
axis of rotation for its conjugate axis. In fact, attending to any one ray, it is the 
same thing whether the orbit-plane be made to revolve round the axis of rotation, so 
as continually to intersect the ray, or whether, considering the orbit-plane as fixed. 
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and the ray as rigidly connected with the axis, we make the ray to rotate about this 
axis, so as continually to intersect the orbit-plane. But in this last case the ray 

describes about the axis a hyperboloid of revolution, and the orbit-plane, as an axial 
plane, meets this surface in a hyperbola having the axis for its conjugate axis ; which 
h 3 rperbola is the required locus of the trivector-extremity. It is moreover easy to see 
that if the angle of position of the variable orbit-plane, or (what is the same thing) 
the angle of position of the orbit-pole in the great circle which it describes be = 5 ^ 
(where q is measured from any fixed plane or point), and if the coordinates and y' 
be measured from 8 in the direction of and perpendicular to the axis of rotation, 
then the coordinates of the point on the hyperbola are expressed in the form 
-r' = a +atan (2 + /3), y' = 6 sec (g^ - 1 - )S), where a, a, 6 , jS, are constants depending on the 
position of the ray in regard to the axis of rotation : see as to this post, No. 49. 

12. Considering the orbit-pole as describing a given curve, the value for the 

several positions thereof of any parameter of the orbit may be exhibited by means 
of a “ diagram,” viz., we may take for abscissa any quantity serving to fix the position 
of the orbit-pole on the described curve, and for ordinate the value of the parameter in 
question. In the particular case where the orbit-pole describes a great circle passing 
through the axis of the stereographic projection, and which is consequently in the 
spherogram represented by a diameter of the ecliptic or bounding circle, it is natural 
to take for the abscissa the distance (from the centre) of the representation of the 
orbit-pole; the diagram will then fit on to the diameter, and for any position of the 

orbit-pole on such diameter give at once the value of the parameter to which the 

diagram relates. 

13. It is right to remark that the construction of planograms and diagrams is 

merely subsidiary to that of the spherograms; the information given by any number 

of planograms or diagrams would be all of it embodied in a spherogram for the same 

parameter. And theoretically the construction of a spherogram is a mere matter of 
geometry; for a given position of the orbit-pole we construct the trivector, thence the 
orbit, and in relation thereto any parameters which it is desired to consider; and so, 
for a sufficient number of points on the spherogram, determine the value of the 
parameter, or parameters; and lay down the isoparametric lines. The construction of 
the orbit from a given trivector, and in particular the selection of the orbit as one 

of the four conics given by the trivector, has not yet been explained: in connexion 

herewith we have the discontinuity of orbit which arises when the orbit-pole is upon 
a separator, and which is a leading circumstance in the theory; until it is gone into, 
there is little more to be said in the way of general explanation as to the spherogram, 
or the isoparametric lines thereof, 

* 14, It may however be noticed that for any parameter whatever, the points A of the 
spherogram are common points, through which pass in general the lines belonging to 
any value whatever of the parameter; the reason of course is that the orbit-plane 
then passing through the ray, and the orbit itself being indeterminate, the value of 
any parameter belonging to the orbit is also indeterminate. Moreover, for some 
parameters the curve belonging to any particular value of the parameter not only 
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passes throngh the points A, but passes through each point twice, or (what is the 
same thing) has each of the points A for a nodal point ; when this is so, then it 
is to be further observed that, for certain values of the parameters, they will be 
acnodal points, properly belonging to the curve, although there is not any real branch 
of the curve passing through the points A ; for others they will be crunodal points, 
with two real branches through each ; and in the transition between the two cases 
they will be cuspidal points on the isoparametric curve; it will appear in the sequel 
that this is really the case in regard to the iseccentric lines. 

Article Nos. 15 to 30. Betemination of the Orbit from a given Trivedor, 

15. With a given point 8 as focus, and through three given points, that is with 
a given trivector, there may be described four conics. This appears from the general 
theory according to which a given focus is equivalent to two given tangents; and also 

Fig. 2. 



from the geometrical construction, Frincipia, book i. sect. 4; Scholium to Prop. xxi. : 
viz. given the focus 8 and the points 1, 2, 3, then if 

On 23 we find a so that a2:a3 = £i2:jS3, 

„ 31 „ b „ 63 : 61 = <83 : £fl, 

„ 12 „ c „ c 1 : c 2 = S 1 : )S 2, 

the points a, 6, c, are each of them on the directrix, so that any two of them deter- 

mine the directrix. In the figure (as in Newton’s) the distances Si, S2, S3, are 
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each regarded as positive, but the very same construction, taking two of the distances 

each as positive and negative successively, would lead to three other positions of the 

directrix; or the construction would give in all four conics. 

16. In the figure the directrix lies on the same side of the three points; and 

the conic is thus an ellipse or parabola, or, if a hyperbola, then the three points lie 
in the same branch thereof ; and it is consequently an orbit such that along it a 
body can pass through the three points successively. The construction as varied would 
give in each case a directrix having on one side of it one, and on the other side 

two, of the three points ; so that the conic would be a hyperbola having the three 

points not on the same branch thereof; consequently it would not be an orbit such 
that along it a body could pass through the three points successively. 

And it thus appears that though the trivector really determines four conics, yet 
it is only one of these in which the directrix lies on the same side of the three 
points ; and this conic I call the “ orbit ; ” the given tri vector thus determines a single 
orbit. 

17. It is to be noticed however that the orbit constructed as above may be a 
hyperbolic branch separated by the directrix from the focus S, and consequently convex 
to the focus S’, viz., the three points lie here in a h 3 q)erbolic branch convex to 8, 
and which is therefore not an orbit which can be described under the action of an 
attractive force at S’, say we have a “convex orbit.” I regard this as a real orbit, 
but the times of passage therein as imaginary, or rather as non-existent, and the case 
is thus excluded fi:om consideration in the formula and figures which relate to the 
times of passage. 

18. The same results are established analytically in a very similar manner, viz., 
taking the focus for origin and starting from the focal equation 

r = Aw i-By + O’, 

then if we take (w^, y^), (w^, y^), (w^, y,), as the coordinates of the three given points 
and write 

rj = VflH» + yi*, rs = '^wf^\ ri = '^w^ + yi, 
we have for the determination of the constants 

’ ri = Awi -1- Byi -1- G, 

Vi = Awi -t- By^ + 0, 
rt = Awi-^Byfk-G, 

and the equation therefore is 

r, X , y, 1 = 0 , 

ri, osi, yi, 1 
n, *2, Vi, 1 
n, xs, y», 1 
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•which, attributing therein to n, raj ^' 3 > the signs +, — at pleasure, represents eight 
different equations: these however give only four conics, viz., we have the same conic 
whether we attribute to Vi, r^, any particular combination of signs, or reverse all 
the signs simultaneously. 

19. But the focal equation r= Aco + £t/ + G is precisely equivalent to the equation 

p 

l-\-e CO.S (^ — •bt) ’ 

and in this equation (taking as is allowable p as positive) then if ± e be = or < 1, 
that is for an ellipse or parabola whatever he the value of 0 — vr, r is always 
positive ; but if ± e be >1, that is for a hyperbola, r is positive for those values 
of d—Tsr which belong to one branch, negative for those which belong to the other 
branch, of the curve. Hence in the determinant equation, unless r^, r,, have the 
same sign, the curve ■will be a hyperbola with the points two of them on one branch, 
the third on the other branch thereof But in the remaining case, when 1 \, r^, 

have all the same sign, or say when they are all positive, then the conic is an ellipse 
or parabola, or else it is a hyperbola with the three points on the same branch 
thereof; that is, the foregoing determinant equation, regarding therein r^, r^, Vs, as all 
of them positive, gives the orbit. 

20. When one of the points is at infinity on a given line there is a discontinuity 
of orbit. To explain this, suppose that the point (ooi, yi) is situate on the line 
y=a!tana, at an indefinitely great distance rj in one or the other direction along the 
line; 'viz., rj is an indefinitely large positive quantity, and we have in the one case 

yi = ?’iCOsa, risina; and in the other case a?!, yi = — ricosa, — risina: the corre- 
sponding equations of the orbit, putting therein ultimately ri = -f so , are 

r , X, y, 1 = 0, r , x, y, 1 = 0, 

1 , cos a, sin a, 0 1 , — cos a, — sin a, 0 

Tz, *2, ya, 1 rs, Xi, ya, 1 

x^, ys, 1 rs, ajj, ys, 1 

which equations belong, it is clear, to two distinct conics; or as the point («i, yO 
passes from a positive to a negative infinity along the given line, there is an abrupt 
change of orbit. It is proper to remark that the two orbits are the very same as 
would be obtained by writing Xi, yi=riCosa, risina, ri = -t-a) and ri = — oo in the 
determinant equation: that is, the orbit passes abruptly from one to another of the 
four conics which belong to the position {x^, yi), and we thus understand how the 

transition from -J- oo to — oo , which is geometrically no breach of continuity, occasions 

in the actual problem a discontinuity. 

21. The same thing appears from the geometrical construction; and we derive a 

further result which will be useful. Suppose first that the point 1 is at infinity in 

the direction shown by the arrow; then drawing 2c = 2;S and 36 = 35 each in the 

direction opposite to 51, we have the points 6, c on the directrix, which is thus the 
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line D joining these points. But if 1 is at infinity on the same line in the opposite 
direction, then instead of c, h we have the points c', V, and the directrix is the line 
D' joining these points. 

Fig. 3. 



22. Observe that in the first case the focus S and the three points are on 
opposite sides of the directrix D, or the orbit is convex; but in the second case the 
focus 8 and the three points are on the same side of the directrix D', and the orbit 
is concave. That is, the line 8i does not separate the two points 2, 3, and the orbits 
are the one convex, the other concave. 

23. But if 1 be at infinity along the line S{1) first in the direction shown by 
the arrow, and then in the opposite direction; in the first case the directrix is (D) 
not separating the focus 8 from the three points, and the orbit is concave; in the 
second case the orbit is (D'), not separating 8 from the three points, and the orbit 
is still concave; here the line 8(1) does separate the points 2, 3, and the orbits are 
both concave. 

24. And we thus see in general that as the point 1 passes from a positive tO’ 
a negative infinity along a line passing through 8] then, according as the line 
through 8 does not or does separate the remaining two points 2, 3, the orbits corre- 
sponding to the two positions of 1 are the one convex, the other concave, or they 
are both concave. 

26. The points 1 and 2 may be each of them at infinity along a given ray; we 
have here in a similar manner ooi, yi = riCOsai, risinai, or else = — ricosaj, — risinoti, 
where Vi is an indefinitely large positive quantity; and rasino^, or else 

0. VIL 52 
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= — rgcosog, where 7 \ is an indefinitely large positive quantity. And writing 

ultimately rj - + oo , ra = + oo , the equation of the orbit is obtained in the form 


r, 

X y 

y > 

1 

= 0, 

1, 

± cos ai, 

fsinai, 

0 


1, 

± cos ^ 2 , 

+ sin 32, 

0 



^3 , 


1 



where the ± of the second line and the ± of the third line have each of them the 
value + or — at pleasure. There are consequently four distinct orbits, corresponding 
to the combinations of each of the two directions of the point 1 with each of the 
two directions of the point 2. And it is moreover clear that these are the very conics 
which are obtained fi:om the determinant equation by writing therein Xi, yi — TiGosa^, 
risinai; a? 2 , — rgsinos and ri = + oo,— oo; r 2 =+cc,— oo successively; viz., 

the orbit changes abruptly between the four conics which correspond to the given 
position of the points 1, 2, 3. 

Eig. 4. 



26, The geometrical construction is very simple indeed; viz., measuring off from 
3 in the directions Sly S2, and in the opposite directions respectively, a distance 
= S3, we have four points, the angles of a rectangle; and joining these in pairs, we 
have the four positions of the directrix: the figure shows at once that the orbits are 
three of them concave, the remaining one convex. 

27. The determinant equation obtained for the orbit is an equation of the form 

r = Ax+By + 0; 

and it is clear that the equation of the directrix is Ax + By + 0=0, By what 
precedes, this line will lie on the same side of the three points; viz., either it does 
not separate them from the fociis, and the orbit is then concave, or it does separate 
them from the focus, and the orbit is then convex. Although in general the sign of 
O is no criterion (for the equations r=Ax+By + 0 and r==-Ax-‘ By-G represent 
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the same curve) yet in the present case it is so; for, observe that, in taking Ti, r^, r. 
each of them positive, we make r to be positive for the orbit, that is, for the entire 
curve if an ellipse or parabola, but for the branch containing the three points if the 
curve is a hjrperbola. Hence, considering the radius vector through S parallel to the 
directrix, this is positive for a concave, negative for a convex orbit; or writing 
Ax + By = 0, we have r = 0 positive for a concave, negative for a convex orbit ; 
wherefore the orbit is concave or convex according as (7 is positive or negative. 

28. Comparing the equation with 

r = e (a; cos w + sin w) ± a (1 - e®), 

we see that the eccentricity and semiaxis major, taken to be each of them positive, are 






(+ (7 or — G, according as e < 1 or e > 1) ; and inasmuch as the focus and directrix 
are known, there is no ambiguity as to the position of the orbit: it may be added 
that the coordinates of the centre are given by 

(i.® — l)a! + y + AG=0, 

AB x->r{B^ —l)y->r BG = 0 , 

that is, we have for the coordinates of the centre 


and thence also 


AG 

BG 

/ft • 

'l-A^-B^' 

^ I-A^-B^’ 

2A(7 

2BG 

l-A^-B^’ 

y-l-A^-R^ 


for the coordinates of the other focus. 


29. But to effect the comparison rather more precisely it is to be observed that 
a, 6 being positive, then for a concave orbit, if X be measured from the focus in the 
direction away from the directrix, we should have 

r^eX + a(l — e®) 

(+ for the ellipse, — for the hyperbola, so that ±a{i — ^) is positive) : whence 




Ax+ By 


±0 


(by what precedes, (7 is = +, so that the formula gives as it should do <i = +). 

And similarly for a convex orbit, if X be measured in the direction towards the 
directrix, we should have 


r = eX—a{d‘ — l)\ 


.52—2 
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wtence 


e = V4H-B=, 


Ax 4 - By 




■where by what precedes G is = — , and the formula gives as it should do cs = + . 

30 . It is not necessai’y for the purpose of the present memoir, but I notice an 
elegant form of the polar equation of the orbit belonging to a given trivector; viz., 
taking (r, 6) as polar coordinates, and therefore (^i, 6i), (r^, 0s)> as the coordinates 

of the given points, the equation of the orbit is 

1 _ « 1 sin ^ (6 — sin ^ (0 — ^3) 
r ” ^ n ■ sin I ($1 - 63) sin ^ {di — 63) ' 


In fact, it is clear that this is an equation of the form 


that is of the form 


^ = A TXsinii?, cosj^/; 
i = \ cos ^ + /i sin 0 + V ; 


and that it thus represents a conic with the given focus; and moreover that the 
equation is satisfied by writing therein (rj, ^j), (r^, 6^, or (rj, 6^), in place of {r, 6); 
that is, the conic passes through the three given points The foregoing remarks as 
to the signs of r^, r^, rs, apply ■without alteration to this polar equation. 


Article Nos. 31 to 41. Time Formulas; Lambeet’s Equation. 

31 . Suppose for a moment that the orbit is an ellipse; as the ellipse may be 
described in either direction, the time of passage between any two points, 1 to 2, or 
2 to 1, indifferently, may be regarded as positive. With only two points 1, 2, we 
might pass, say from 1 to 2, in either direction along the ellipse, and the time of 
passage would have ambiguously either of two positive values. In the case however 
where we have on the ellipse three points, 1 , 2 , 3 , this ambiguity is avoided; ■viz., it 
is assumed that the passage between any two of the points is along the elliptic arc 
which does not contain the third point; the three times of passage are thus all of 
them positive, and their sum is equal to the periodic time, or time of describing the 
entire ellipse. 

32 . But if the orbit be a parabola or concave hyperbolic branch, then, if the 
points taken in their order of position along the orbit be 1, 2, .3, we have in like 
manner a positive time of passage between 1 and 2, and also a positive time of 
passage between 2 and 3 ; but, inasmuch as there is no passage between 1 and 3 
except through 2 (which mode is excluded from consideration), I say that there is no 
time of passage between 1 and 3 ; and so consider only two times of passage; ■viz., 
between 1 and 2 , and between 2 and 3 . 

33 . In the case of a convex hyperbolic branch, since this cannot be described under 
the action of an attractive force, there is not any time of passage to be considered. 
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In the transition case of a right line not passing through the focus, since, as 
mentioned, the velocity is infinite, if the order of the points on the line is 1, 2, 3, 
the times of passage from 1 to 2 and from 2 to 3 are each = 0 ; and these are the 
only times of passage which are to be considered* 

34 The preceding conventions are of course to be attended to in the application 
of any formula to the calculation of the times of passage between given points of 
the orbit; in the case of a parabolic or hyperbolic orbit we have only to ascertain 
which are the two times of passage to be calculated ; but, in the case of an ellipse, 
we must take care that the time of passage between each two of the three points is 
calculated along the arc not containing the third point; viz., it is in some cases to 
be calculated through the angle < tt between the two radius vectors, and in other 
cases through the angle > tt between the two radius vectors ; or, more simply, the time 
to be calculated is sometimes the longer, and at other times the shorter time of passage. 

35. For the purpose of the present memoir the unit of time is so fLsed that 
the periodic time in a circle radius 1 shall be equal 3. The period in a cfrcle or 
ellipse, radius or semiaxis major = a, is thus = 3a* and generally 

rn* 3 Area 
Time = - . — ■ - ■■■ . 

^ latus rectum 

The time formulae are first the ordinary ones in which the time from pericentre 
is expressed in terms of an angle (the eccentric anomaly for an ellipse or hyperbola, 
true anomaly for the parabola) ; secondly, Lambert’s formulse, in which the time between 
any two points on the orbit is expressed by means of the two radius vectors and the 
chord. 


36. The first set of formulae may be written: 

Ellipse. Uy the eccentric anomaly from pericentre, viz. x-a{(^o^u — e\ 2/=aVm^sinw, 
if Xy 2 /, are the coordinates from the focus, x measured in the direction towards the 
-directrix. 

g 

Time from pericentre = - (m — e sin %). 

Parabola. B, the true anomaly, viz., r=jpsec®J0, if jj be tbe pericentric distance 
or J -latus rectum. 

. 3 

Time from pericentre i ^ J i 


Hyperbola ; concave branch, u, the eccentric anomaly from pericentre, viz., 

■a> = Or (sec u — e), y = a Ve* — 1 tan u, if x, y are the coordinates from the focus, x measured 
in the direction away from the directrix. 


3u^ 

Time from pericentre = {e tan u — hyp. log tan (Jtt + ^ a)}, 


and by taking the sum or the difference of t-wo of these expressions, we obtain the 
time of passage between two given points of the orbit. 
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37. I remark tkat as to the elliptic and parabolic orbits, I have preferred using 
Lambert’s equations, and I should have done the same for the hyperbolic orbits, but 
for the absence of a table (see post. No. 39). As it is, for the few hyperbolic orbits 
which it was necessary to calculate, I have used the foregoing formula (^): a table of 
hyp. log tan + u = 0° to w = 90°, at intervals of 30' to 12 places of decimals, with 
fifth differences is given. Table IV. Legendre, TraiU des FoncHons Elliptiiqu.es, t. ll. 
pp. 256 — 259. 

38. The other set of formulae may be written: 

Ellipse, r, Z the radius vectors, 7 the chord. 

2 a cos % = 2 a — r — / — 7 , 2 a cos = 2 a — r — / + 7 . 

3 8 

Time = ^ a/^ (%-%'- X + sin %')• 

Parabola, r, r', 7 , ut supra; 

Time = ;^{(?’ + ?’' + 7 )^ — (?• + / — 7 )*}. 

Hyperbola. 

2 acoshp[; = 2 a + r + r' + 7 , 2 a cosh%'’ = 2 a+r + 7 *' — 7 . 

3 8 

Time = ^ 0 ^ (- % + ;^' + sinh - sinh x'). 

•where cosh, sinh, denote the hyperbolic cosine and sine of viz. : 

cosh X = i (^ + siiit % = 4 - e~^). 

39. The logarithms (ordinary) of the functions cosh %, sinh and of tanh x 
tabulated by Gudermann, Grelle, tt. vin. and IX. from x = 2'000 to ;y; = 8-00 at intervals 
of *001 and subsequently of *01 to eight places of decimals. I do not know why the 
tabulation was not commenced from x = 0 , but the omission from them of the values 
0 to 2 rendered the tables unavailing for the present purpose, and I therefore, for the 
hyperbolic orbits, resorted to the first set of formulae. 

40. As regards the elliptic formulae it remains to be explained how the values 

selected from those which satisfy the required conditions 

2 a cos;)^ = 2 (X — r— / — y, 2 a cos = 2 a“r— r' + y. 

It is remarked in Gauss’ Theoria MoPdSj p. 120 , that x is a positive angle between 
0 ® and 360'’ ; x ^ positive or negative augle between + 180°, - 180°, viz. is positive 


^ I rather regret that I did not nse the foregoing formulsB in aU cases. 
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or negative according as the angle between the two radius vectors is < 180° or > 180°. 
This determines but it is said that ^ is really indeterminate; viz. it is so if only 
the values r, r', y, a, are given, for there are then two orbits in which these quantities 
have their given values, and the times in these have different values. But when, as 
in the case here considered the orbit is known, % will of course have a determinate 
signification, and it is easy to explain how this is to be fixed. I observe, in the first 
place, that if % = w we have y = (2a — ?*) + (2a — /), that is, the chord y passes through 
the other focus of the ellipse. The criterion thus depends on the position of the two 
points on the ellipse in relation to the other focus, and it is easy to see that it is 
as follows: viz. let the time between the points 1, 2, on the ellipse be understood 
to mean the time of passage from 1 through apocentre to 2; then I say that, in the 
preceding formula 

3 » 

Time = ^ a^ (%- X' - sin X + sin 

X will be < 180° or > 180° according as the chord from 1 through the other focus E 
does not or does separate the point 2 from the focus S, 

41. It is hardly necessary to remark that in the application of the formulae, 
%, X ^^st be reckoned according to their lengths as circular arcs to the radius unity: 
a table for the conversion of degrees and minutes to such circular measure, is given 
in most collections of Trigonometrical Tables. 


Article Nos. 42 to 45. FormulcB for the Transformation between two sets of Rectangular 

Acoes. 

42. Consider an arbitrary set of fixed rectangular axes, See, Sy, Sz, which are con- 
sidered as intersecting the sphere, centre S, in the points X, Y, Z, and so the axes 
Sod, Sy\ Sjd, afterwards defined are considered as intersecting the sphere in the points 
X, Y, Z', For convenience See is considered as an origin of longitudes, which are 
measured in the plane of xy in the direction towards y ; and an angular distance 
from Sz is termed a polar distance or colatitude; so that the position of any line 
through S, or point on the sphere, will be determined by its longitude b and colatitude c. 

43. It is wished in the sequel to made the orbit-pole revolve about an arbitrary 
line Sx\ and for this purpose I take the new set of rectangular axes, Sx\ Sf, Ssf, 
or points on the sphere X', Y, Z', as ^follows, 

X', longitude 0, colatitude 90° + N. 

Y'Z, is then a great circle, pole X', meeting ZX in a point 11, longitude (?, colatitude 
N, and the position of Z' in this great circle is fixed by its distance from 11, = 

the distance of Y^ being TIF'=90° +H, and these being each of them reckoned from 11 
in the direction of longitude X to F. The position of the new axes Sx', Syf, S/, 
or points X, Y', Z', is thus fixed by means of the three angles (?, X, E, 



416 


ON THE DETEEMINATION OF THE 


[476 


It is to be added that if the aagle X'ZZ' is called 5'> 
longitude and colatitude of Z', then we have ^N=co\iq\i&'a.H, which gives q, and 
then 

h=Q + q 

cos c = cos i7 cos H, 



44. The transformation-formulse between the two sets of axes are at once found to be 



X 

r 

z 

X' 

cos G cos N 

sin G cos N 

— sin i\r 

T 

- sin ff cos S’- cos (? sin 5" sin iV 

cos <r cos if — sin G sin R sin R 

1 — sin S' cos N 

Z' 

- sin (t sin S' + cos cos 5" sin iV 

cos siniT+sin S^cos^^siniT 

cosfi'cosiT 

: i 


which are for shortness represented by 



X 

T 

Z 

X' 

a 


y 

F 

t 

a 


y 

Z' 

ft 

a 


tr 

7 
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45 In the particular case where So/ is in the plane of ay, J7=0; II coincides 
with Z, and the longitude and colatitude of Z' are b = G + 90°, o = S. Writing 
accordingly in the formula = 0, and introducing b, c in the place of G, H, the 
formulse become 



X 

r 

z 

X' 

sin h 

— COS h 

0 

T 

cos h cos c 

sin 6 cos c 

- sine 


cos h sin c 

sin h sin c 

cosc 


and in particular if c = 0, {8/ here coincides with 8z, and the axes Sx^, Sy', are in the 
plane of xy) then we have simply 



X 

r 

z 

X' 

sin J 

— COS h 

0 

F 

cos 6 

sin 6 

0 

Z' 

0 

0 

1 


Article Nos. 46 to 60. Application to finding the Intersection of the Orbit-plane by a 

Single Ray. 


46. The equations of the ray referred to the fixed axes are taken to he 


x — A_y — B 
__ __ 


z-G 
h ’ 


= R suppose, 


or, what is the same thing. 


05 = A + iJf, 


2/ = B + Eg. 
z = 0 + R\, 


and if in the foregoing formulae the point Z' is taken to he the orbit-pole (longitude 
6 =6^-1- 90°, and colatitude c = cos"^ cosJV’cosjB' as above) then the equation of the 
0. VII. 53 
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orbit-plane is «' = 0. We have therefore merely to transform the equations of the ray 
to the new axes by writing for x, y, z, the values 

ax' -1- a'y' + a"z', 
yS®'-|-/8y+/3V. 
yaf + y'y' -j- V, 

and then putting / = 0, we find x', y', the coordinates in the orbit-plane of its inter- 
sections with the ray. 

47 . The equations thus become, 

aaf + a' i/ — A — JJf = 0 , 
iS®' + ^y' -B - i 2 g = 0 , 
yaf -1- 7'^ — G — J 2 h = 0, 

or, what is the same thing, we have 
x' : y' \ R \ 1 

= 1 1 : 1 : -1 : -1 

a, cl , i, A a, a! , i, A a, a', i, A a, a', f, A 

A R', g, B A /S', g, B A g, B /S, ff', g, B 

7 , 7 ', h, G 7 , 7 ', h, (7 7 , 7 ', h, G 7 , y, h, G 



f, 

A 

: - 

a, 

f, 

A 

: - 

A, 

a, 

a' 


f, 

a, 

o' 


g. 

B 



g. 

B 


B, 

/S, 

B' 


g. 



7'. 

b. 

G 



h. 

G 


0 , 

7 . 

7' 


b, 

7. 

7' 


In these formulae we have identically 

ycl-y% a^-a'^=«", / 3 ", 7", 

and if we write moreover 

a, b, c, = Gg — Bhy Ah. — Of, Bi — Ag, 

(whence identically af-f bg-l-ch = 0, and where (a, b, c, f, g, h) are the “six coordinates” 
of the ray), then we have the very simple formulae 

x' : y' : B : 1 

= (a, b, cK /S', 7') : -(a, b, c][a. / 3 , 7) : (.i, 5 , 0 ][flf', /8", 7'') : (f, g, h^o", /S'', y"), 

or omitting (as not required for the present purpose) one of the proportional terms, we 
have 


x'-.y': l = (a, b, c^ /S', 7') : -(a, b, cja, /S, 7) : (f, g, R", 7"), 
which are the required expressions for the coordinatea 
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48. Consider in the equations just obtained the axis of ®' as fixed but H as 
variable ; that is, let the orbit-pole Z' describe a great circle about the fixed pole X' 
(longitude Q, colatitude 90° +17). We have af, 1, proportional to linear functions of 
sin H, cos H ; viz., •writing for shortness 


■we have 


49. I ■write 


Xe = — a sin (? + b COS , 

Xs = (— a COS G — b sin (?) sinN—c cos 17, 
To = (- a COS (? — b sin (?) cos 17+ c sin IT", 
Wc = { f COS G + g sin ) sin 17 + h cos 17, 
TF« = (— f sin G+ geos (?), 


, _Xe cos S + Xg sin H 
“ Tf«cosa^+Fssin5^’ 

= h 

^ F, cos if + If* sin iT' 

F* 1 ^ F* 1 . . 

^-=— cosA, — smA, 

To m To m, 

w = — cos A — cots sin A, 

To m 

X I 

1 = — sin A + cot 8 cos A, 

(Fo m 


equations which determine m. A, I, 8, viz., we have 

F* To 


tanA = ^, m= 

- Xo cos A + X* sin A 
Z = m ^ = 


VF/+ F**’ 


cot 8 = 


— Xc sin A + X* cos A 


F/+Fs® 

1 

Fo VFc®+ Wi 


(XoWo + XjFg), 

{XoWo-XoWo), 


and we then very easily find 

flj' = Z + m cot 8 tan {E — A), 
msec (IT — A), 

and thence also 

y'^ — {m' — ly tan® 8 = m® ; 

viz. the orbit-plane revoMag about the fixed axis BX', meets the ray in a series of 
points forming in the orbit-plane a hyperbola having the line BX' for its conjugate 
axis. 


53—2 
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50. As already remarked (a/Kte, No. 11 ), this hyperbola is nothing else than the 
intersection of the orbit-plane regarded as fixed, by the hyperboloid generated by the 
rotation of the ray about the axis SX'. And we thus see the interpretation of the 
constants, viz. 

I is the distance from 8 along the axis SX' of the “arm,” or shortest distance 
of SX' and the ray. 

m is the length of this arm. 

S is the inclination of the ray to the axis SX'; 

and for the remaining quantity A, imagine parallel to the ray a line through S 
meeting the sphere in i (£ is the pole of the separator), I say that A—H is the 
angle LX'Z': or (what is the same thing) drawing X'L to meet in A, we have 

nA = A=S'+.Z'A, or (what is the same thing) ZA = A-H. 

51. To verify t.bis, observe that the cosine distances of L from X, Y, Z, are as 
f : g : h ; and thence its cosine distances fii'om X', Y', Z , are as (f, g, h][a, 7 ) : 

(f, g, h$o', /S', 7 ') : (f, g, h3[a" yS" 7 "); say, for a moment, as f' : g' : h'. 

Now LA is the perpendicular from L on the side Y'Z' of the quadrantal spherical 
triangle LY'Z', and we thence have 

k' = 5^:^ = tan AZ' = tan (A - E), 
g' cos AZ' ^ 

if A has the geometrical signification just assigned to it. But this equation is 

g' cos(j 5’— A)-(-h'sin(5" — A) = 0 , 

that is 

^ ^ _ g' cos 5" -I- h' sin i? 

^‘^^■"-g'sinfi'+h'cosS’’ 

or substituting for g', h' their values, the numerator is 

f(a' cos S’ + a" sin S’) -I- g (/S' cos + /S" sin IT) -fh ( 7 ' cos 5" + 7 " sin S’), 

which is 

= — f sin geos (?, =Ws, 

and the denominator is 

f (— a' sin jff + 0 " cos ff) + g (— /S' sin if + ; 8 " cos S') + h (— 7 ' sin 7 " cos H), 
which is 

= (f cos (? - 1 - g sin (?) sin jy + h cos if, = We, 

so that the formula becomes 

which is the original expression of tan A. 
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52 . We might in the equations 

x' -.t/ ■. 1 = (a, b, c][a' /S', y'): -(a, b, cja, A 7) : (f, g, h]^a", / 3 ", 7") 

consider for instance (? or as alone variable, and then eliminate the variable 
parameter so as to obtain a locus ; but the results would be complicated and the 
geometrical interpretations not very obvious. 

53 . I assume (as was done before) N= 0 , H = Cj that is, the position 

of the orbit-pole is longitude 6, colatitude c, and the a.Yifi 8 X' is the line of nodes 
or intersection of the orbit-plane with the ecliptic, viz., the longitude of this line is 
= 6 - 90 ^ 

The formulse become 


or if these are 


df \ y' : 1 = (a cos 6 -h b sin 6) cos c c sin c 

: - a sin 6 + b cos 6 

: (f cos 6 + g sin h) sin c -h h cos c. 

, Xn COS c -f- Xo sin c 

^ ~ _ z. f 

We COS c + TFg sin c ’ 


^ Fc cos 0 + TFg sine’ 

the values now are 

Xg = a cos 5 + b sin h, 
Xg = — c, 

Fo = - a sin 6 + b cos 6, 
We = h, 

Fg = f cos 6 + g sin h, 


and thence forming as before the values of tan A, I, m, cot 8, and putting for shortness 

•JWi+W^, = Vh® + (f cos 8 + g sin 6)’, —O, 
we find after some easy reductions 

f fif 

tan A = r cos 6 +r sin 6, 
h h 

= ^ (— a sin 6 + b cos 6), 
i = ^ [(ah — cf ) cos 6 + (bh — eg) sin 6], 
cot 8 = (— a sin 6 + b cos 6) (— f sin i» + g cos b), 


1 


fsin6 
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and "with these values 

iu' = Z+ m cot S tan (c — A), 
y' = m sec (c — A), 

and thence 

— {pi — If tan® 8 = m?. 


viz., this is the hyperbola obtained by rotating the orbit-plane about the line of nodes, 
longitude 6 — 90°. 

54. Imagine the orbit-plane (having upon it the hyperbola) brought by such 
rotation into the plane z = (i, or plane of the ecliptic, so that the hyperbola ■will be 
a curve in this plane, the inclination to 8x, or longitude of the axis Sci, being of 
course =6 — 90°. Transforming the equation to axes 8x, 8y, we must ■write in the 
equation 

x' = xsiuh — y cos 6, 
i/ = « cos 6 y sin 6, 
and the equation thus becomes 

{x cos 6 -f- y sin hf — (a sin 6 — y cos 6 — If tan® 8 = m®. 


55. It will be recollected that the equations of the ray were 


writing herein z = 0 we find 


x—A y—B z—0 

— =v-— ^ 


i-A ^0, - 

b a\ 


and it is clear that this point should lie. on the hyperbola. 


Substituting for («, y) the values in question, we have first 
b sin 6 + a cos 6 — hZ 

= ^{(h® -l-(fcos 6 -Hg sin 6)®) (b sin 6 -f- a cos 6) — h (ah — cf) (cos 6 -H (bh — eg) sin 6)} 
= i {(fcos6-f-gsin6)®(bsm6-l-acos6) + (fcos6 + gsin6)ch} 

= (f cos 6 + g sin 6) {(f cos 6 -f g sin 6) (b sin 6 q- a cos 6) + ch (cos® 6 + sin® 6)} 

= ^ (f cos 6 + g sin 6) (- a sin 6 q- b cos 6) (f sin 6 — g cos 6) ; 
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tanS = - 


-a 


we have 


f sm6— gcos6’ 

(b sin & + a cos 6 — hZ) tan S = — i (f cos 6 + g sin 6) (- a sin 6 + b cos 6) ; 
and hence the result of the substitution is at once found to be 


(— a sin 6 + b cos &)* — ^ a sin & + b cos 6)® (g sin 6 + f cos by 

... h®(— asin 64-bcosi)* 

= 

viz., the factor (— asin6 + bcos6)® divides out, and the equation then becomes 


l-:^(gsm& + fcos&)® = -^, 




that is 


il® = h® + (g sin 6 + f cos bf, 
which is in fact the value of fl®. 

56. I seek for the direction of the hyperbola at the point in question. 

We have 

dx : dy= (b cos 6 — a sin 6) sin & + cos & tan® S (b sin 6 + a cos b — hZ) 

: — (b cos 6 — a sin 6) cos 6 + sin b tan® 8 (b sin & + a cos & — hZ), 

and from the above values of (bsin6 + acos6 — hZ) and tan 8, we have 


whence 


tan® 8 (b sin 6 + a cos 6 — hZ) = (- a sin 6 + b cos 6) ; 

' I sm 0 — g cos 0 


dx : dy= (bcos6 — asinZi)sin&(fsin6— goos8) + (gsin6 + fcos&)cos6(— asin8 + bcos6) 

: — (b cos 6 - a sin 6) cos 6 (f sin 8 — g cos 6) + (g sin 6 + f cos 6) sin 6 (— a sin 6 + b cos 6), 

which, multiplying out and reducing by means of the relation af+bgH-ch = 0, becomes 
dx : (Zy = (-asin6 + bcos8)(sin®6 + cos®6)f : (— a sin 8 + b cos 5) (sin® 8 + cos® 8) g; 
that is 

dx:dy^i:g, or ^ = |, 

which shows that the hyperbola, at the point where it meets the ray, touches 

the projection 

0 —A y—B 
"1 ^ 

of the ray on the plane of xy, which contains the hyperbola 
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57. We may consider various particular forms of the hyperbola — (x' — Ff tan® S =m®. 
1 °. If tan 8 = 0, the hyperbola is the pair of parallel lines — 


This can only happen if h = 0, f cos 6 + g sin 8 = 0 . The first equation gives af + bg = 0 , 

•whence tan& = — - = -; we have thus m— ^ ^ = 2 which is consistent with 
g a ’ 12 0 

m finite. The equations show that the ray is parallel to the line of nodes. 


2 ®. If tan 8 = 00 , the hyperbola is {x' — i)® = 0 , viz., the line x' = I twice : the 
condition is — f sin 6 -h g cos 6 = 0 ; viz., the ray (not in general cutting the line of 
nodes) is at right angles to the line of nodes. 

3 ®. If m = 0, the hyperbola is the pair of intersecting lines = — Z)®tan® 8 . The 

condition is — asin 6 + bcos 6 = 0 , signifying that the ray cuts the line of nodes. 


4 ®. We may have simultaneously tanS = oo, m = 0 . The hyperbola (as in 2 ®) is 
ix' — ly = 0 . The conditions are — f sin 5 + g cos 6 = 0 , — a sin 6 -h b cos 6 = 0, whence 

tan 6 = |=-, and therefore also ag-bf= 0 ; these signify that the ray cuts at right 
I a 

angles the line of nodes. 

The line a! =l passes through the point ~e)’ ought to have 

h 2 Z==a® + bl The value of Z is in the first instance given in the form 


■where 


I = ^ {(ah - cf) cos & + (bh — eg) sin J}, 
il®=h“ + (fcos6+gsin&)® = h^ + P+g® — (— fsin6 + gcos 6)® = P + g® + h^ 


But observe that the equations 

ag — bf = 0 , 

bg + af = — ch, 


give 

and thence 


consequently 


f= 


— ch 

W+V 


a, g = 


— oh 
a^ + b® 


b, 


=i.-(i + 4p) 

r n r + b® 4* C® a ^ 

®h-cf-ah— ^ 3 — 55 — -£fi, 

11 11 ^ 4 b® 4 c® b ^ 

2 11 
I =5 (a COS 6 + b sin &) = g (a cos 6 + b sin 6 ) = g Va^ + b®, 


which is right. 



476] 


CEBIT or A PLANET PEOM THEEE OBSERVATIONS. 


425 


58. I return to the equation of the hyperbola written in the form 


(« cos 6 + y sin bf — {xsinb — y cos b — Vf tan= S = ; 


being (as was shown) a hyperbola passing through the point wher-e its plane 

is met by the ray, and touching at this point the projection 


If in the equation we consider b as variable, we have a series of hyperbolas, viz., 
these are the intersections of the plane of xy with the hyperboloids of revolution 
obtained by making the ray rotate successively round the several lines x cos & + y sin 6 = 0 


through the focus S, 


And, as just seen, these hyperbolas all of them touch at 



the projection of the ray. 


59, The hyperbola to any particular angle h is the hyperbola belonging to the 
ray, in the planogram for an orbit-plane rotating about the axis iccos5-l-ysin& = 0; 
so that the system of hyperbolas would be useful for the .construction of any such 
planogram. And there is another series of curves which, if they could be constructed 
with moderate facility, would be very useful for the same purpose; viz., reverting to 
the equations 

x' : y' : 1= (a cos 6 -h b sin b) cos c — c sin c 
: — a sin 6 -h b cos 6 


(f cos 6 H- g sin b) sin c -h h cos c. 


which determine in the orbit-plane the coordinates x\ y' of the intersection thereof with 
the ray: imagine as before that the point is marked on the orbit-plane, and let it by a 
rotation of the orbit-plane be brought into the plane of xy; so that x\ y\ will be 

the coordinates in the direction of and perpendicular to the line of nodes of a point on 

the hyperbola y'^ — {x' — If — or (ircost-fj/sinfe)® — (a?sm5 — j/cosJ — i^tan^S^m^. 
viz., of the point corresponding to an orbit-pole, colatitude c. Suppose that x, y, are 

the coordinates of this same point referred to the fixed axes, we have 

a? = a?' sin 6 + y' cos 6, 

a? = — a?' cos 6 + y' sin 6, 

and thence 


X \ y \ (a cos 6 + b sin 6) sin 6 cos c — c sin 6 sin c -t- (— a sin 6 -f b cos b) cos b 

I — (a cos 6 ■+ b sin b) cos 6 cos c + c cos 5 sin c -1- (— a sin 6 -t- b cos 6) sin b 

(f cos 6 -f g sin 6) sin c -i- h cos c, 

the coordinates of the point just referred to. Now, if fi’om these equations we could 

eliminate 6, we should have a series of curves containing the variable parameter c, 
intersecting the series of hyperbolas ; and thus marking out on each of these hyperbolas 
the points which belong to the successive values of the parameter c; we should thus 
have in the plane of xy the point corresponding to an orbit-pole longitude h and 
0. vil. 54 
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colatitude c. The series of curves in question may be called “graduation curves,” viz., 
they ■would serve for the graduation of the hyperbola in the planogram for an orbit- 
plane rotating round any line a: cos 6 -i-i/ sin 6 = 0 in the plane of xy. But the elimination 
cannot be easily effected, and I am not in possession of any method of tracing the 
series of curves. 

60. I remark that from the equations 

: 2 /' : 1 = (a cos 6 -b b sin 6) cos c - c sin c 
: - a sin 6 -f b cos 6 
: (f cos 6 + g sin h) sin c -b h cos c, 

we may ■without difSculty eliminate h\ the result is, in fact, 

\p' (— ah cos c) -b «/' (— bh cos® c — eg sin® c) — ae sin c]® 

+ \p' ( bh cos c) + y' (— ah cos® c -b of sin® c) -b be sin c]® 

= [«'( chsinc)-by'( ag — bf)sinccosc-b(a®— b®)cosc]®, 

a conic; but the geometrical signification of this result is not obvious, and I do not 
make any use of it. 


Article Nos. 61 to 63. The Trivedor and the Orbit. 

61. Considering now the three rays, these are determined by their six coordinates, 

(ail ®i) ^ii)> 

(as, bs, Cs, gs, hg), 

(as, bj, Cs, gs, hs), 

respectively; and the intersections ■with the orbit-plane are given by 

a?i' ; yi : l = (ai, bi, Ci$a, 7) : -(ai, bj, Ci^a', i) : (fi, gi, hi][a" / 3 ", 7"), 

ajs' : y^ : l = (aa, ba, „ ) : -(a^, bj, „ ) : (fs, gs, hs][ „ ), 

■ Vs : 1 = (as, bs, „ ) : - (as, bs, Cj^ „ ) : (fs, gs, „ ), 


where the axes 8af, Sy', are an arbitrary set of rectangular axes in the orbit-plane; 
or where, as before, the axis Saf may be taken to be the line of nodes. 


There is no difficulty in finding the equation of the orbit. Writing «"i = \(a^®-byi®, 
we have 


‘ (fi, gx, kiK, 7")’ 

if 

■itx = ± V[(ai, b„ Oi$a', /S', 7')]®-b[(a„ bj, Ci$«, / 3 , 7)]®, 
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the sign being taken in such manner that shall be positive; viz., the sign must 
be the same as that of (fj, gi, hi$a", /9", 7"). And we have the like formulae for 
Tj and Ti. Substituting these values, the equation of the orbit becomes 


r, a/ , y' , 1 

Ml. (»!. Ci$a', /S', 7'). - (ai. bi, Ci'^ac, 7), (fj, gi, hi]j;a", 7") 

Wa, (aa, bj, Cs$ „ ), - (aa, ba, C^J „ ), (fj, ga, ha]^ „ ) 

Mjs, (%, ba, CaJ „ ), — (aa, ba, „ ), (fa, ga, ha]J] „ ) 


= 0 . 


62. Considering the minor deteiminants formed with the terms under the a/ and y’, 
for instance 

(flii, bi, Ci'^flt^, 7 ) . — (aa, ba, Ca^^a, ^,7) 

+ (ai, bx, Ci][«, /S, 7). (aj, ba, Ca^a', 7') 

this is 

= (bjCa “ boCi) (^7 ~ /S'7) "t" (^i^a “ Caaj) (7® “ 7 ® ) d” (aiba “ a.abx) (uB “ 

= a" (bjCs - baCi) + B" (cia-a — Caai) + 7" (ajba — ajhi), 
or, what is the same thing, 

— (bjCa “ baCjj C^aa Caa^, a^ba ^ aabj^^OE , ^ , 7 ) j 

with the like expressions for the other two minors. And we thus obtain the following 
developed form of the equation, viz. 

K(ai, bx, cx]!®, B> 7)+2/(aa, bx, Cx$®', B', 7')}[-M8(f», gs. haK. 7") 

+ Ma(f., g., ba$a", B", 7')] 

+ {a!'(a 2 , ba, Ca$ „ )+3^'(a9, ba, Ca][ „ )}[-M»(fi, gi, hx5 „ ) 

+ ^«i(fs, gs, ba5 „ )] 

+ {ir'(aa, ba, CaJ „ ) + 2/'(a8, ba, 08 $ „ )}[-Mi(£a, ga, ha]^ „ ) 

+ 1ta(fx, gx, hx5 „ )] 

+ (baCs-baC 2 , CaSs-Csaa, aabj-aabaja", B"> gi, bx$a", B"> 7")-Mi] 

d* (baCi — biCa, CaSi CxEa, aabx~axba5 „ gs, baj „ )~M3] 

d* (biCa — baCi, Cxaa^Caax, Saba^aabx]^ „ gs, ba]^ ,, )“MaJ = 0, 

being am equation of the form Qn^Aic' + By' + C. 

63. The coefficient of r is a quadric function of (a", /3", 7"), and if this vanish 
the orbit is a right line. It thus appears that the orbit will be a right line provided 
only the orbit-axis be situate in a certain quadric cone, or (what is the same thing) 
the orbit-pole be situate in a certain spherical conic: agreeing with a preceding result, 
viz. the cone is that reciprocal to the cone, vertex 8, circumscribed about the hyper- 
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boloid whiich contains the three rays. And we see that the equation of this reciprocal 
cone is 

a", j = 0. 

(fi, gi, hi][a" /3" 7"), ai , hi , Cl i 

I (fa, ga. „ ), ai,b2,c, I 

i (f*, gs, w )> ^,^3,^1 



Article Noa 64 and 65. The Special Syimnetrical System of three Rays. 

64. In what follows I consider the three rays forming a symmetrical system as 
already referred to : viz. the three rays intersect the - plane of the ecliptic at points 
equidistant from S at longitudes 0°, 120°, 240°; each of them is at right angles to 

Fig. 6. 



the line joining S with the intersection with the plane of the ecliptic, and at an 
inclination =60° to this plane: the figure shows the projection on the plane of the 
ecliptic of the portions which lie above this plane of the three rays respectively. 

The three rays lie on a hyperboloid of revolution having the line Sz for its axis; 
the circumscribed or asymptotic cone vertex S, is a right cone of the semi-aperture 
= 30°; the reciprocal cone is therefore a right cone semi-aperture 60°, or (what is the 
same thing) the regulator is a small circle, angular radius 60°, and the regulator and 
separators have the positions shown in fig. 1, see No. 8. 

Taking (Sil=£i2 = )Si3 = l, and writing down the equations of the three rays in the 
forms 

x—l _ y _ ^ 

0 “ I “ tan 60° ’ 

x cos 60° _ y — sin 60 ° _ z 
— sin 60° — cos 60° ~ tan 60° ’ 

X -h cos 60° _ y sin 60° _ z 
sin 60° ~ — cos 60° ~ tan 60° ’ 
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we obtain the six coordinates of the three rays respectively 

(ai, bi, Cl, fi, gi, hi) = ( 0, V3, -1, 0, 

(*2. fcs, Ca, ga, ha) = ( 3, V3, 2, V3, 

(® 3 ) 1^3) Cj, fj, gs, hj) = ( 3, V3, 2, — Vs, 

whence the intersections with the orbit-plane are given by 

a^':yi':l= /3'V3-y': -B>/Z+y. + 

a;,':y’:l= 3«'4 /9' VS + 2-y' : - 3a - VS - 2y : a" V3 + /3" - 2 VS/, 

cc.; : y/ : 1 = - So' -I- /S' VS + 2 ^' : Sa-/SV3-2Y : -a"V3 + /3"-2 VSy", 

where if (as before) the position of the orbit-plane be detemoined by means of the 
longitude b and colatitude c of the orbit-pole, we have 

a,y 3 , 7 =sin 6 ,— cosh , 0, 

a' , /S' , 7 ' = cos 6 cos c, sin 6 cos c, — sin c, 

«"> yS", 7 " = cos 6 sine, sin h sine, cose, 

and the passage from the coordinates y', to «, y, is given by 

is' = a: sin 6 — y cos b, 
y' = CO ac&b + y sin 6, 

or conversely 

so = a;' sin 6 + y' cos h, 
y = — x' cos b + y' sin b. 

65, To develops the results, I consider the orbit-pole as passing through certain 
series of positions. The locus may be a meridian circle; by reason of the symmetry 
of the system, the results are not altered by a change of 120 ° in the longitude of 
the meridian; so that, by considering the two meridians 0° — 180° and 90° — 270°, we, 
in fact, consider twelve half meridians at the intervals of 30°. An illustration is 
afforded by Plate I. ; the orbit-pole describes successively the meridians 0 °, 30°, 60°, 90°, 
and the line 1 , by its intersection with the orbit-plane, traces out on this plane a 
series of hyperbolas shown in the figure ; the hyperbola for the meridian 90° is a 
right line, but (except for the position where the orbit-plane passes through the 
line 1 ) the locus is a determinate point on this line. Planogram No. 1 (Plate IL) 
refers to the meridian 90° — 270°, and Planogram No. 2 (Plate III.) to the meridian 
0° — 180°. Next, if the orbit-pole be at one of the points A, that is, if the orbit- 
plane pass through a ray— though the position of the orbit-pole be here determinate, 
yet as there is a series of orbits, this also wiU give rise to a planogram : I call it 
Planogram No. 3. The orbit-pole may pass along a separator circle (viz. the orbit- 
plane be parallel to a ray), this is Planogram No. 4. And, lastly, the orbit-pole may 
pass along the ecliptic (or the orbit-plane may pass through the axis 8Z), I call this 
Planogram No. 5 , But the last three planograms are not considered in the like detail 
as the first two, and I have not, in regard to them, tabulated the results, nor given 
any Plates. 


1 , V 3 ), 

1, -2V3), 

1 . -2V3), 
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Article Nos. 66 to 82. Planogram No. 1, the Meridian 90“ — 270° (see Plate II.). 

66. Supposing that the orbit-plane rotates about the axis /SI (fig. 6, see No. 64) 
in the plane of the ecliptic, the orbit-pole will describe the meridian 90“ — 270“, the 
position of the orbit-pole being 6 = 90“, c = 0° to 90“, or else 6 = 270“, c=0° to 90“. 
But the same analytical formula extends to the two half meridians, viz., we may take 
6 = 90°, and extend c over 180°, in the final results making c an arc between 0° and 
90°, and 6 = 90°, or =270°, as the case requires. 


67. Assuming then 6 = 90°, we have 

a , j8 , 7 = 1, 0 , 0 , 

a', /S', 7 ' = 0, cos c, - sin c, 

0 ^", /S", 7 " = 0 , sine, cose, 

and, moreover, x', y'=x, y: so that instead of (xi, y-l), &c., we may write at once 
(a/i, yi), &c. The formula become 

/Ti : yj : 1 = VSeose-)- sine : 0 ; sinc-1- VSeose, 

«■„ : y, : 1 = VSeose — 2sine : —3 : sin e — 2 cos e, 

a-- : y, : 1 = 'V^cosc — 2sinc : -3 : sin e — 2 Vs cose, 

that is 

®j = l. yi = 0. 


(viz. the orbit-plane, as 
with the plane of ooy)', 


is evident, meets the ray 1 in a fixed point, its intersection 


V 3 cose— 2 sine 
sin e — 2 Vs cos c ’ 




and writing 


y2=— 

sm e 


-3 

— 2 Vs cose’ 




2V3 

— . — = cos a, 

Vl3 


1 

-= = Sin G), 

Vl3 


— -pu = tan G), 

2V3 


(whence to = 16“ 60 we find 


3 V3 

=- ^5 ®)> 


y->= 


;^sec(c-h©), 


and we thence have for the hyperbola, the locus of (© 2 , y^ and (®j, y,) • 
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viz. the points (sa, and (a^, are situate on the hyperbola, symmetrically on 

opposite sides of the axis of «. For c = 0 , we have = y^ = ^ >41, {xi + yi = l), and 

the hyperbola at this point touches the circle and simila rly for y^. 

The inclination of the asymptotes to the axis of y is given by tan t) = 77 = 22° 06 '. 

68 . The orbits are conics, focus S and vertex 1 . It will be convenient to con- 
sider c as passing from 0 ° to 90° — q>, and from 0 ° to — (90° + a>) ; that is, from 

0° to 73°54' — e, and from 0 ° to — 116°6' + e, if e be indefinitely small: the point 
2 will thus traverse the upper branch (alone shown in the Plate) of the guide- 
hyperbola, viz., for c = 0 ° it will be at the point of contact with the circle; for 
c = 73°54'— e it will be at 00, and for c = — 106° 6' - 1 - e at 00'. For c = 0° the orbit 
is the circle ; as c increases positively, it becomes an ellipse of increasing eccentricity 
and major axis, until for a certain value (c = 46°48' as will appear) it becomes a 
parabola; it then becomes a hyperbola (concave branch); for c=52°45' it becomes the 
hyperbola 2 ' subsequently referred to ; and for c = 60° (the point 2 being then on the 
line shown in the figure) the orbit becomes this right line. As c continues to increase, 
the orbit becomes a hyperbola (convex branch); and ultimately for c = 73°54' — e, the 
point 2 goes to x , and the orbit becomes a hyperbola (convex) 2 , having an asymptote 
parallel to that of the guide-hyperbola : the inclination to the axis of x being thus 
90° - 22° 56', = 67° 4'. 


69. Next as c increases negatively, the point 2 moves from the point of contact 
in the other direction to x ' : for c = 0 ° the orbit is of course the circle, and as c 
increases negatively the orbits are at first the very same series of orbits as those 
belonging to the positive values (^), viz., they are first ellipses, of increasing eccentricity 
ffld major axis ; then for c = — 92° 54' the orbit is the parabola ; the orbits are then 
lyperbolas (concave), and finally for c = -106°6'-f e, when 2 is at x', the orbit is a 
lyperbola 2 ', the asymptote of which is parallel to that of the guide-hyperbola, viz., 
ihe inclination to the axis of a: is = 67° 4'. 

70. It will be observed that the orbits from the circle to the hyperbola 2' each 
intersect the guide-hyperbola (that is, the branch shown in the figure) in two points, 
the one corresponding to a positive, the other to a negative value of c; in the positive 
series, the remaining orbits from the hyperbola 2 ', through the right line to the convex 
hyperbola 2 , each intersect the guide-hyperbola (same branch) in a single point only, 
for which c is positive. 

71. There is, in the passage of the orbit-pole from c = — 106°6'-t- e to c=73°54'-e, 
say at c = 73°54', a discontinuity of orbit, viz., an abrupt change from the concave 
hyperbola 2 ' to the concave hyperbola 2 ; observe that the direction of the asymptotes 
being the same in each, the eccentricity e has the same value. 

^ Of course, as corresponding to diiSerent values of c, they are not the same orbits in space, but they 
are only the same curves in the planogram. 
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The point in question (6 = 90°, c = 73°54') is one of the points B of the spherogram, 
and the hyperbolas 2, 2' are two of the four orbits belonging to this point. And, by 
what precedes, it appears that as the orbit-pole passes through this point along a 
meridian downwards to the ecliptic the change is from a concave to a convex orbit. 

72. On account of the symmetry in regard to the axis of ic, the equation of the 
orbit will be of the form t = Ax + B ; viz., the equation is at once found to be 

_ n-1. -V 

73. The eccentricity is the coefficient A taken positively {e = ±A)\ it is in the 
present case proper to attend to the value of the coefficient itself. 


aja-l’ 

the sign of A -will then indicate the position of the centre of the orbit, viz., according 
as .4 is positive or negative the centre will be on the negative or the positive side 
of the focus S. To investigate the variation of .4, we may express it as a function of 
tanc, =X suppose. We have 

V3-2X _ -3 

''*“\-2V3’ ^^"\-2V3’ 

and thence 

n = i^o = + ^/l2-4V3X.+ 13X=; 

• \-2\/3 

viz., Vi must be positive, that is, JJj is positive or negative according to the sign of 
A, — 2 Vs ; negative if X < 2 VS or c < 73° o¥, positive if X > 2 V3 or c> 73° 54'. And we 
have then 

. X-2V3-J23 


3(X-V3) ’ 

But a more convenient formula is obtained by writing 


^=— cotc+- 


we then have 


Vl + ^ = Br^. 


which determines the sign of the radical, viz., this must have the same sign as 
and then for the coefficient 
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74. For 0 a small arc =e, 6 is large and negative, and '^1 + 6^, having the same 
sign as 9, is = ^ ^ nearly ; we have therefore 




1 zJ: 

89' %9 


= — ggj approximately. 


For c nearly = 60°, say c = 60° + e. 


cot 0 = cot 60° + e cosec^ 60° = -^ + ^ , 

V3“ ^ 




2V3^ 3 


3 ’ 


2^/3 


and thence 


-l + VlS ,46 .Vs -l+VlS 

A = 7=— -f- ± -ir = ± -S-* ’ 

2 Vs 3 - 8 e 


viz., this is — 00 for c = 60° — e, and H- x for c = 60° + e. 
For 0 nearly =90°—®, say first c = 73°54' — e, we have 


cot c = 


2 Vs 


fe, 


^ = — Q ^(x — 


2 Vs’ 


whence 


A= -^= 2-30940; 

• Vs 


^ = -1, 


but if c = 73°54'+€, then 0 = ||e, Vl + 


4 =--^ = -2*30940, 

Vs 

4 4 

viz., there is an abrupt change from A= + -j^ to A = —j=; corresponding to the dis- 

Vs VS 

continuity of orbit already referred to. We may diminish c by 180°, and consider the 

4 

last-mentioned value, A = — j=, as belonging to c = — 90° — ® + e = — (106° 6' — e). 

VS 

75. Consider next that c passes from 0 to — (106°6' — e). First if c is a small 
negative quantity c = — 6, 9 is large and positive, and Vl + ^ having the same sign as 

1 2 —1 1 
9 (positive) is = ^ ^ nearly, we have therefore ~ (same as for 

c = + e). And it is easy to see that as c increases negatively, A is always increasing 
negatively, its value for c = — 90° being A = - — ’8685, and for o = — 106°6' + e 

being = — 2'30940 as above. We have a diagram of A (see next page). 

0. vn. 


55 
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4 

76. It thus appears that from J. = 0 to A = — -=, there are always to any given 


value of A two values of c, or positions of the orbit-pole. In particular if be 
= — 1, the curve will be a parabola; the values of c lying between 0°, 60° and 
between 73° 54', 90° respectively. 



To find them, writing = - 1, we have 


— 30 — Sa=20 — 2 V 1 -t- that is, 50 + Sa = 2Vl + 0% 
or 

210"-f-3Oa0-t-9a=-4 = O, 
that is, substituting for a its value =— ^ , • 


or 

that is 
giving 
or 


210s-!-5V3 0--^ = O, (140V3-(-.5)'> = 116, 

-5 + Vile 
I4V3 ’ 

0 = - -65034, 0= -23797, 

cot c = + - 93902 , cot c = -1- -05071, 
c= 46° 48', 0= 87° 6'. 


4 

77. It has been seen that c = 73°54'-t-6 gives A = — ^= — 2-30940; there will 

he between 0° and 60° another value of c, giving for A this same value; to find 
4 

this value write A = — = , then we have 

Vs 

- 4 V3 (0 -b = 20 - 2 VlT^, 
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that is 

(l + 2'/3)6> + l=V'l + 6^, 
or 

(12 + 4V3)0= + (2 + 4V3)0 = O , 
satisfied as it should be by 6 = 0, and also by 

^ I + 2V3 


giving 


2 (3 + V3) 


= - -47170, 


cot c = -76038 or c = 52° 45'. 


78. Representing the equation of the orbit by 


we have for the point 1, 


that is 


r = Ax + a (1 — .4“), 
1 = ^ ±a(l-i.'), 


where the sign is to be taken so that a shall be positive. 

79. With a view to the calculation of the times of passage, I calculate a series 
of values of x^, y^, r^, A, a, for values of 0 at the intervals of 5° and for a few 
intermediate values; we have X3, y^, r^ = Xi, y^, r^, so that these are known; so long 
as the orbit is an ellipse, the time of passage between the points 2 and 3, say T^a, 
may be calculated by Lambert’s equation, the length of the chord ya — y%, =2^2 being 
known without any fresh calculation. And then the times S'Jid being equal, 
and the sum + fas + being equal to the whole periodic time (reckoned as = Sa*) 
the times and are also known. But when the orbit is a concave hyperbola 
there is no time T^, and the other two times T-^,= T^ must be calculated. For the 
reason referred to {mU, No. 39) I did not use Lambert’s equation,— and it was less 
necessary to do so, by reason that, the transverse axis coinciding with the axis of x, 
the other formula could be employed without difficulty. 

80. The formulae for x^, ya adapted to logarithmic calculation are 

log {xt + -61539) = n-60l74 + log tan (0 + 16° 6'), 

log 2/2 = n-92016 + log sec (c + 16° O'), 

where y^ is always positive, but the sign of x^ must be attended to. The values of r* 
and its inclination <^2 ^0 the axis of x are then to be calculated from 

tan(/>2=— ; ra = Xasea^a or = yaCOB&c (pa, 

*X/^ 

(viz. for Ta it is proper to use the first or the second value, according as is greater 
or less than yX 

55—2 
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We have then e = {±A) and a from the foregoing formulae 


_ ^2 — 1 ±1 


■where a, e are each of them positive. 


And then for the Times 


= I;; (:v: - X' - sin X + sin pc') ; (log = 1‘67 894^ , 

where 

a cos PC = a - »’3 - J/a, 

a cos pc' = a - rs + y^, 

and attention is necessary in order to the selection of the proper values of the angles 

X. x'- 

And finally 


81. I subjoin a specimen; the characteristics of the logarithms are (as in the 
actual calculations) omitted. 

6 = 90° c=20°, 

c + 16°6' =36° 6' 


log sec 09259 

log tan 86285 

9201.5 

60174 

01274 

46459 

^3 = 1-0297 

61539 


29147 


= *” "32392 


log= 51044 

01274 

02046 

51044 

01274 

50230 

03320 

<^3=72° 33' 

rs = 1-0794 


■0794 log= 89982 
1-3289 log= 12185 

77797 


•94003 log = 97314 
comp = 02686 
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^=-■059975 


= 1-0638 


1-0638 

1-0794 

A-ri=- -0156 
^2 = + 1-0297 


1-0141 = o cos %' 
— 1-0453 = a cos X 


00608 

02686 

97922 


01924 

02686 


99238 


X' = 17° 35' X (= Supp. 10° 42') = 169° 18' X “ X = 


151° 2-63544 


43' -01250 


-smx 


- -18566 


•30209 

2-95003 

•18566 


2-7 6437 log = 441 60 

02686 
01343 
67894 


82. For the Time in a hyperbola, we have 


02686 

01343 

47712 


51741 


3at = 3-2916 
1-4482 


1-8434 


r« = 1-4482 16083 -9217 


21 - = Ta = {e tan % - . Z . tan (46° + i -Mil)}, 
27r 


where 





438 


ON THE DETEEMINATION OP THE 


[476 


Taking as a specimen the case c = 75°, we have here 

a= -9004 6 = 2-1106 ^2 = 43-341 

log= -95444 log= -32441 log= 1-63690 

a(e=-l) = 3-1106 
log „ = -49284 

and then the calculation is 


log a = 95444 


„ (i(e=-l)= 49284 


44728 


„ aV^l= 22364 


log y« = 63690 


log tan u — 41326 

m = 87° 47' 

32441 

A. . 1 tan (45'' + ^ u) = 3-95140 

7.3767 

6 tan u = 54-660 


3-951 

50-709 


log= 70508 
95444 
47722 
67894 

31568 

T^=T^= 20-686 

83. In the case of the parabola p = 1, and the expression for the Times is 
Tii = Ta = {(p +p' + y)^-{p + p'- 7)*}» 

where for 

c = 46°48' 
c = 87“ 6' 

we have 

T^ = T^= -787, 

■ = = 2-588. 
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Planogram No. 1 , first part, h = 90 °. 



c 


2/2 

<^2 


A 

a 



^S1 

Circle 


0“ 

- -500 

+ -866 

60° 


1-000 

0 

1-000 

1-000 

1-000 

1-000 


r 

5 

•461 

•892 

62° 

39' 

1-004 

- -003 

1-003 

. . 





10 

•420 

•927 

65 

38 

1-017 

•012 

1-012 

•960 

1-135 

•960 



15 

•374 

•972 

68 

56 

1-041 

•030 

1-031 

. . 





20 

•324 

1-030 

72 

33 

1-079 

•060 

1-064 

•922 

1-448 

•922 



25 

•267 

1-104 

76 

26 

1-136 

•107 

1-120 




Ellipses ] 















30 

•200 

1-200 

80 

32 

1-216 

•180 

1-220 

•887 

2-275 

•887 



36 

•120 

1-325 

84 

49 

1-330 

•295 

1-418 






40 

- -021 

1-492 

90 

48 

1-492 

•482 

1-931 

•838 

6-371 

•838 



40° 54' 

•000 

1-615 

90 


1-515 

•515 

2-061 





\ 

45 

+ -109 

1-722 

93 

37 

1-725 

•814 

5-362 




Parab. 


46° 48' 

•166 

1-826 

95 

11 

1-834 

1-000 

OO 

•787 

OO 

•787 



60 

•287 

2-054 

97 

57 

2-074 

1-505 

1-981 

■750 


•750 

Hyperbs, s 


52° 45' 

•418 

2-306 

100 

16 

2-344 

2-309 

•764 





< 

55 

•562 

2-569 

102 

8 

2-627 

- 3-632 

•380 

•628 


•628 

line 


60 

1-000 

3-464 

196 

6 

3-605 

- OO 

•000 

•000 


•000 









+ OO 






f 

65 

1-937 

5-378 

109 

48 

5-716 

+ 5-032 

•166 




Convex ^ 

1 

1 

70 

+ 5-248 

12-233 

113 

13 

13-311 

2-898 

•257 

Convex orbit 



70® 

+ 00 


115 

39 


+ 2-309 

•302 






16 04: 

— OO 

OO 

64 

21 

OO 

- 2-309 

•764 

00 


00 



76 

-21-432 

43-341 

63 

42 

48-346 

2-111 

•900 

20-68 

/%» 

20-68 

Hyperbs. 


80 

4-356 

7-830 

60 

55 

8-960 

1-486 

2-056 

3-856 


3-856 


i. 

86 

2-653 

4-322 

68 

27 

5-072 

1-115 

8-718 

2-912 


2-912 

Parab. 


87° 6' 

2-320 

3-644 

57 

31 

4-320 

1-000 

OO 

2-588 

OO 

2-588 

Ellipse 


90 

- 2-000 

3-000 

56 

18 

3-606 

- -869 

7-622 

2-255 

58-62 

2-255 


The mark - in the column shows that there is no Time T^. 
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Planogram Pfo. 1 , s&xmd part, 6 = 270 °. 



c 

2^2 


<j >2 

^2 

A 

a 


^23 

Tn 

Circ . 

0 ° 

- -500 

+ -866 

60 “ ' 

1-000 

0 

o 

o 

o 

1-000 

1-000 

1-000 1 


5 

•537 

•848 

57 39 

1-003 

-•002 

1-002 



1 

i 


10 

•573 

•837 

65 37 

1-014 

•009 

1-009 

1-044 

•951 

1-044 1 


15 

•608 

•832 

53 52 

1-030 

•019 

1019 



i 


20 

•643 

•834 

52 23 

1-053 

•032 

1-033 

1-091 

-969 

1-091 


25 

*678 

•842 

51 10 

1-081 

•048 

1*051 





30 

•714 

•857 

50 11 

1-116 

•068 

1-073 

1-145 

1-043 

1-145 


35 

•752 

•879 

49 27 

1-157 

•090 

1-098 




so 

40 

•793 

-910 

48 51 

1-207 

•115 

1-130 

1-207 

1-192 

1-207 


45 

•836 

•950 

48 40 

1-266 

•145 j 

1-169 



[ 

S 












50 

•884 

1-002 

48 36 

1-336 

•179 ■ 

1-217 

1-283 

1-464 

1-283 

<3 

55 

•938 

1-069 

48 45 

1-442 

•218 

1-278 

i 

i 




60 

1-000 

1-154 

49 7 

1-527 

•264 

1-358 

1 1-377 

1-983 

1-377 


65 

1-074 

1-266 

49 42 

1-660 

•318 

1-466 

1 

1 




70 

1-164 

1-412 

50 31 

1-830 

•383 

1-622 

! 1-506 

3-036 

1-506 


75 

1-280 

1-611 

51 35 

2-056 

-464 

1-864 





80 

1-431 

1-891 

52 53 

2-372 

-564 

2‘295 

1-771 

6-888 

1-771 


85 

1-651 

2-311 

54 28 

2-840 

•694 

3-269 





90 

- 2-000 

+ 3-000 

56 18 

3-606 

-•869 

7-622 

2-255 

58-62 

2-255 
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Article Nos. 84 to 94. Planogram No. 2, the Meridian 0° — 180° (see Plate III.). 

84. The orbit-plane here rotates about an axis in the plane of the ecliptic at 
right angles to )S1 (Fig. 6). The entire meridian is given by h = (f, c = 0° to 90°, 
and 6=180°, c = 0° to 90°, but it is suflScient to consider one of these half meridians, 
say the latter of them, as the series of values is the same for each of them, with 
only an interchange of the points 2, 3. I write therefore, h - 180°, so that we have 

a , /3 , 7 = 0,1, 0 , 

j , 7' = — cos c, 0, — sin c. 


consequently 



if 

1 

sine, 0, 

cos c, 




: 1 = 

sine : 

-Vs : 


Vs cose, 

(Co 

■ yi ■■ 

: 1 = 

— 3 cos c — 2 sin c : 

-V3 : 

“ V 3 sin e 

— 2 V 3 cos c, 


: yz 

: 1 = 

3 cos c — 2 sin c : 

-V3: 

V 3 sin c 

— 2 Vi cos c, 


and moreover a! — y, y' x\ so that, introducing into the formulae (iCj, y^, &c., in 
place of the {xi, y{), &c., we have 


which, putting 


become 


Xi = sec c. 


sin c - 1 - 2 cos c ’ 


sin c — 2 cos c ’ 

.2 


1 2 sin c -H 3 cos c 

qjtt = — 

«/3 sin c + 2 cos c ’ 

_ 1 2 sin 0 — 3 cos c 
Vs sin c — 2 cos c ’ 


cos8 = -=, sin 8 = -7=, tan8=i, 8 = 26° 34', 
V5 Vo 


Xi = sec c, 
1 


yi = ;^tanc. 


aJ3 = -;^sec(c-8), y2 = ;^{ | + i tan (c - «)}, 

«3 = - sec (c + 8), ys = {- 1 -h 4 tan (c -t- 8)} ; 

so that the guide-hyperbolas are 

%i“ = l» i angle of aisymptotes =30° 

= 152/4='- 16 V3yj-H3, „ „ tan"* ^ = 14° 28' 

fl^=' = 152/,='-t-16V3ys + 13, „ „ „ 

c. vn. 
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It is easy to verify that 

Hyperbola 2 passes through « 2 =— yi= and touches there circle 

» ^ » » » 
and we thus have the figure in the Plate. 

85. The figure shows the motion of the points 1, 2, 3, along their respective 
hyperbolas, viz. c = 0° to 90“, the point 1 moves firom contact with the circle, along a 
half branch to infinity : 2 moves firom contact along a small portion of the half 
branch; 3 moves fi:om contact, along the half branch to infinity for c=tan“i2 = 63°26', 
and then reappearing at the opposite infinity, as c increases to 90° describes a portion 
of the opposite half branch 

86. For c = 0, the orbit is the circle ; as c increases the orbit becomes elliptic ; 

then parabolic, 0=51°, and afterwards hyperbolic (concave); until for c=60°, the three 
points are on the horizontal line of the figure, and the orbit is this right line; it 
is to be noticed that the arrangement of the points on these orbits is 1, 2, 3; so 

that for the parabola, Ta is =oo, and for the hyperbolas and right line T’a does not 

exist, 

87. For c < 60° until c = 63° 26' the orbit is a convex hyperbola, the arrangement 

of the points being still 1, 2, 3: say for c = 63°26' — e, the orbit is the convex 

hyperbola fl. At c = 63°26' there is an abrupt change of orbit; say for c = 63°26' + e 
the orbit is a concave hyperbola flj ; and for c = 65° 52' the orbit is a parabola ; 

the arrangement of the points on these orbits is 2, 1, 3; so that for the hyperbolas 

does not exist, and is =« for the parabola. Observe also that for the 
hyperbola Oi, the point 3 is at infinity, or we have T^=<x>. As c continues to 
increase, the orbit becomes an ellipse, the eccentricity having a minimum value ='628 
(about), for c = 69° (about). For c = 89°20' the orbit is again a parabola, and then 
until c=90° it is a hyperbola; the order of the points on the last-mentioned 
parabola and hyperbolas being 1, 3, 2 ; so that for the parabola Tu is = oo , and for 
the hyperbolas Tja does not exist. In the hyperbola for c = 90°, say the hyperbola Of, 

the point 1 is at infinity, or we have Tj^=<x). The foregoing results, obtained (except 

as to the numerical values) by consideration of the figure, will be confirmed by means 
of the calculated values of e. 

88. The equation of the orbit may be written 


r 

X 

y 

1 

Vs 

V3’ 

Vs 

Ti COS C , 

1, 

sine , 

cose 

ra (sin c + 2 cos c). 

-1, 

2 sin c -1- 3 cos c. 

sin c + 2 cos c 

r, (sin c — 2 cos c). 

1. 

- 2 sin c -b 3 cos c. 

sin c - 2 cos c 


= 0 , 
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or developing, this is 

6 (sin® c — 3 cos® c), 


OG 

— ^ { 4 ri (sin^ c — 3 cos^ c) cos c 

- ^2 (sin 0 + 2 cos c) (sin® c — 3 cos® c) 

+ rs (sin c - 2 cos c) (sin® 0 — 3 cos® c)} 


+ 2/ {— 2ri sine cos c 

+ r2(-sin®c+sin ccosc-f-6cos®c) 

+ rg ( sin® c sin c cos c — 6 cos® c)} 

— rj. — 6cos®c 

+ 3r2(sin®c + sinccosc — 2cos®c) 

+ Srg (sin® c — sin c cos c — 2 cos® c) } = 0 ; 


(observe that the orbit will be a right line if sin® c — 3cos®c = 0, that is if c = 60 °^ 
which is right, since 60 ° is the angular radius of the regulator circle). 


89 . 

becomes 


Patting in the equation tanc=:X, and therefore cose ==-7====:, the equation 

Vl + X® ^ 


eVTfA® + + 

’*’2V3(X®-3) ^i + (^ + 2)(^-3)r2-(\ + 3)(\-2)9*sj2/ 

2(\® — 3 ) + + + 

We have 


®i = v'l+X®, 

-Vi+\® 

A + 2 ’ 

Vl+X.® 

A-2 ’ 

1 . 

1 2\ + 3 

1 2X-3 


^‘“V3 ^ + 2 ’ 

V3 ^-2 ’ 


and thence, writing for shortness 

J5i= vr+|v, 

Bs = 4= V7X® + 12A + 12, 
v3 

E»= 4 = V 7 \®-m + 12, 
V3 


56—2 
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we haTe 


1*1 = Ri, 

J’a (X + 2) = R 27 
fi (X — 2) = J?3, 


where rj, r^, are positive, and the signs of Ri, R^, R 3 must be determined accordingly ; 
viz., JJi is always positive, and (c = 0° to c = 90°, as here supposed) iJa is also positive; 
but Rg has the same sign as X — 2; viz., c = 0° to 0 = 63“ 26', R 3 is negative; and 
0 = 63° 26' to 0 = 90°, is positive. It is to be observed that this position, 
o=tan“^2 = 63°26', of the pole is the intersection of the meridian & = 180° by a 
separator circle, and corresponds to an intersection at infinity on the ray 3. 

90. Substituting the foregoing values of n, r^, r^, the equation of the orbit becomes 


r = — , • • (4i2i — 83 + 8 s) X 

eVi+x' 

+ 9 ;\/3 ^^3 _ 3^ {^i^R^+ Ri — R3) — ^ (-R2+-83)} y 


+ 2 (X® — 3) ~~ + 


where X = tane; and the equation of the orbit may thence be calculated for any given 
value of c. 


91. The analytical expression for the eccentricity is 

e = V'ji® + 8=, 



where, as above, 


A = 


8 = 


1 

2V3(X2-3) 


{x (281 + i2j — 8s) — 3 (82 + 8s)} } 
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but this expression is too complicated to allow of an analytical discussion of the 
series of values of e (such as was given for A, =±e, in planogram Fo. 1). The 
numerical calculation gives the results mentioned ante No. 87, viz., c = 0, e = 0; c = 5V, 
e = l; 0 = 60°, e = Qo; c = 63°26'-e, e = 4-912; c = 63°26' + e, e = l-853; c = 69°, e=-628 
(min.); c = 89°20', (viz. A = 86’l76), e = l; c = 90°, e = l'018; values which are ex- 
hibited in the diagram in the preceding page. 


92. It may be further remarked, in reference to the formula 

r = Ax + B^ + G, 

that for c = 60°, that is \ = V3, we have A finite, B and G each infinite, but equal 
and of opposite signs ; viz., the equation becomes r = '2242 ® ± oo («/ — 1), that is y = 1, 
orbit a right line as above. 

The abrupt change at c = 63°26', X,= 2, arises from the change of sign of iJ,; 

viz., c = 63° 26' - €, J2s = - 4= = - 2*309, but c = 63° 26' + e, iJ, = -^ = + 2*309 ; the two 

V3 V3 

orbits are 

c=-63°26' — e, r = *234® + 4*906y — 3*671, e = 4*912, a= *159, 

c = 63°26' + e, r = *578®- 1*761 y + 3*257, e = 1*853, a = 1*338 

For c = 90° the equation is 

^ = I 2^ + ^ 

= *770 a; + *666 y + 1*527 

and therefore 6 = = 1*018 as above; a = 9 V21 = 41*243. 

It is to be added that for c nearly =90°, or \ very large, we have 


and thence 


= Jt,= 4\ + 2Vf, JJ, = V|\-2V|, 

v3 



A 1 



j 


B = 


_ 5 _ 1 
V7 ^ 


•666-1*890; 


I 


It was, in fact, by means of these expressions that the value X = 86*176 (c=89°20') 
corresponding to the last-mentioned parabolic orbit was obtained. 
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93 . For the calculation of the table we have 

log aji = 10 + log sec c, 

log yi = 10*76144 + log tan c, 
log x-j = 10'65052 + log sec (c — 26° 34'), 
log (ya - -92376) = 10*06247 + log tan (c - 26° 340, 
log CDs = 10*65052 + log sec (c + 26° 340, 
log (ys + *92376) = 10*06247 + log sec (c + 26° 340, 
the values of r^, r^, r^, are then calculated from 

iSi = cos <^i, yi = sin 

or say 

— = tan^i, 7*1 = sec <^i, &c. 

CCi 

and those of the chords yu, 723, 731, from 


= yi - ys = 7 i 2 sin ^ 12 , 

or say 

tan OiMt — , a7o) sec Omt 

yi-yt 

We have then to find the equation of the orbit r=Aic + By+G-, this might be done 
by substituting in the determinant expression the numerical values of as^, y^, r^, y^, r^, 

ys, ^8, and so calculating the result, but I have preferred to employ the formula of 
No. 90, using only the calculated values of r^, r^, r^; viz. we have 

Ti = 2Ji, 

Ti (X + 2) = iJa, 

r*3(X-2) = J?j, 

which gives the values of B^. And then we have e, w, a, from the equations 

A = e cos sr, is = e sm w, a = ^ , 


e and a being each regarded as positive. The times in the elliptic, and parabolic 
orbits are then calculated from Lambert’s equation, as explained in regard to Planogram 
No. 1, but for the hyperbolic orbits, the other formulae were madft use of. 
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94. I annex a specimen; the characteristics of the logarithms are omitted. 
c = 20°. 


20° 


- 6° 34' 


+ 46° 34' 


02701 

56107 

00286 

06113 

16272 

02376 


76144 

65052 

06247 

65052 

06247 


32251 

65338 

12360 

81324 

08623 

X, = 1-06418 

yi = -21014 

- -45017 

-92367 

Xs = — -65049 

•92367 

32251 

02701 


•01329 


•12196 

02701 

00830 

2/2 = + 

•91038 

ya = 

•80171 

29950 

03531 

log = 

•95922 

logys = 

90402 

<f>i = 11° 10' 

r, = 1-0847 

95922 

96922 

90402 

90402 



65338 

04752 

81324 

10980 



30584 

00674 

09078 

01382 


<^>3 (= 63“ 41') = 116° 19', rj = 1-Olo7 4>, (= 50° 57') = 230° 57', n = 1-0823. 


The calculation of the equation of the orbit is then as follows: 


\ = -36397 

log = 56107 

12214 


log i2i = 03531 
721 = 1-0847 
\ + 2 = 2-36397 


V = -13248 

A2_3 = _2'86752 
log= 45750 


log= 37364 
logr2= 00674 

38038 


logVl+V = 02701 
77815 


log6Vr+\» = 80516(a) 
45750 
30103 

log 2 (V- 3) = 75853 (c) 
23856 


jBj = + 2‘4010 


X-2 = - 1-63603 
log= 21378 
log r* = 01382 


log 2 Vs (V- 8) = 99709 (6) 


22760 
72, = -1-6889 
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4iii = 4-3388 
-B, -2-4010 

+ B, -1-6889 

4-0899 

-2489 

log = 39602 
(a)= 80516 

59086 

il = -038982 


2i2i = 2-1694 
+ R, 2-4010 

- R, 1-6889 

6- 2593* 

Iog= 79653 
\= 56107 

35760 
+ 2-2782 

- ZR, - 7-2032 

- 3i?5 5-0667 

7- 8449 
- 7-2032 

0-1417 

log= 15137 
{h)= 99709 

•15428 
5 = - -014265 


K= 2-4010 
R,==- 1-6889 

+ -7121 

log = 85254 

\ = 56107 

41361 

+ -25919 

- 6-2593* 

- 6-00011 

log= 77818 
(c) = 75853 

-01965 

C = + 1-0464 


log 5 =15428 

02729 

log ^ = 59086 

59086 

56342 

61815 

®-(=20°60 = 160“ 52' 

e = -04151 


23630 


e= = -001723 log 0 = 01965 

1 - e» = -998277 log = 99925 

a = 1-0481 02040 



476] 


CEBIT OF A PLANET FKOM THEBE OBSEEVATIONS. 


44& 


The calculation of the Times is similar to that for the first planogram, and 
requires no further illustration. 

The Table for Planogram No, 2 is as follows: 


c. vn. 


57 
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Planogram No. 2, 



c 

ai 

all+ 

Vi 

ftU + 

«2 

all- 

2/2 

all + 


2/3 



^2 


^3 


Circle 

0” 

1-000 

-000 

•500 

•866 

- -500 


•866 

1-000 

0' 

0' 

1-000 

120' 

0' 

1-000 

240' 

0' 

/ 

5 

1-004 

•051 

•481 

■878 

*525 


*853 

1*005 

2 

52 

1-001 

118 

42 

1-001 

238 

23 


10 

1-015 

-102 

•467 

*889 

■557 


•838 

1-020 

5 

44 

1‘004 

117 

41 

1-006 

236 

34 


15 

1-035 

-155 

‘456 

•900 

■598 


•821 

1-047 

8 

30 

1009 

116 

54 

1-016 

233 

58 


20 

1-064 

-210 

■450 

•910 

■650 


•802 

1-085 

11 

10 

1-016 

116 

19 

1032 

230 

57 


25 

1-103 

-269 

■447 

•921 

•719 


•778 

1-136 

13 

43 

1-024 

115 

55 

1-060 

227 

15 

EUipsea - 

30 

1-155 

•333 

•448 

*931 

•812 


•749 

1-202 

16 

6 

1-033 

115 

42 

M04 

222 

42 


36 

1-221 

-404 

•452 

■941 

•939 


•710 

1-286 

18 

19 

1-044 

115 

40 

1-178 

217 

6 


40 

1*305 

-484 

■460 

•951 

1-125 


•657 

1-392 

20 

21 

1056 

115 

48 

1*302 

210 

19 


46 

1*414 

•677 

•471 

•962 

1-414 


•577 

1-527 

22 

12 

1*071 

116 

6 

1-528 

202 

12 


50 

1-556 

•688 

•487 

•974 

1-925 


•440 

1-701 

23 

51 

1-088 

116 

35. 

1-975 

192 

53 

Parab. 

5r 0' 

1-589 

•713 

•491 

•976 

2-077 


*400 

1-741 

24 

9 

1093 

116 

43 

2-116 

190 

64 


52 

1-624 

•739 

•495 

•978 

2-256 


•353 

1-787 

24 

28 

1-097 

116 

51 

2-283 

188 

53 


54 

1*701 

•795 

•504 

•984 

2-729 


•229 

1-878 

25 

2 

1-105 

117 

7 

2-738 

184 

48 

HyperbsJ 



















55 

1-743 

•824 

•509 

•986 

3-049 

- 

■145 

1-928 

25 

18 

1-109 

117 

16 

3-053 

182 

43 


56" 18' 

1-802 

•866 

-515 

■990 

3-601 


•000 

1-999 

25 

39 

1-116 

117 

30 

3-601 

180 

0 


59 

1-942 

•961 

•530 

•997 

5-786 

+ 

•566 

2-166 

26 

20 

1-129 

118 

59 

5-813 

174 

25 

Line 

60 

2-000 

1-000 

•536 

1-000 

7-468 


1-000 

2-236 

26 

34 

1-134 

118 

11 

7-534 

172 

23 

f 

61 

2-063 

1-042 

•542 

1-003 

-10-53 

+ 

1-793 

2-311 

26 

48 

1-140 

118 

24 

10-68 

170 

20 

Convex 



















63° 26' -« 

2-236 

1-155 

•569 

1-010 

- 00 

+ 

00 

2-517 

27 

19 

1-155 

118 

67 

00 

fl66 

31 


63 26 +€ 





+ 00 

- 

00 








1345 

31 


64 

2-281 

1-184 

•563 

1-012 

+ 45-22 

- 

12-60 

2-570 

27 

26 

1-157 

119 

6 

46-94 

344 

26 


65 

2-366 

1-238 

•571 

1-015 

16-36 


5-146 

2-670 

27 

37 

1-165 

119 

21 

17-15 

342 

37 

Parab. 

65° 62' 

2-446 

1-289 

■578 

1-019 

10-12 


3-552 

2-765 

27 

47 

1-171 

119 

35 

10-80 

340 

56 

/ 

66 

2-469 

1-297 

•579 

1-019 

9-987 


3-500 

2-779 

27 

48 

1-172 

119 

37 

10-.59 

340 

41 


68 

2-669 

1-429 

■596 

1-026 

5-617 


2-369 

3-028 

28 

10 

1-186 

120 

11 

6-090 

337 

8 


70 

2-924 

1-586 

•616 

1-033 

3-912 


1-927 

3-326 

28 

29 

1-202 

120 

48 

4-360 

333 

46 

Ellipses - 

72 

3-237 

1-777 

•638 

1-041 

3-008 


1-694 

3-693 

28 

47 

1-221 

121 

29 

3-455 

330 

38 


76 

3-864 

2-155 

•674 

1-064 

2-230 


1-488 

4-424 

29 

9 

1-251 

122 

36 

2-681 

326 

17 


80 

6-759 

3-274 

•751 

1-079 

1-568 


1-312 

6-624 

29 

37 

1-315 

124 

49 

2045 

320 

5 

V 

85 

11-47 

6-599 

•854 

1-112 

1-217 


1-216 

13-25 

29 

54 

1-402 

127 

32 

1-720 

315 

1 

Parab. 

89° 20' 

86-41 

49-79 

•979 

1-148 

1-024 


1-161 

99-5 

29 

56 

1-508 

130 

24 

1-648 

311 

24 

Hyperbs. 

90- « 

00 

00 

1-000 

1-155 

+ 1-000 

- 

1-165 

. ® 

30 

0 

1-527 

130 

54 

1-527 

310 

54 
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6=180°, c = 0° to 90°. 


Equation of Orbit . 
r-Ax +By 

e 

Iff 

a 

723 

731 

712 

H 

2V, 

2Vs 


■000 

•000 

+ 1-000 

•000 


1-000 

1-732 

1-732 

1-732 


1-000 

1-000 

0 ” 

X 

+ •0101 

- *0015 

1-0104 

•010 

171 19 

1-010 

1-729 

1-832 

1-678 

-987 

M 06 

•963 
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The TnurV in any of the T columns shows that the Time does not esist. 
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Article Nos. 95 to 98. Planogram No. 3, the Orhit-pole at one of the points A. 

95. When the orbit-pole is at one of the points A, the orbit-plane passes through 
one of the rays, and as there is no longer on this ray any determinate point of 
intersection, the orbit (as was seen) becomes indeterminate. Thus consider the point 
A for which 6 = 270°, c = 60°: we have 

0 , 0 , 

0, . -iVS. 

a", r, 7"= 0 . -iV3, I , 



and consequently the formula gives 

: yi' : 1 = 0 : 0 : 0 , 

(ci ; : 1 = : 3 : -^VS-VS, 

: y*' : 1 = -^VS-VS : - 3 : -^VS-VS, 

and, moreover, » = — aj', y = — y'. From the formula the value of xl or aij is given as 
but the true value is obviously a^ = l; the value of y^ is actually indeterminate. 
The formulae give the values of y^, (a^, y,), viz. the system is 

yi = md. 

y»= whence ri, = r, = vf , 

2 

V3’ 


®i= 1, 

a% = -l. 



476] 


ORBIT OF A PLANET PEOM THREE OBSERVATIONS. 


453 


so that the orbits in the planogram are the whole series of conics having a given 
focus, S, and passing through two fixed points, 2, 3, having the common abscissa 

2 

!c = — l, and at equal distances (= 1'15470) on opposite sides of the axis. The a.'na 

of CO is obviously the common transverse axis for all the orbits; that is, the equation of 
the orbit will be of the form r — Ax+B; and writing x = — l, we have V^ = — A + B, 
viz. the equation is r— V| = J. (a;+l); the value of A will be determined if we 
assume for the point 1 a determinate position on the line x = l, say its ordinate is =yi‘, 
for then if n = Vl + we have 5”i — ^/| = 2A, and the equation is — V| = J — V|)(a;+ 1). 
In particular if 2/i=0, we have ri=l, and the equation of the orbit is i — (®+l): 
this is the orbit, eccentricity ^ (V| — 1), = "264, belonging to the point A as a point 
in planogram No. 1 : for the value of y, being in that planogram originally assumed 
•=0, is of course =0 when the orbit-pole comes to be the point A. 

96. We may conversely take the equation of the orbit, or say the value of 
the equation r — '/^ = A(x+l), to be given; and then writing a; =a:j=l, 

we have 

}-i = V| -f 2A, that is yi—('^l + 2J.)® — 1 ; 
for 

n = l or 2/1 = 0, iL = Hl-^) = -‘264, 


and as I’j increases to rj = , or y^ increases to ± ^ diminishes fi:om — '264 to 0 ; viz.. 


for ri = v| , or yi = + -=, the orhit is a circle ; as rj increases firom v|, or y^ from + -p , 

V3 v3 

A increases from 0 positively; for ri = V|-f2, =3'527, or = =±2'896, 


A becomes =1; that is, the orbit is a parabola; and for larger positive values of Vi, 
or positive or negative values of yi, the orbit is a hyperbola (concave); and ultimately 
for ri = 00 or yi = ±<x), the orbit is the right line « -I- 1 = 0. Thus A extends from 
— •264 to 0, and thence from 0 positively to +oo. 


97. In further illustration, suppose that the orbit-pole, instead of being at A, is 
a point in the immediate neighbourhood of A, say that the rectangular spherical 
coordinates, measured from A in the direction of the meridian and perpendicular 
thereto, axe f and y ; the colatitude and longitude of the orbit-pole being thus 

2 

c = 60‘’-|- and 5 = 270°-H we have then, y being indefinitely small. 


« , /3 , 7 



0 , 


1 Vs Vs 

7 "= V . ^ - t ’’ 
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and thence 


«l'= 

(-H + + H = 

2f 



-2, 

1 


-2^; 


that is, = — 1 , or what is the same thing, 5 % = — 1 , yi = |; the values of 

pSi, ya, and £%, differ from their former values only by terms in f, rj, which may 

2 2 

be neglected; that is, we have as before a !2 = — 1 , y 3 = --~ and 3 ;, = — 1 , yi = — -^\ and 

V3 v3 

we thus see that the foregoing determination of the orbit for an arbitrary value 
of yi, writing therein yi = — | ^or what would be the same thing = the 

2 . 

orbit for the neighbouring position c = 60° + ^, and 6 = 270'’ + -^i? of the orbit-pole. 

V 3 

Writing for greater convenience ^=pcos'>jr, pj = psin‘^, the indefinitely small quantity 
p wiU denote the distance of the orbit-pole from A, and its azimuth measured from 
the meridian will be We then have yi = — tan-\|^, and Vl -J-yi®= ± sec’</r, or, 

if to fix the ideas, be considered as < + 90°, then ri = sec'^: we have thus 
(A — ±e as before) J. = ^(— V|-j-sec-<|''); viz., observing that V| = 1’527, we obtain 


^lr = 0, 

-ifr = sec”^ VI = ± 49° 6 ', 
f = sec-' (2 V| - 1 ) = + 60° 52', 
n|r = sec-'( V| + 2 ) = + 73°32', 
+(90°-e). 


^ = -i(Vi-l) = --264 
A= 0 

A= i(V|:-l) = -p-264 
A =1 

A =+00. 


98. These results will have to be further considered in reference to the course 
of the iseccentrio curves through the point A. I remark here that, although it 
appears that although for eccentricities less than -264, and in particular for the 
eccentricity = 0 , there are real directions of passage from to a neighbouring point, 
yet there are not through A any real branches of the corresponding iseccentric curves; 
viz., is in regard to these curves, an isolated point with real tangents; that is a 
point m the nature of an evanescent lemniscate. As regards the eccentricity = 0 , it 
is obvious that this must be so; viz., there can be no real branch through A. In 
&ct, the orbit can only be a circle when the intersection by the orbit-plane of the 
hyperboloid which contains the three rays is also a circle; that is, the orbit is a circle 
only when the orbit-plane coincides with the plane of the ecliptic. 
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Article Nos. 99 to 103. Planogram 2To. 4, the Orlit-pole in the EclipUe. 

99. When the orbit-pole describes the circle of the ecliptic, the orbit-plane passes 
through the axis of z, or polar axis. We have c = 90°, and consequently 

« , , 7 = sin 6, - cos 6, 0, 

a'. 7' = 0 , 0,-1, 

y" = cos 5, sin&, 0. 

Eeverting for a moment to the general case where the six coordinates of the ray are 
(a, b, c, f, g, h), the formulae for the intersection by the orbit-plane are 

af : 27 : 1= (a, b, c\a' , /S', y') = -Q 

• — (a, b, c][a , ^ , 7 ) : — a sin 6 -|- b cos 6 

: (f) g. y") : t cosb + g sin b. 


that is 


and thence 


consequently 


1 f 

-I- - cos 6 -f S sin 6 = 0, 
a; c c 

-b - cos 6 - - sin 6 =s 0 ; 
X c c ’ 


1 : m6 : 

c® cai caf 


= haf 


/ + a : -f27 + b; 


= (gy + a)® + (f27 - b)», 

or, what is the same thing, 


ha7= = (f® -f- g*) y'® -I- 2 (ag - bf ) y' -}- a® + b®, 
or, in particular, if (as in the special symmetrical case) ag — bf=0, then 

h»'® = (f® -I- g®) y'a -t- a® -f b®. 

100. For the symmetrical system of rays we have as before 

»!, bi, Cl, fi, gi, hi = 0, V3, - 1, 0 , 1, V3, 

a,, bs, Cj, fj, gj, hi,= 3, V3, 2, Vs, 1, -2^3, 

a®, bji Cs, 4 g„ h, = -3, V3, 2, VS, 1, -2V^, 

and thence 

: yi' : 1 = 1 : VScosb : sin5 , 

ail' : y/ : 1 = — 2 : — 3 sin 6 -|- V3 cos 6 : sin5-|- VScosb, 

aij' : yj' : 1 = — 2 : 3 sin 6 -b VS cos 6 : sin 6 — cos 6, 
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or, what is the same thing, 

Xi= coseeJ , = 

^ — 1 ' _ ^ b — sin h) 

^ ~ sin 6 + Vs cos 6’ sinJ + VScost ’ 

_2 , Vs (cos 6 + Vs sin b) ^ 

** ~sin6-V3cos6’ sm&-V3cos6 ’ 

or as these may also he written 

Xi' = cosec b , y/ = Vs cot i , 

-Bj' = — cosec (b + 60°), = Vs cot (J + 60°), 

Xs = — cosec (b - 60°), ys' = VS cot (6 — 60°), 
so that for each of these sets we have 

x'^--y^ = l. 

(The curve is in fact a section of the hyperboloid of revolution, + ^ — = 

which passes through the three rays.) 

101. As regards the equation of the orbit I will first consider the particular 
cases 6 = 90°, 6 = 0°, which should agree with the orbits for c = 90° in the planograms 
1 and 2 respectively. 

For 6 = 90° we have x'-x, y' — y and 

aa'= 1, yi= 0, 

flj/ = -2, yi' = -2, 

®} = 2, ys — 3, 
and the orbit is at once found to be 

r = J(l-Vl3)(«'-l), 

the eccentricity (regarded as positive) being thus J(Vl3 — 1), =’7685 as before. For 
6 = 0° there is a discontinuity, and I write successively 6 = + e, and 6 = — e. For 6 = + e 
we have x' = — y, y' =ai, and 

«i'= 00, 2'x' = oo V3, 
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and the orbit is found to be 

4 VT 

-666 a; + •770^ + 1-527; 

and sinailarly for h = -e the equation is 

4 a/7 

r = -|a!'+ ^ 2/' + ^ = --666a! + -770jf + l-527; 
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hence the eccentricity is 


V 3 

e — \/|f , = I’OIS, as before. 


102. Considering now the general ease where h has any value whatever, the 
equation of the orbit is 

^ . a;', y' , 1 1=0, 

n sin6 , 1, Vs cos 6 , sin6 

Va (sin 6 + Vs cos 6), - 2 , — 3 sin 6 + VS cos &, sin 6 + VS cos h 

r, (sin 6 - Vs cos h), - 2 , 3 sin 6 + VS cos 6, sin 6 - VS cos h 

(«' = a! sin & - y cos 6, y' = a; cos 6 + y sin &, as before). 

The coefficient of r is readily found to be -6 V 3 (sin *6 + cos=6), = — OVS; hence 
completing the development, dividing by OVS, and transposing, the equation of the 
orbit is 

r- ^ [2risin6 - (sin 6 + Vs cos 5 ) - r, (sin & - Vs cos &)] a:' 

+ [ 4 ri sin 6 cos 5 + (- 2 sin 6 cos 6 + Vs (cos® 6 - sin® &)) 

+ Va (- 2 sin h cos & - Vs (cos® h — sin® 6))] y' 

+ ^ [ 4 risin ®6 + (sin® 6 + 3 cos® 6 + 2 VS sin 6 cos 6) 

+ rs ( sin® 6 + 3 cos® 6 — 2 V 3 sin 6 cos 6)] , 


where 


r, = 


n = 


r» = - 


V sin® 6 + 4 cos® 6 
sin 6 ’ 

•J 13 sin® 6 + 7 cos® 6 — 6 V 3 sin 6 cos 6 
sin 6 + Vs cos 6 ^ 

•J 13 sin® 6 + 7 cos® 6 + 6 V 3 sin 6 cos 6 
sin6 — V 3 cos 6 ’ 


in which expressions the signs of the ra dicals must be such that rj, Va, shall be 
positive. Hence writing tan6 = y, (sec 6 = Vl + 17®, which determines the sign of Vl+y®), 

also 

i?i = Vy®+4, J?a = Vi3y®-6V3y + 7, i^,=^/l3y® + 6 V3y + 7, 

0. vn. 
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and therefore 

= (17 + V3)r2 = jR2, (v - '>'s = 

which last equations determine the signs of Hi, respectively, the equation of 

the orbit is 

— J: 

6 VrT^= 

+ — - — p {4ik+iLa-v^)+Rsa+r,'^^))y' 

+ (4i2ii7 + -K 3 (’? + v'3) + JS3(»7-V3)). 

b (1 + 7)1 

Thus if 6 = + e, then also 17 = + e, 

VTTf = l. = i ?2 = V7, iJ3=-V7, 

and the equation is 

1 4 ^/7 

r= 1-43?' + ^-^ 82 / + ^2V7 Vs, =*666a;'+*770y'+l*527, 

as before ; and similarly if 6 = 90°. 

And moreover, if 6 — 30°, then 

,.i, a=V¥, ft=A, 5.=-?^, 

whence the equation of the orbit is 

r = 1 1)®' + 0^ + + 2), 

= -SeSa' + Ot/q- 1 - 868 . 

103. The equation of the orbit should be tabulated from 6 = 0 to 6 = 30°, the 
equations for the remainder of the circumference will be then found by successive 
repetition of this interval in direct and reverse order, with however a change of sign, 
in the manner about to be explained, 

6 = e, r = + - 666 ®' + -770 y +1-527, 

6 = 30°, r = + - 868 ®'+ 0 y' + T 868 , 

6 = 60°-e, r = + -666®'- -770/+ 1-527, 

6 = 60° + 6, r = -- 666 ®' + -770y' + 1-527, 

6 = 90°, r = -- 868 ®'+ 0 s^ + 1-868, 

6 = 120° -£,> = - -666 ®' - -770 y' + 1-527, 

S0° + j 8 same as 30°— /8, reversing sign of the y' coefficient. 

90° + j 8 same as 90° — j 8 , reversing sign of the y' coefficient, and whole interval 
60° to 120 ° same as interval 0 ° to 60°, except that the signs of the ®' coefficient 
are reversed, and the remaining two intervals, 120° to 240° and 240° to 360°, are 
merely repetitions of the interval 0 ° to 120 °. 
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As regards the interval 0° to 30° the only intermediate value that I have 
calculated is 6 = 16°, viz., we then have 

6 = 15°, r = -811 aj' + -403 ^ + 1-787. 

Calculating for the foregoing values 6 = 0°, 6 = 15°, 6 = 30°, the values of e, vr, a, 
these are found to he 

6= 0°, e = 1-018 w = 220° 6' a = 41-24 

6 = 15°, e= -906 «7 = 206°27' a = 10-008 

6 = 30°, e= -868 o- = 180° a= 7-604 


Aj-ticle Nos. 104 to 113. Planogram No. 5. The Orbit-pole on a Separaior. 


104. If the orbit-plane rotate round a line parallel to one of the rays, the 
orbit-pole will describe a separator circle, and conversely. I consider the general case 
of a ray the six coordinates of which are (a, b, c, f, g, h), and for which the inter- 
sections with the orbit-plane are given by 

X' :y' : 1 = (a, b, c][a', /S', 7 O : -(a, b, 7 ) : d g, /3", 7"). 


The axis of x' is parallel to the ray 

x — A_y—B_^z — G 

—i r~ h ’ 

that is, we have 

a ; ^ : 7=f : g : h, 

whence, putting for shortness 

fl = Vf> + g® + h^ and n = V'P-f-g“, 


we have 


■f ll 

a=g = cos ATcos j8 = ^ = cosA7sinG, 7 =^ =— sinA7, 


and thence 

f n 

tanG = |, smG = ^, cosG=j^, cosN=-^, 

and we thus obtain the values of ol\ 7 ' ; a", 7 '^ in terms of f, g, h and the 

variable angle H, viz., these are 



g COB JS , hf sin H 


— gsinN 

hf cos H 

“ n na ’ 

cz — 

n 

nn ’ 


f cos J . gh sin H 

■ n ■' nn ’ 

j8" = 

f sin H 

n 

hg cos H 
nil ’ 

7 ' = 

n^sinS’ 

" na ’ 

t/' = 


cos S’ 

nn ’ 
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where H is the angular distance of the orbit-pole, along the separator, from the 
point A. The foregoing values give 


(a, b, c5;a , yS , -y ) = 0, 

(a, b, c][a', 7') = — ^ {(ag— bf)cosjff + cfisinjB’}, 

(f, g,hK r, 7")=o, 

so that the coordinates x', y' of the intersection with the ray are given in the foi’m 

a:' : y' : 1 = if : 0 : 0, 


that is 


, M. ,0 

•-o'”. Jf-O’ 


but the value of "y is determinate, viz., this is equal to the perpendicular distance of 
the ray from the point B. 

105 . In particular when the rays are the special symmetrical system before 
considered, then if (a, b, c, f, g, h) refer to the ray 1, we have f=0, g = l, h = V^, 
11 = 1, il = 2, and thence 

a , /5 , 7 = 0 , J , 

o' , , 7' = — cos S', I Vs sinfi", — sin S', 
a", /S'', 7" = — sin S', J VS cos S’, \ cos S. 

For the intersection with the ray 1 we have 

®i' = ±°o, yi' = l, 

and for the intersections with the other two lines 
y% I 1 = 


( 3, - 

V3, 

2 

)(- 

cos S', 

■|V3 sins’. 

-JsinS) = 

— S cos S -f- ^ sin S 

: -( 3, 

Vs, 

2 

)( 

0. 1, 

iVS) 


: fVS 

: (Vs, 

1, ■ 

-2V3)(- 

■ sin S’, 

- Vs cos S, 

J cosS) 

: — Vs sin S— 1 VF cos S, 

and 








< ' yi 

: 1 = 







(- 3, 

Vs, 

2 

)(- 

-cos S’, 

iVSsinS, 

- JsmS) = 

ScosS-f- JsinS 

3, 

V3, 

2 

)( 

0, i, 

iVS) 


:|V3 

: (-Vs, 

1, 

-2V3)(- 

- sin S, 

- J Vs cos S, 

^cosS) 

: Vs sin S- 1 Vs cos S, 
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that is, we have 


, _ 6 cos S — sin H 

V3 3 cos £" + 2 siu S' 

3 


1 6 cos -g + sin H 
~ Vs 3cosfl'— 2siiig’ 

3 


8 cos g 4- 2 sin g ’ 3 cos g — 2 sin g ’ 


106. Writing herein 


cos (O = 


Vl3’ 


sin <0 = 


Vl3’ 


tan <» = f , 


a) = 33“41' 


the formulse are readily converted into 

iUa' = {16-15 tan (g — ea)}, ®s' = {“ 16 — 15 tan (g + to)}, 

3 3 

yi = ^ sec (g - ffl), ys' = ^ sec (g + a), 


where, in regard to this angle ca, it is to be observed that it represents the angular 
distance from the ecliptic along the separator to a point B, or what is the same 
thing, the complement of the angular distance on the separator, of the points 
A and B. We have, in fact, a right-angled spherical triangle ZAB, /.Z = 60°, 
Zj 4 = 90°, ^J. = 60° whence sin 60° = tan cot 60°, that is, tanj4jB=sm 60°tan60°=f, 
or .45=90°-®. 


Hence, g= + 90°, the orbit-pole is on the ecliptic, H=± (90° — ®), it is at a 
point B (the intersection of the separator by one of the other two separators), and 
g = 0, it is at the point A on the separator. 

The foregoing values of (a?/, y^) satisfy the equation 

26y» = 39a!»-.32irV3-i-37, 

and similarly the values of {x^', yf) satisfy « 

25y» = 39®^-|-32«V3-}-37, 


results which would be useful for the delineation of the planogram. 

107. As regards the equation of the orbit we have = ± oo , and consequently 
flji' = + ri = 6ri if for convenience 6 be written to stand for + 1. The equation of the 
orbit then is 


0 = 


r 

1 


r, (3 cos g 2 sin g), 
r, (3 cos g - 2 sin g). 


V3 

1 

V3 


( 


(- 


6 cos g — sin g), 
6 cos g — sin g). 


0 , 

3, 

3 , 


1 

0 

3cosg-f 2sing 
3cosg— 2sing 
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that is 

— (rd — af) 12 sin H = 


■where 


^ (36 cos® j? + 4 sin® E) — (9 cos® E — 4 sin^E) + Br^ (9 sin® E—4 cos® 5)| 

— 12 VI cos jS” + 30 (3 cos jff + 2 sin E) — 30 (3 cos S’ — 2 sin E) r^, 


r3 = 


V 21 cos® S — 4 cos S’ sin fi’+ sin® E 
3 cos if + 2 sin S' 


V 2 I cos®S + 4cos SsinS + ^sin®S 
3 cos S — 2 sin S 


Hence, ■writing tanS=\, and therefore secS=VH-X®, which determines the sign 
of Vl + 'h?, and moreover 

S=V21-4X + 5#X®, S3=V21 + 4X + ^A® 

and thence also 

(3 + 2\) rj = Sa, (3 - 2X) = R^, 


which last equations, since rj, must he positive, determine the signs of the radicals 
Sj, Rs ; the equation of the orbit is 


where 0 it will be recollected denotes +1 or —1 at pleasure. 


108. I remark that 0=+! and 0 = — 1 may be considered as belonging to 
positions of the orbit-pole indefinitely near the separator on the opposite sides thereof 


Fig. 10. 



respectively; the annexed figure represents a portion of the blank ^herogram, and 
the two sides of the half-separator A'(j will be traversed by the orbit-pole, if E 
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extend from 0° to 90° -ta (=56° 19', value at E) and thence to 90°, 5 = + l belonging 
to the side marked + in the figure, and ^ = — 1 to the opposite side. But the same 
result may be stated, more conveniently, in reference to the blank spherogram, as 
follows : 

0° to H= 56° 19', d = + l belongs to the outside of AE, viz. to positions 

within the region of convex orbits, 

0 = — 1, to inside of AE, 

ir=56°19' to 3’= 90° , ^ = + 1 belongs to inside of EG', 

5" = 90° to H = 123° 41', 0 = + 1 belongs to inside of G'B, 

the last-mentioned values being identical with those for 5" = 90° to jH'= 56°19', ^ = -1: 
viz. the formula for H = 90° + K, 6 = + \ is equivalent to that for H=90°—K, d = ~l, 

109. I consider some particular cases. 

Orbit-pole at A\ here H = 0 and therefore X=0, JJ 3 = iJ 3 = V21; the orbit is 
0 a/s 

r = 6x'+ {y' — 1), viz. it is the right line y' — 1 = 0. 

A 

Orbit-pole in the neighbourhood of B. Suppose first jBT = 90° — a — e, X = cot (b — e 
cosec^w = | — -^e, 3 — 2X, =-^e, is positive, and therefore JJj is positive, and we have 
iJs,=6, iJ 3 = 4V3; whence the equation is 

T=ex' 

viz. ^ = - 1, this is 

r = -fa!' + V^y'-l-l, 

and 0 = + 1, it is 

and so secondly, if 5‘ = 90°-®q-e, X = f + J^e, 3-2X, =-^e, is negative, or Ji, is 
also negative, viz. i ?2 = 6, jB 8=-4V3, and the equation is 

viz. ^ = + 1, this is 

r = a!'- V^^Z + l, 

and 0 = — 1, it is 

At the point B there are thus four orbits: viz. E = — 90° — (o — e, 9 = + l, and 
E = 90° -a + e, 6 = -l, these are orbits wherein the eccentricity is =V^, =2'309, 
agreeing with that found for the point B in planogram No. 1, or say for an orbit- 
pole near B in the direction of the meridian; whereas for 3=90 — <b — e, 9= 1 

and JET = 90° - 0 ) + e, 5 = -1-1 the eccentricity is V^ = 1‘101. 
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Suppose again that the orbit-pole is on the ecliptic, or say 5”= 90° — e, X = -t- x , 
jB 2 = 2V|\, jR 3 = — 2V|x, and Vl-|-X® = \, and the equation is 

and similarly for H = 90° + 6, X = — x, J ?3 = 2V|-X, i 23 = — 2V|X, \/l-t-X® = X, and the 
equation still is 

viz. 6 retaining the same sign, there is no discontinuity in the passage through 90°. 

The eccentricity, whether ^ = + 1 or = — 1, is V|f, =1'018, agreeing with Plano- 
gram No. 2. 

110. For the more complete discussion of the eccentricity, we have 

1 /4lff \2 

The eccentricity cannot be less than 1, which is evidently right, for the point 3 being 
at infinity, the orbit cannot be an ellipse. We may have e = 1 (or the orbit a parabola), 
viz. this will be the case if 


iff 

^{9+V)-{9-2\)B, + (Z + 2K)Bs=0. 
v3 


Proceeding to rationalize this equation, we have first 

(3 - 2X)= -f- (3 H- 2X)® i!!,® - ^ (9 + = 2 (9 - 4X0 

viz. substituting for J?s, their values V21 — 4X-H^X® and V21-t-4X + ^X®, this is 
found to be 

2 (9 - 4X0 /y/( 21-I-^)“-16X= = - 54 q- 33 6 X® -1- ^ X‘ ; 
or, what is the same thing, 

(9 - 4X0 V3969-1- 3384 XH 784 X* = - 81 -f 504 X® -f- 104 X‘ 
whence, squaring and reducing, we have 

432 (4X‘ - 248 X' - 819 X* -1- 162 X= + 729) = 0 ; 
or, what is the same thing, 

432 (X= + 1) (4X« - 252 X‘ - 567 X“ -I- 729) = 0, 
or, finally, the condition for a parabola is 


4X® - 252 X " - 567 X* + 729 = 0. 
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111. I stop to remark that this equation may be obtained differently, as follom 
Since the point 1 is at infinity on the axis of x, this line -will be the axis of the 
parabola; or the equation of the parabola will be 

— + 4aaj + 4o® = 0, 

and we have therefore 

— + 4aa32 + 4a® = 0, 

— 2 / 8 ® + 40333 + 4a® = 0, 

that is 

1 : 4a : 4a® = «j-fl33 : yi-y} : -y^s/h-Vy^x^, 

and therefore 

- yif = - 4 (iSi - a;*) (y 2 ®a !3 - y^ x^ 
as the condition for a parabola. 


But the values of x^, y«\ x^, y^, ante No. 104, introducing X in the place of E, are 

1 6-X 1 6+\ 

tZJg y ■ J 

V3 3 + 2X V3 3-2X 

sVi+x® _ svr+v 

3 + 2\ ’ 3-2X ’ 

and thence 

4 9+X® 

— ”"7^ > 

V3 9-4X® 


yi-yi=- 


216X(1+X®) 
(9-4X®)® ’ 


y% ^ ~ yi — 


36 (1 + X®)(9-X®) 
V3 (9-4X®)® 


and substituting these values and omitting a factor 


1+X® 

(.9-4X®)®’ 


the result is 


243X®(H-X®) 

9-4X® 


= (9 + X®)(9-X®), 


viz, this is 
that is 
as before. 


(4X® - 9) (X* - 81) - 243X® (X® + 1) = 0, 
4X'' - 252X* - 567X® + 729 = 0, 


112. The equation considered as a cubic equation in X® has its three roots real, 
but only two of them are positive; viz. there is a root not very different from 1, and 
which is easily approximated to by writing X® = 1 — a, this gives 

4a:® + 240a? - 1068a: + 86 = 0, 


c. vn. 


59 
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or nearly ® = xfl5=*08; a second approximation gives a? =’0802; or we have \®=‘9198, 
\=‘9592, vrhenee 5 = 43° 49'. Substituting in the equation 

4 </) 

^ (9 + 4X=) - (.3 - 2X) JRs + (3 + 2X) lt,=0, 

VS 

this "will be satisfied by 0 = — 1, viz. the parabola belongs (as it obviously should do) 
to a point of AB' within the triangle BFB". 

To obtain the other positive root we may write the equation in the form 

182-25 


the approximate value X® = 63, gives more nearly X® = 65 and then 

141-75 128-24 


\*=63 + - 


65 - W’ 


whence = 8-073 or 5"= 82° 56'. Substituting in the equation 

40 




(9 + 4X=) -(2-2k)B,+ (S + 2X) B, = 0, 


we have 0 = + l, viz. this parabola belongs to a point of B'G' within the triangle 
BB'F'. 


The two values of e for 0 = + l and 0=-l, are each infinite for X = 0, and 
they become equal for \ = oo (viz. when the orbit-pole is on the ecliptic), but 
not in any other case; in fact they can only do so for 9-l-X®=0, or else for 
( 3 - 2 X)i 23 = (3 + 2\)J23, that is, X (288 + 128 X“) = 0, viz., X (9 + 4X=) = 0. 

113. In farther explanation I give a diagram of the eccentricity. 


Fig. 11 . 



The base AFG'B is here the broken line AFG'F of figure 10: the ordinates 
along the base J.O'(=90°) of the two continuous curves exhibit the values of e, as 
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given by ^ = + 1 and ^ = — 1 respectively ; the dotted curve on the base G'B (= 
is merely the upper curve on the base G^B' transferred to the base G'B^ and the 
curve composed of the lower curve on the base AG' and of the dotted curve gives 
by its ordinates the value of the eccentricity as the orbit-pole moves along AB'B 
within the triangle B'BB'': the upper curve on the base AB' gives by its ordinates 
the value of the eccentricity as the orbit-pole moves along AR on the other side 
thereof, that is, within the convex region. 

The base of the diagram is graduated not for the value of S, but for that of 
the angular distance (or distance in longitude) of the orbit-pole from the point A 
(or A')\ viz. this is the angle opposite jff in a right-angled spherical triangle, the sides 
and hypothenuse of which are 60°, jET, c ; writing ^ for the angle in question we have 


cos c = i cos H, 




and any position of the orbit-pole on the separator may be conveniently laid down by 
means of this angle /S. The values of /8 corresponding to the before-mentioned values 
\ = '9592 and \ = 8‘073 are = 47° 54' and /9 = 83° 53' respectively. 


Article Nos. 114 and 115. The Spherogram and Isoparametric Lines — General 

Gonsideraiions. 

114. We first construct a blank spherogram, as already explained (and see also 
Plates IV. and V.), viz., we draw on the stereographic projection a hemisphere — say 
the northern hemisphere : the meridians being radii and the parallels of colatitude 
circles with the pole as centre; the parallel of 60° is the regulator circle, and the 
separators are great circles touching this at the points A, A, A, in longitudes 30°, 150°, 
270° respectively; the separators intersect in the points £, B, B, in the northern hemi- 
sphere, and they are produced to meet again in the points B, B, B, of the southern 
hemisphere; but instead of taking the whole northern hemisphere, we omit portions 
thereof, and take in the opposite portions of the southern hemisphere; the spherogram 
being thus bounded by portions of the separator circles, and consisting of the inner 
spherical triangle B, B, B, and three surrounding triangles B, B, B. The inner triangle 
contains the regulator-circle, touching its sides at the points A, A, A respectively, and 
dividing it into an inner circular region and three surrounding regions A, B, A •, these 
last are the led in quibus of the orbit-poles which correspond to convex orbits; and 
to mark them off from the other regions, it is proper to shade them in the sphero- 
gram. Excluding them from consideration, we have the inner circular region and the 
outer triangular regions separated off from each other by the shaded regions, except 
at the points A, where these are thinned away to nothing. The points A are positions 
of the orbit-pole for which the orbit is indeterminate ; and consequently any parameter 
belonging to the orbit is also indeterminate. Hence the isoparametric line for any 
given value of the parameter will always pass through the points A ; that is, all the 
isoparametric lines will pass through these points, which are thus points of connexion 

59—2 
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between tie inner circular region and the three outer regions, but it must be recol- 
lected that for certain given values of the parameter, the points A may be isolated 
points on the isoparametric line. 

115. It is sometimes necessary (more particularly as regards the Time-spherogram 
and isochronic lines) to distinguish from each other the several points A and jB; and 
for this purpose I consider the several points, as situated in the spherogram, to be 
accented in the following manner: 

S' B 
A' A 
F" A" F' 

so that the inner triangle is B'F'F" and the outer triangles are BFF', FB^F" and 
F"F^F' respectively; this distinction has been already partially made in Fig. 10. 

Article Nos. 116 to 122. The e-spherogrmi and Iseccentric Lines. See Plaie IV. 

116. Constructing a blank spherogram as above, we may from the tables for 
planograms Nos. 1 and 2 lay down numerically the values of the eccentricity at the 
several points of each meridian for the longitudes 0°, 30°, . . 330°, viz. 

Longitudes Planogram No. 2 shows that e increases from 0 at 

0°, 60°, 120°, 180°, 240°, 300°. the centre to oo at 60°, then, 60° to 63° 26' (shaded 

region), it diminishes from oo to 4'912 ; on passmg 63° 26' 
it changes abruptly to 1'853 ; thence diminishes to a 
minimum =’628 at 59°, and again increases to 1’018 at 
90°. 

Longitudes Planogram No. 1, part 1, shows that e increases 

10°, 210°, 330°. from 0 at the centre to oo at 60°, then, 60° to 73° 54' 

(shaded region), it diminishes from oo to 2*309, this last 
value being at a point B, the termination of the sphero- 
gram. 

Longitudes Planogram No. 1, part 2, and for values over 90°, 

30°, 150°, 210°. part 1, shows that e increases from 0 at the centre to 

•264 at 60° (point A), *869 at 90°, and 2-309 at 100° 6', 
point B. 

It will be recollected that, although e has the same value, 2-809 at the two 
opposite points B, yet there is an abrupt change of orbit, indicated by the change of 
sign of A (=±e). 

117. Planogram No. 3 shows the directions at the points A of the several 
iseccentric lines. Planogram No. 4, if the calculations were completed, would give the 
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value of the eccentricity at the several points of the ecliptic, hut besides the already- 
mentioned values 1-018 at 0°, 60“, &c., and -868 at 30“, 90“, &c., the only value 
calculated is -906 at 15°, 45°, &a It thus appears that the eccentricity =1-018 for 
longitude 0° diminishes through -906 at 15° to -868 at 30°, and then again increases 
through -906 at 45° to 1-018 at 60°, and so on through successive intervals of 60°. 

118. Planogram No. 5, if the calculations were completed, would give the value 
of e for the arc AB within the shaded region (but no values have been found except 
those given by Planograms 1 and 2, viz. e = oo at A, =4-912 at longitude 30° from A, 
and =2-309 at 5); and it would also give the value of e for the whole bounding 
arc ABB -within the exterior triangular region. We have e = oo a.t A, =1-853 at 
longitude 30° from A, =1 at distance jff = 43°49' from A, =1-101 at B, and then 
proceeding along the arc BB, =1 at distance 11 = 82° 56' from A, =1-018 on the 
ecliptic, and, finally, =2-309 at B. The two values e = l are very important, as will 
presently appear, with regard to the parabolic curve. 

119. It is now easy to trace the form of the isecceutric lines. 

e = 0, the curve is a point at the centre, and for any value less than -264 it is 
a trigonoid form surrounding the centre, the maxima radii being directed towards the 
points A. The points A belong as isolated points to all these curves. 

e = -264, the curve is tricuspidal, having a cusp at each of the points A. The 
numerical values seem to show a singularly blunt form of cusp (the points A are, in 
fact, not ordinary cusps, but singular points of a higher order); but the data do not 
enable me to draw with certainty the precise forms of the arcs between the three 
cusps : the wavy form was drawn purposely, but there is no sufficient evidence for its 
correctness. 

120. It is convenient to pass at once to the case e = 1, or say the parabolic 
curve, locus of the orbit-pole when the orbit is a parabola. This is a three-looped 
curve cutting itself (having a node) at each of the points A; and it appears from 
planogram No. 5 that each loop touches at four points (two points, ff = 43°49', and 
two points, H= 82° 56'), the sides of the bounding triangle BBB. The loop thus divides 
the triangle BBB into sis regions, viz. one -within the loop, two subjacent, two lateral, 
and one superjacent. 

For any value between e = ‘264 and e = l, the curve is a three-looped curve inter- 
secting itself at the points A, and such that the loops lie wholly within those of the 
parabolic curve, and the remaining portions between the parabolic and cuspidal curves. 

121. For any value of e > 1, we must imagine a three-looped curve intersecting 
itself at the points A, the loops respectively containing those of the parabolic curve, 
and the remaining portions vsiithin the regulator-circle lying between the regulator-drele 
and the parabolic curve; and we must then obliterate so much of each loop as lies 
in the shaded regions, or outside the spherogram ; viz. instead of a continuous loop 
there will be thus a broken loop -with detached portions thereof in the subjacent 
regions, the lateral regions, and the supeqacent region respectively. More precisely 
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this is the form for any value of e from e = l to e = l‘101, but for this last value the 
nnobliterated portion for each lateral region evanesces ; for any value of e between 
e = I’lOl and e = 2'309, the unobliterated portions lie wholly within the subjacent regions 
and the superjacent region; for e = 2‘309 the portion within the superjacent region 
evanesces ; and for any greater value of e the unobliterated portion lies wholly within 
the subjacent regions, the loop being thus a mere fragment. 

122. The iseccentric curves within the shaded regions form a distinct system: such 
curves belong to the values e = 2‘309 to e = oo , and any one of them is a fragment 
of a three-looped curve intersecting itself at the points A, obtained by obliterating so 
much of the complete curve as lies outside the shaded regions. But it is perhaps 
better to disregard these curves altogether, thus in effect excluding the shaded regions 
from the spherogram. 


Article Nos. 123 to 143. The Time-spherogram and Isochronie Lines. See Plate F. 

123. We construct a blank spherogram, and lay down upon it the parabolic 
curve; we may then lay down (as will be explained) the numerical values, say of the 
times Tia, but in order to gain some idea of the form of the Tis-lines I will fii-st 
consider the question in a more general manner. 

124. When the orbit is a line, parabola, or hyperbola, we may distinguish it by 

the letters L, P, H accordingly; and by the numbers 1, 2, 3, written in the proper 

order, show the arrangement of the three points on the orbit; observe that if 1 be 
the middle point on the orbit, we may write indifferently 213 or 312, and so in other 
cases, the fixation of the middle number is alone material. When the orbit is a liue 
the distances of the points are always finite ; and if the orbit be, for example, L 123, 
then T-is and Tw are each =0, but 2\s is non-existent. For the parabola and hyperbola 
the distances are in general finite ; but it is necessary to distinguish for the parabola, 

e.g. the case Pi23 where an extreme point, and for the hyperbola, e.g. the cases 

Ifl23 and ^123 where one or each of the extreme points, is at infinity. We have 
m these cases respectively 

P123, Pjs finite, Pjs finite, 7a = °o 

Pi23, Pi 3 = 00 , Pjj finite, 7si = |» 

and it may be added, as regards P123, that, by a continuous change of the parabolic 
orbit the point 1 may change over to infinity on the other half-branch of the parabola, 
or the arrangement become P23i. And, moreover 

j5'123, Pis finite, Pa finite, Pa non-existent. . 

fl'l23, Pi 3 = oo, Pjs finite. Pa non-existent. 

H i23, Pia = 00 , Pas = 00 , Pa non-existent. 

Thus the proper symbol P123, Pi23, &c. as the case may be, will always at once 
indicate as to each of the times Pu, Pjj, Pa, whether this is =0, finite, infinite, or 
non-existent. 
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125. We may without difficulty attach to the several portions of the regulator, 
the separators and the parabolic curve, to each portion its proper symbol L, P, H 
and 123, l23, &c. as the case may be. 

First, as to the regulator, it is obvious that this is separated by the points A 
into the three portions Z213, Z321, Zl32, respectively. And inside the regulator, 
adjacent to these, we have portions of the parabolic curve P 213, P 321, P 132, 
respectively. 

Again, for one of the separators, say B^B'AF'B^ (see here and in all that follows 
the notation-diagram. No. 115) ; since the point 2 is here at infinity this must be at 
every portion thereof either if 132 or else P'312. The point is P'132 and the 
point B is P^3l2 j conse(][uently, as the orbit-pole passes along the separator fi^om 

to B, the symbol is at first P’132 and at last P 312; the transition takes place 
at the point of contact of the parabolic curve which is indifferently P 132 or P 213. 
(In further explanation of the transition, consider the orhit-pole as passing from 
B^ to P, not on the separator, but indefinitely near it; it can only do so by 
twice crossing the parabolic curve near the point of contact; the orbit is first P'132, 
or say P 132, then P 132, then an ellipse, which when the orbit-pole again arrives 
at the parabolic curve changes into P 312; and it finally becomes P312 or P312.) 

126. Again, since, on the two separators through P^'^, in the portions adjacent to 
B^, the symbols are P132 and Pi32, it is clear that in the adjacent portion of 
the parabolic curve (terminated each way by a point of contact with these separators 
respectively) the symbol must be P132; at the point of contact with the first- 
mentioned separator B^B'AB'B, this becomes P132, =P213; and beyond the point 
of contact it becomes P213, continuing so until it arrives at the next point of contact 
with the separator B'A'B" •. there is always in the symbol for the parabolic curve this 
change of form as we pass through a point of contact with a separator; and there 
is the same change, when travelling along the loop (that is without going inside the 
regulator) we pass through a point A. The foregoing considerations fully explain how 
the proper symbol is to be attached to' each portion of the regulator,' the separators, 
and the parabolic curve: to avoid confusion, I have abstained from attaching them in 
the Plate. 

127. Imagining the symbols attached as above, it at once appears that, for the 
two portions A' A and AA" of the regulator curve, we have Ti 3 = 0; while, for the 
arc A" A' of the parabolic curve we have = oo . Moreover, Tjg can only be infinite 
on one of the separators through B" and on the parabolic curve; and the symbols 
show that the curve T-^ is made up, in a peculiar discontinuous manner, of portions 
of these two separators and of the parabolic curve, as shown by the strongly marked 
line of the figure ; we have thus the boundary of certain lighily shaded regions within 
which (as weU as within the shaded regions) is non-existent ; excluding these, the 
remaining regions (instead of a trilateral symmetry) have a symmetry about the axis 
BB " ; there are still four regions which may be distinguished as the inner region, the 
a.Tifl.1 outer region, and the lateral outer regions; or, more shortly, as the inner, axial, 
and lateral regions. 
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128. The times T^, are calculated. Planogram 1 , part 1 , for the meridian 
long. 90°, and ditto part 2 for the meridian long. 270°; and in Planogram 2 for the 
Ty>Ar;Hi'fl.Ti long. 180°. As regards these last values, it is easy to see that, in order to 
pass to the meridian long. 0°, the numbers 2, 3 must be interchanged; that is, 
long. 0 °, the jT^, T-^, TW are respectively equal to the values, long. 180°, Tw, T^, T^. 
Moreover, the numbers 1, 2 , 3 may be changed into 2 , 3, 1 , or into 3, 1 , 2 , provided 
the longitude is increased by 120° and 240° in the two cases respectively ; that is, 

T’a long, a = 731 long. « 

= 7^3 long, (a + 120 °) 

= 723 long, (a + 240°). 

129. By means of the foregoing two relations, for the several longitudes 
0°, 30°, 60°, ... 330°, is given as equal to the Tia, T^, or 7gi, for long. 90°, 270°, or 
180°, that is, to the 7 , 2 , T^, or Tgi, of Planogram No. 1, part 1 or 2 , or of Planogram 
No. 2 . For example, 731 long. 240° = T-^ long. 0 ° = long. 180°, that is, it is equal to 
the 781 of Planogram No. 2. We thus find 


Long. 

0 ° 

30° 

60° 

90° 

120 ° 

150° 

180° 

210 ° 

240° 

270° 

300° 

330° 


7 j 3 is — 

Tis of Plan. No. 2 

728 of flaru No. 1 , pt. 2 

2i2 M 


Ta « 

. ■ 

Tsi „ 


7i2 „ 

7i2 J) 

^25 » 


7^ of Plan. No. 1 , pt. 1 


^2S « 


Tn 


and observing that for Planogram No. 1 , part 1 or 2 , we have = 78,, it hence 
appears as above, that the meridian 30° — 210° is an axis of symmetry of the 
spherogram. In what precedes it has been assumed that the colatitudes only extend 
from 0 ° to 90°, but in the spherogram they extend for the meridians 30°, 150°, 270°, 
to the colatitude 106° 6 ', the values for the colatitudes above 90° are those for the 
omitted portions 90° to 73 ° 54' of the opposite meridian. 

N.B. A meridian extends from the pole in one direction only, unless the contrary 
is expressed or implied, as in speaking of a meridian 0° — 180°. 
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130. I attend, in the first instance, to the axis of symmetry or meridian 30^^ — 210®. 

Proceeding along the meridian long. 30° or towards the point the value of 

decreases from 1 at the centre to a minimum =*950 at colatitude 11 ° (call this the 
point X), and it then increases to 1*983 at A, and thence to 58*62 at 90° and oo 
at the parabolic boundary of the axial region. In the opposite direction it increases 
from 1 at the centre to oo at the parabolic boundary of the inner region. The 
minimum value *950 on the axis of symmetry indicates a node on the isochronie 
curve; that is, the point X is a node on the isochronic ^ri 3 = *950. This will consist 
of two branches, proceeding from A\ A", respectively, cutting the axis and each other 
at X, then again cutting at A, and thence passing on into the axial region, and 
respectively terminating on the separator boundary B'AB" thereof. 

131. This curve, which I call the nodal isochronic, divides the inner region into 
a loop, antiloop, and two side regions. On each of the meridians 0 °, 60°, the value 
of 2^3 diminishes from 1 at the centre to a minimum which is less, and then 
increases to a maximum which is greater, than *950; the value then diminishes to 0 
on the regulator: on emergence of the meridian from the shaded into the axial 
region, the value is =*909, and it thence increases to co at the parabolic boundary 
of the axial region; these data further determine the form of the nodal isochronic, 
viz., each of the two half meridians cuts the loop twice, and again cuts the curve in 
the axial region. 

The nodal isochronic, at each of the points A\ A", continues its course into the 
lateral region, returning to the same point A or A\ so as to form in each of the 

lateral regions a loop. Considering the loop as formed of two branches, each proceeding 

from A' or A'\ the one which is the continuation of the course within the inner 
region I call the lower branch; the other, the upper branch; and I say that the 

upper branch touches the separator at A' or X". The two branches and the entire 

loop lie on the left-hand side (or side away from A) of the meridians through 
A' or A'\ As to the contact of the upper branch of this and other isochronics at 
A^ or X" with the separator, see post No. 142. 

132. It is convenient at this point to consider the form of the isochronic curves 
within the axial region. The parabolic boundary thereof is an isochronic 2^3 = oo , and 
it thence appears that for any large value of the isochronic curve (portion of the 
curve) is a curve not meeting the parabolic boundary, and terminated each way in 
the separator boundary BAff\ As the value of diminishes, the curve (which is 
of course always symmetrical in regard to the axis) bends inwards towards the point 
A and for ^13 = 1*983 (value on the axis at A) the curve acquires a cusp at A. 
I call this the cuspidal isochronic; I remark that it intersects in the axial region 
each of the meridians 0 ° and 60°. 

As 2\s further diminishes to any value between 1*983 and *950, the curve, 
commencing in the separator boundary, passes through A into the inner region, and, 
forming a loop within the loop of the nodal isochronic, emerges through A into the 
axial region, terminating again in the separator boundary. 

c. vn. 
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133. On the meridians 90°, 330°, through the points S', F', respectively, the value 
of Tj 3 . diminishes from 1 at the centre to 0 at the regulator, where these meridians 
are considered as terminating. 

On the meridians 120°, 300° (meridian at right angles to the axis of symmetry), 
the value of fu diminishes from 1 at the centre to a minimum less than ‘878, and 
then increasing to a maximum of over ‘895 diminishes to 0 at the regulator. On 
emergence of the meridian from the shaded and half-shaded region on the parabolic 
boundary of the lateral region the value is = oo , and it thence diminishes to 1‘148 
on the separator boundary ^F or B^F'. 

On the meridians 150°, 270°, which pass through A', A", respectively, the value 
of T ]3 increases from 1 at the centre to 1'377 at the regulator, and thence through 
2'255 at 90° to oo at or B^. 

And finally, on the meridians 180°, 240°, the value of T-^ increases from 1 at 

the centre to oo at the parabolic inner boundary, and then on emergence from the 

half-shaded and shaded region at the separator boundary B"'A' or F"A!', the value 
is =oo, and it thence diminishes to a minimum under 6'343, and again increases to 
00 at the separator boundary F"B^ or F"B^. 

134. By what precedes, it appears that on the separator boundary B^F or B^F' 
of either of the lateral regions, the values of is at each extremity = oo , and at an 
intermediate point =1-148; there is consequently a minimum value less than 1-148, 
and therefore two points at each of which the value is = 1-983. 

Now resuming the consideration of the cuspidal isochronic (2’i3= 1-983) as regards 
the remaining portions thereof, viz., those in the lateral and inner regions; and con- 
sidering first the lateral region B"'B^F, there will be from each of the points just 

referred to on the boundary B^F a branch; one (which I call the lower branch) from 
the point nearer B', passes, on the right-hand side of the meridian through A', to A'-, 
the other (which I call the upper branch) proceeding from the point nearer B^, cuts 
the same meridian, and then on the left-hand side thereof arrives at A', touching 
there the separator: at A" in the other lateral region there are in like manner an 
upper and a lower branch (situate symmetrically, in regard to the a-ria, with the upper 
and lower branches at A ') ; and continuous with the two lower branches there is a 
branch from A' to A", through the antiloop of the inner region. 

135. Imagine the given value of as continuously increasing from the value 
‘950, which belongs to the nodal isochronic ; and attend in the first instance to the 
form within the lateral regions. There will be a loop of continually increasing 
magmtude (viz., the loop for a larger value of Tjg will always wholly include that for 
a smaller value); each loop formed by an upper branch, which at A' touches the 
separator, and a lower branch the direction of which frQm A! is variable. So long 
as Tis is less than 1-377 (value at A! along the meridian) the lower branch, and 
consequently the whole loop, will lie on the left hand of the meridian; but when 

is = 1 - 377 , the lower branch touches the meridian, and for any greater value of 
lies on the right of the meridian; and in either of the last-mentioned cases the loop 
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is cut by the meridian, and thus Kes partly on the left, and partly on the right 
thereof. 

136. Now by what precedes there is on the separator boundary of the 

lateral region a point where has a minimum value less than 1-148, and con- 
sequently, for any given value, say for a value between this minimum and 1*377, there 
are on two points where has the given value. These points cannot lie on 

the loop of the curve belonging to the given value (for this loop is wholly on the 
left hand of the meridian); hence the complete curve for the given value of will 
include (within the lateral region) besides the loop, a branch uniting the two points 
in question; say a link branch. 

137. It follows that there is between Tig =1*377 and 1*983, a value (to fix the 
ideas, say =1*80?, it being understood that I do not attempt to determine this value) 
for which the loop and link branch will unite themselves together, the point of 
junction becoming as usual a node; viz., there will be a curve 2^3 = 1*80? having in 
the two lateral regions respectively the nodes F, Y\ or say the curve has in each 
lateral region a self-intersecting loop. For any greater value of (as for example 
the value 1*983 belonging to the cuspidal curve) there are two branches inclosing the 
self-intersecting loop; for a less value, as has been seen, instead of the self-intersecting 
loop, there is a loop and link branch; at least this is the case until for the minimum 
value < 1*148 of 2^3 on the separator boundary B^B! the link branch disappears. For 
smaller values' down to 2^3 = -950, which belongs to the nodal isochronic, there is no 
link branch, but only the loop ; and as diminishes below this value, there is still 
a continually diminishing loop, lying wholly on the left hand of the meridian, and 
with its upper branch always touching the separator; and ultimately for 2^3 = 0 the 
loop vanishes, 

138. We have attended wholly to the lateral regions; but the consideration of 

the axial and inner regions is very easy: for any value between the values 1*983 and 
*950, there are in the axial region (between the nodal and cuspidal curves) two 
branches each proceeding from the separator to A, where they unite, and, crossing 
each other, pass into the inner region, forming a loop within the loop of the nodal 
isochronic; and, moreover, there is in the inner region a branch, the continuation of 
the lower branches of the lateral loops, uniting the points A\ A'\ and lying between 
the nodal and cuspidal isochronic. And for less than *950 there are in the axial 

region, between the nodal curve and the separator, two branches, each proceeding from 
the separator to A, where, crossing each other, they enter the inner region passing 
outside the nodal curve (or in the side regions of the inner region) to the points 
A\ j 4", where they respectively join on to the lower branches of the lateral loops. 
Ultimately, for 2is = 0, the curve coincides with the finite portions AA\ AA*^ of the 
regulator circle. 

139. We have finally to consider the case Tis greater than 1*983: there is in 
the axial region a branch lying outside the cuspidal curve, and extending from 
separator to separator; in each lateral region two branches (lying outside those of 
the cuspidal curve) each proceeding from A' (or A") to the separator boundary B!BP 
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or an upper branch touching the separator at A' or A", and a lower branch; 

and in the inner region, a branch (continuation of the lower branches) lying between 
the cuspidal curve and the parabolic boundary of the antiloop, and uniting the points 
A', A". In the ultimate case = oo , tbe curve coincides with the before-mentioned 
discontinuous curve composed of portions of the parabolic curve and of two separators. 

140, To obtain a comprehensive statement of the foregoing results, we may (as 
in the case of the iseccentric lines) imagiae the curves completed and rendered 
continuous by the insertion of portions lying outside the spherogram, or within the 
half-shaded and shaded regions; which inserted portions are to be ultimately obliterated. 
The upper and under branches terminating in the separator boundary of a lateral 
region are thus completed into a loop; the linTr branch into a closed curve or oval; 
the vanishing of the link branch happens when the oval, on the point of passing 
outside the separator boundary of the lateral region, just touches this boundary; as 

diminishes to the value for which this happens, and continues still further to 
dimiTiish^ I thiTik it may be assumed that there is some value (to fix the ideas, say 
ri 3 = l‘10?, but I do not attempt to determine it) for which the oval becomes a 
conjugate point, viz., for this value 2 ’i 3 = l‘10? the curve will have two conjugate 
points (nodes) Z', Z", outside the two lateral regions respectively. 

141. We may now state the forms of the curve. The points A, A', A", are 
always nodes, viz., A', A", nodes with real branches, but A is either a conjugate point, 
a cusp, or a node with real branches. 

T-a > 1‘983 : two-looped curve, containing within it as a conjugate point : 

as Tis diminishes, the curve bends inwards towards A, and 

2'is = T983: cuspidal isochronic; A, a cusp. 

Tt 3 < 1’983, the curve cuts itself at A, having thus acquired an internal loop : as 
2^3 diminishes, changes occur first as regards the lateral loops, and afterwards as regards 
the internal loop; viz., each of the lateral loops is gradually pinched together until 

2’i 3 = 1‘80? there are two new nodes F', Y", each lateral loop being a figure of 8. 

As Tjf diminishes the figure-of-8-loop breaks up into a loop and oval, which oval 
continually diminishes until for 

2'is=l‘10? the ovals have each become conjugate points, or there is a curve with 
two conjugate points Z', Z". As diminishes the conjugate points have disappeared, 
and we have again a curve ivith an internal and two lateral loops; but in the 
meantime the internal loop and the branch A' A!' are continually approachiog each 
other; and, I’m = '950, nodal isochronic, there is a node X on the axis. The curve 
consists of two figures of 8, each crossing itself at one of the points A', A!', and the 
two crossing each other at the points A, X. 

As Tis diminis hes, the curve breaks off firom X on each side of the axis so as 
not any longer to cross the axis (except at A), that is 
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2^3 <'950; curve is a chain intersecting itself at A\ A, A"; viz., from each loop 
there pass two branches, one inside, the other outside, the regulator, uniting themselves 
at A with the branches from the other loop outside and inside the regulator 
respectively; and finally 

2^3 = 0; the curve is the arc A'AA'' of the regulator circle. 

142. There is not in the several curves any discontinuity of direction at the 
point A' or A'': the branch jfrom A within the shaded or half-shaded region, emerges 
at A' or A'' into the lateral region, uniting itself with the upper branch of the loop; 
it can only do this in virtue of its being at A' or A" b, tangent to the separator 
(for otherwise it would cross the separator and regulator into the inner region) ; 
that is, the continuation thereof, or upper branch of the loop, must at the point A' 
or A" touch the separator ; it has been previously throughout assumed that this is so. 

143. It is to be observed, both as regards the iseccentric and the isochronic 
curves, that there is a real meaning in the obliterated portions; viz., to any position 
of the orbit-pole on such obliterated portion of the curve there corresponds a conic 
determined by means of a given trivector, but which, by reason of its being a convex 
hyperbola, or hyperbola such that the three points do not lie on the same branch 
thereof, is not regarded as an orbit. The obliterated portions have been in the present 
Memoir considered only so far as they present themselves in continuity with the curves 
which are the loci of the pole of a proper orbit, and for the purpose of explaining 
the course of these curves; and the curves completed as above are not the complete 
loci which would be obtained if, instead of the selected conic called the orbit, we 
had considered simultaneously the four conics determined by means of any given 
trivector ; such extension of the theory would, it is probable, be interesting geometrically ; 
but it would be devoid of all astronomical significance. 




Plate I 
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ON THE GEAPHICAL CONSTETJCTION OF A SOLAE ECLIPSE. 


[From the Memoirs of the Boyal Astronomical Society, voL xxsix. (1870 — 1871), 
pp. 1 — 17. Bead January 13, 1871.] 

The present Memoir contains the explanation of a Graphical Construction of a 
Solar Eclipse, which (it appears to me) is at once easy, and susceptible of considerable 
accuracy : I think that if made on the suggested scale (radius =12 inches) we might 
by means of it construct a diagram such as the eclipse-diagrams of the Ifautical 
Almanac, with at least as much accuracy as could be exhibited in a diagram on that 
scale. 


Article Nos. 1 to 9. General Explanation of the Construction. 

1. We may imagine the celestial sphere as seen from the centre of the Earth 
stereographically projected at each instant during the eclipse — the radius of the bounding 
circle of the projected hemisphere being a given length, say twelve inches, which is 
taken as unity — ^in such wise that the centre of the Moon is always at the centre of 
the projection, say M, and the pole (suppose the north pole, say N) of the Earth on 
a given radius: its position on this radius will in strictness be variable, viz, distance 
from centre = projection of Moon’s N.P. D. = tan^A. Suppose, for a moment, that the 
position at each instant of the Sun’s centre were also laid down on the projection, 
so as to obtain the projection of the Sun’s relative orbit; this will be a terminated 
short line A'ff (fig. 1), nearly straight, and lying near the centre of the projection 
(this relative orbit is not to be actually laid down, but it is replaced, as wiU presently 
be explained, by a relative orbit on a very enlarged scale); if at any instant the 
position of the Sun on the relative orbit be denoted by S', then the straight line 
MS' is the projection of the arc of great circle through the centres of the Moon and 
Sun, so that E being the angular distance of the centres, the length of the line 
MS' is =tan^.^, or (E being small) it is =^E. 
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2. Produce S'M through the centre if to a point Z, and consider Z as repre- 
senting a point on the Earth’s surface: to determine the geographical position of Z, 
■we must consider the projected meridian NZ which passes through Z: the arc NZ, 


Fig. 1. 



regarded as a projection, represents the KP. D. or colatitude of Z, and the actual 
angle at N which the tangent of NZ makes with the line NM is equal to the 
celestial angle ZNM which is = Moon’s hour-angle jfrom Z, or what is the same thing 
= diiference of Moon’s hour-angle from Greenwich and of the longitude of Z (as the 
figure is dra'wn, Z ZNM = Moon’s hour-angle E. of Green'wich, less E. longitude of Z). 

3, Now, considering the Moon and Sun as seen from Z, we may disregard the 
parallactic depression of the Sun, and attribute to the Moon a displacement equal to 
the difference of the parallactic displacements of the Moon and Sun ; that is, regarding 
the zenith distances ZM, ZS' as equal, we may consider the Moon’s centre as depressed 
by parallax in the direction of the arc MS' through an arc MQ', =sm~^P'^ZM, 
where P' = '99837 (o-' — w') is the quantity thus designated in the Appendix to the 
Navtioal Almanac for 1836, viz. it is —a' — ir, the difference of the equatoreal horizontal 
parallaxes at the time of the eclipse, multiplied by a factor *99837, which answers to 
a distance of Z from the Earth’s centre = Earth’s radius for latitude 45°. if -we 
take O' such that its angular distance fi-om S' = sum of angular semidiameters of the 
Sun and Moon, the locus of Q' is very nearly a circle about the centre S', and the 
corresponding positions of Z give the positions on the Earth where the limbs are in 
exterior contact, or, what is the same thing, give the penumbra! curve on the Earth’s 
sur&ce for the position S' of the Sun. 

4. Instead of 


we may write 


Arc MQ' = sin~^ P' sin ZM, 
Arc MQ'= FsmZM, 
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or, using p to denote the linear distance ZM in the projection, we have p = tan ^ZM, 

and therefore sin ZM = - f^ - , hence 
P' + l 

AxcMQ = F-}^, 

P^ + i 

and the linear distance MQ' in the projection is =tan^arcMQ', say this is =^Sii:oMQ\ 
or calling this linear distance r' we We 


r' = P'- 




5. Hence, if instead of the original representation of the Sun’s relative orbit we 
consider an enlarged representation thereof and of the depressed positions Q' of the 
Moon, obtained by increasing the several distances from the centre of the projection 
in the ratio ^P' to 1, and if instead of J.', P', S', Q\ we use A, B, 8, Q, as referring 
to this enlarged representation, then representing by r the linear distance ii/Q, we have 
2 

T=^-pT\ and consequently 


r = 


p^+y 


We have here r representing the parallactic depression corresponding to the zenith 
distance ZM, where p = tm^ZM; that is, p — 1, and therefore r = l; but for 

ZM = 90° the parallactic depression is = P' ; that is, the scale of the enlarged repre- 
sentation of the Sun’s relative orbit, or say simply the scale of the relative orbit (for 
on the original scale it was never actually constructed at all) is such that we have 
P' (= about 60') represented by the radius of the bounding circle of the projected 
hemisphere, = 12 inches. 


6. The process is, construct the relative orbit on the scale P' = radius of bounding 
circle : take 8 for the position at any given instant of the Sun in the relative orbit, 
and with centre 8 and radius -s + o- (sum of the angular semidiameters, of course 

on the same scale) describe a circle. The positions A and B of the Sun at the 

beginning and end of the eclipse respectively are such that this circle just touches 
the bounding circle externall}% viz. the distances of A and B from the centre of the 

projection are each = radius of bounding circle +s + (t. At any intermediate instant 

the circle, radius s + cr, lies wholly or partly within the bounding circle; in the latter 
case we attend only to the arc thereof which lies within the bounding circle. Taking 
then Q any point whatever on the circle or arc in question, we join Q with the 
centre M of the projection, and produce this line through AT to a point Z, such that 
the distances MQ, MZ, being r, p respectively, we have as above 



or, what is the same thing, writing 6 in place of z, and regarding this angle 6 as 
a variable parameter, the relation between r, p, may be expressed by means of the 
two equations, p — tan^^, r = 8ia0. 

C. VII. 
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7. Practically the construction may be performed very easily by means of a straight 
edge twenty-four inches long, graduated from the centre, one half of it for the values 
of r, and the other half for the corresponding values of p (that is, the first half is 
graduated for sin 0, and the second half for tan ^9 ) : we have thus, corresponding to 
the circle or arc of circle which is the locus of Q, a closed curve, or arc thereof 
terminated each way at the bounding circle, for the locus of which curve or arc 
of a curve is the penumbral curve on the Earth’s surface for the position S of the 
Sun in the relative orbit. 

8. The north pole of the Earth occupies in the projection a given position, viz. 
it is situate on a given radius at a distance = tan ^Moon’s N.P.D. ; which N.P.D. 
may be considered as being throughout the eclipse constant, and equal to its value 
at the middle of the ecKpse. But in order to arrive at the geogiaphical signification 
of the figure it is necessary to lay down on the projection the position of the 
meridian of Greenwich; which position, it will be remembered, varies according to the 
position of S. Supposing this done, we could of course (at least theoretically) draw 
the whole series of meridians and parallels, and thereby determine the latitudes and 
longitudes of the several points of the penumbral curve, or (if need is) transfer it 
to a different projection of the Earth’s surface. The actual description of the meridians 
and parallels would, however, be very laborious, and fortunately it can be avoided by 
means of a single blank projection and a slight modification of the foregoing process, 
as will be explained. 

9. But before considering how this is, it is proper to remark that constructing as 
above a figure of the penumbral curves corresponding to the several positions of the 
Sun: by what precedes these different curves may indeed be considered as belonging to 
the same position of the north pole in the projection, but they belong to different 
positions of the meridian of Greenwich; and thus they do not constitute a represen- 
tation of the penumbral curves each in its proper terrestrial position, but only a repre- 
sentation in which the penumbral curves are affected each of them by a different 
displacement in longitude. 

Article Nos. 10 to 13. Modification in order to the Applicahility of a Single Blank 

Projection, 

10. Imagine a stereographic projection of the meridians and parallels on the plajie 
of a meridian^ radius of this meridian, that is of the bounding circle of the projected 
hemisphere, being =12 inches as before ; and the poles A, 2 being of course opposite 
points on the circumference of the bounding circle — the meridians and parallels are, 
however, to be produced outside the bounding circle; say this is the “blank projection,” 
and let its centre be denoted by Mi, Then, if at any point M on the radius MN, 
we draw the chord CD at right angles to JfiiT, and on GD as diameter describe a 
circle, this will cut out from the blank projection a new projection having the last- 
mentioned circle for its bounding circle, and in which N is the north pole; viz. the 
meridians of the blank projection will be meridians, and the parallels of the blank 
projection will be parallels, in this new projection. And, moreover, if the longitudes 
are reckoned from the meridian NMMi, then the meridian of a given longitude in 
the blank projection will in the new projection be the meridian of the same 
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longitude — but the parallel of a given colatitude c in the blank projection mil, in 
the new projection, be the parallel of a different colatitude c', — the relation of c, c' 
being, however, a very simple one, as presently explained. 

Fig. 2. 



11. The blank projection thus at once gives a projection in which the north 
pole N has any assumed position whatever; and it is easy to see that in order that 
its distance MN from the centre of the projection may represent a given angle A, 
we have only to take MiM = cos A (that is = 12 inches x cos A), the corresponding value 
of MO being MG = sin A (that is = 12 inches x sin A). Hence A denoting the Moon’s 
N.P.D. at the middle of the eclipse, we can by means of the blank projection construct 
a projection such as that above referred to, only the radius of its bounding circle, 
instead of being unity (12 inches), is in the reduced ratio of 1 : sin A. 

12. The figure of the penumbral curves as originally constructed requires, therefore, 
to be reduced in the ratio 1 : sin A, viz. each of the distances from the centre M 
should be reduced in this ratio; this could of course be done easily enough with a 
pair of proportional compasses ; but by means of a different graduation of the straight 
edge we may, m the first ivstmce, construct the penumbral curves on the proper 
reduced scale; viz. assuming that we have on the proper scale a proportional-scale 
figure such as is here shown, the line Mr (= 12 inches) being graduated for sin 6, 
and the line MA (also = 12 inches) for tan and a set of parallel lines being drawn 
through the last-mentioned graduations — then taking the distance ifp = sinA, that is 
= 12 inches x sin A, and drawing the line Mp, this line will, it is clear, be graduated 
for sinAtan^^: so that we may from the figure graduate the straight edge, the one 
half of it by means of the line ilfr, and the other half of it by means of the line 
Mp\ and with the straight edge thus graduated, at once lay down the penumbral 
curve on the scale now in question. And we thus obtain a figure containing as well 
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the peniiiiibral curves, as the meridians and parallels which serve to fix their terrestrial 
position. 

Pig. 3. 



13. It remains in the new projection to find the colatitude belongmg to any 
given parallel. Supposing that the colatitude in the blank projection is =c', then it 
may be shown that the colatitude c of the same parallel in the reduced projection is 
given by means of the equation 

tan^c = cot|Atan^c', 

from^ which c might be calculated numerically: but the required value may also be 
obtained graphically. In fact, considering the parallel which cuts Ifl (see fig. 2) in 
a point B, then, if by lines drawn from (7 as a centre we project N, B, 2, on the 
circumference of the bounding circle of the new projection-say the projections ’of these 
points are n, r, s, respectively, the arc is a semicircle, and the arcs nr sr are 
respectively the N.P.D. and the S.P.D. of the parallel in question. It may be added 
that in the new projection the equator is represented by the parallel through the 
points C, D I 80 that if this cuts iVX in Q, and the point Q be in like ma.T.r^»r 
projected on the bounding circle— say its projection is q, then the arcs nq, sq, will be 

each of them a quadrant, and the arc qr will be the latitude of the parallel in 
question. ^ 


Article Nos. 14 to 18; As to the Construction of the BelaUve Orbits. 

14. It is convenient to notice that if e, e', be the values of the equation of 
tmie at the preceding and following Greenwich Mean Noons (viz. e or e' =GM.T. of 

apparent Noon) then that the Sun’s hour-angle K of Greenwich at the Greenwich 
mean time t is 
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a.nd that if a, ct!, are the E.A.’s of the Moon and Sun respectively, then h' = a' — a, 
which is also of the form A -f- Bt. In the reduced projection, the Moon is always at 
the centre M ; by means of the values of h' — h we lay down at any instant the 
Sun's position in E.A. and then by means of the values of h\ the position of the 
meridian of Greenwich; and we thus at any instant read off the terrestrial longitude 
of any point of the reduced projection, or say, of a point on the penumbral curve. 

15. With regard to the construction of the relative orbit, it is to be observed 
that if at any instant the hour-angle and N.P.D. of the Moon are A, A, and those 
of the Sun, A', A', then taking M as origin, and the axes Mcc, My^ in the direction 


Pig. 4. 
]7 



of NM produced, and perpendicular hereto to the right (or eastwards), then the 
rectangular coordinates of S are approximately a;=^(A' — A), 2 / = -|-(A' — A)sinA, where 
A' -A is equal to the difference of E.A. of the Sun and Moon. Hence, in the adopted 
relative orbit, the coordinates of 8 would be 

12 m. p - sinA.12im 

where, P' being reckoned in minutes, A' — A and A' — A are also reckoned in minutes. 

16. Moreover, A may be considered as constant during the eclipse: and the relative 
orbit, assumed to be a straight line, will be determined by means of two points 
thereof; viz. knowing the values of A' — A, and A' — A at about the time of the 
beginning and at about the time of the end of the eclipse, we construct by these 
formulae two points of the orbit, and joining them by a straight line, we have the 
orbit. Also the position at any instant of the Sun in this relative orbit will be 
•obtained by considering its motion therein as being uniform. I think there is no 
advantage in the adoption of a more accurate construction: for although we may for 
any given instant use the accurate values of A, A, A', A', and so construct the position 
in the relative orbit, and the corresponding penumbral curve, yet if in the deter- 
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mination of the geographicjal significauce thereof, we were to use for each curve a 
different value of A, the simplicity of the construction would disappear; and it is, 
moreover, doubtful whether the trifling corrections would not be "vvithin the limits of 
the necessary errors of the drawing. 


17. But if MS' be —E, and axMS' — 6, the accurate values for the coordinates 
of 8' are ir==tan|--E.cos0, y = tan^-E'.sin 0, and the values for the coordinates of 8 
2 2 

are — :ptan4 i^.cos^. 12in., 2 / = -p 7 ^,tan-|^.sin0.12in., where F is still 

Jr • arc i ** JL . arc i 

'TT 

reckoned in minutes, and of course arc 1' = scale is considerable, it is 

lUoOu 

worth while to inquire whether the employment of the accurate formula would produce 
an appreciable difference in the position of S. 

We have sin 0 sin A' = sin (h' — A) -f- sin E, that is, sin Esin 6 = sin Qi' — h) sin A', and 
cos E = cos A cos A' + sin A sin A' cos (h' — k)] or putting for shortness A' — A = a, h' — h = ^, 
we have sin ^ sin ^ = sin jS sin A', and cos ^5 = cos a — sin A sin A' . 2 sin® ^ Hence, 
attending to the equations cos® \E =% (cos® J a - sin A sin A' sin® | yS) and sin® \ E = 
2(sin®ia + sm Asin A'sin®|y8), we find 


and 


tan \E^6 — 


sin cos ^/S sin A' 
cos®-|-a — sin A sin A' sin® 


tan \EnnsB = 



sin® a + sin A sin A' sin® -j j- /3 
cos® ^ a — sin A sin A' sin® i yS 


sin® ^ y8 cos® ^ /3 sin® A' 

(cos® a — sin A sin A' sin® y8)® ’ 


whence, considering a, y8 as small quantities of the same order, and neglecting terms 
of the third order, we have tan | ^ sin ^ = sin | yS cos | yS sin A', or what is the same 
thing, =sinJySsinA, or finally, =JySsinA, that is J(A' — A)sinA, which is the foregoing 

approximate value, and thus in the adopted orbit y = 12 in. = approx, value. As 

regardsthe expression for tan | .S cos writing for a moment i2 = sec®'Jasin Asin A'sin®'|-yS, 
the quantity under the radical sign is 

tan®^a + Q sin®^yScos®^y6sin® A' 

1 — 12 cos* ^ a . (1 — 12)® ’ 

and, taking this to the third order, it is 

.L . '.n/i .X .1 \ sin®iyScos®Ay8sin= A' 

= tan® a + f2 (1 + tan® ^ a) ^ , 

COS "n CL 

which, substituting for 12 its value, is 


, , 1 . sin® i yS sin A' . . . . , , , 

= tan®ia+ — — (smA-sinA cos®iyS), 

where ^ A — sin A'cos®^y8 = sin A — sin (A + a) cos* Jy8, 



477] ON THE GBAPHIOAL CONSTRUCTION OF A SOLAR ECLIPSE, 

or neglecting herein terms of the second order, this is 


487 


= sin A — (sin A + sin a cos A) cos“ ^ 

= — sin a cos A, = — 2 tan ^ a cos® \ a cos A, 

so that to the third order the quantity under the radical sign is 

= tan® ^ a ^ ^ tan ^ a sin® ^ sin A co s A . 


cos® I a 


and to the second order, that is finally neglecting terms of the third order. 


tan cos 0 = tan ^ a — 


sin® J ^ sin A cos A 
cos®^a 


or, what is the same thing, 

= ^ a — sin A cos A . ^ 

18. Hence, writing a = (A' — A) arc 1', 0 = (h' — h) arc 1', and passing to the adopted 
orbit, we have 

X = “pT— 12 in. — sin A cos A 12 in. x (h' — h) arc 1', 


viz. putting 


we have 


h'-h . , 

y = —p— sm A . 12 in. 


or say 


A' — A 

—p — 12 in. - 1 /. I cos A x Qi! — h) arc 1', 


= 1 2 in. - y . i cos A - /i) . 


The value of the second term may amount to about ^ of an inch, and thus be 
sensible, but there is no difficulty in taking account of it. 


Article No. 19. As to the Equation r = 


P® + 1' 


19. It may be remarked that the equation r = which served for the 

graduation of the straight edge, was in effect obtained from the equations 

2 

r = p\Aii\E, F sin 4! = sin p = tan^^r 

by assunoing therein tan ^E = ^E and sin E = E respectively. But the elimination of E 
and z can be effected without this assumption, viz. we have sin E = ^ “ 1+^?^ ’ 
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and then as before, sin g = — . whence the relation between r and p is 

’ l + tan-^^ l-hp- 

found to be 

2p 

which however assumes that is reckoned in parts of the radius ; reckoning it as 

P'tt . 

before in minutes, we must, instead of P', Avrite P' arc V = , viz. the numerical 

value is about and taking it to be this number, the formula is 

r _ 2/5 


^ 14400 


where r, p are reckoned in parts of the radius (=12 inches). Supposing that is 

calculated from the formula ri = h.9i,ve very nearly r = 7\ ^1 + ? 

and Vi being =1 at most, the correction is inappreciable: if however this were not 
the case, the more accurate formula might have been used; the only difference being 
that the making of the graduation would have been more laborious. 


Article No. 20. Remark as to the Geometrical Theory of the Projection of the Pemmhral 

Curve, 

20. The stereographic projection of the penumbral curve on the Earth’s surface 
(assumed to be spherical) is, as I have elsewhere shovm, a bicircular quartic. It may 
be shown that the stereographic projection, as given by the foregoing approximate 
method, is a bicircular quartic: we have, in fact a circle, the equation of which in the 
polar coordinates r, 6 is 

(r cos d — a)2 + r^ sin® 0=j8®, 

and where (6 being unaltered) r is changed into p, where r = , that is ^ ^ . 

The equation of the circle is 

— 2ar cos 5 + a® — ^- = 0, 

or say 

2a cos ^ 

i — = u, 

r r® 

and the transformed equation is therefore 

l-acos^^p + i) + i(a»-)S»)^/) + -j =0, 


that is 


p/ ■ 'V p/ 

(cP -^)(p’^ + 1)® - 4a cos dp (p® + 1) + 4p® = 0, 
or in rectangular coordinates 

A/f A 

^ + "> + = “■ 
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that is 


i 4a „ 4 \ 4a 

P +(2 + ^^)p*-^3^« + i = o, 


where p® — + the form of the equation shows that the curve is a bicircular 

2 

quartic. Writing for shortness — = the equation is 


p* - 2moixp^ + (2 4 - 2 m) p® + 1 - 2 mflKi; = 0 , 

that is 

{p® — m (oo? — 1 ) 4 - 1 }® — m® {cum — 1 )® — 2 m = 0 , 

or, what is the same thing, 

{(iij “ ma)® 4- 2 /® - J m®a® 4' m + 1}® - m® (a^ - 1)® - 2m = 0, 

which putting a? 4 -|ma for x is 

(ir® + 2 /® — Jm®a®4-m4- 1)® — m®(a^4‘-Jma® — 1)® — 2m = 0, 

viz. the terms of the fourth order being (/r® 4 - 3 /®)®, and there being no terms of the 
third order, the curve represented by this equation is a bicircular quartic. 


Article Nos. 21 to 30. Practical Details and Application to Eclipse of December 21 - 22 , 

1870. 

21. There are some practical details which it is proper to explain, using to fix 
the ideas the eclipse of December 21 - 22 , 1870: the constant value of A (see infrd) 
is taken to be + 90° 4 - 22® 35'(^). 

I have a blank projection (radius 12 in. as above) with the meridians and parallels 
each at intervals of 5°. And also another blank form which has on it merely a 

circle, radius 12 in., graduated as to one quadrant thereof with lines about l^in. long, 
inwards towards the centre. It contains also in a corner the foregoing proportional- 
scale figure. 

22. On the blank projection I measure off, downwards fi:om the centre, a distance 

Ifiilf =12sin22°35'(=4*61), distances all in inches; and then with the centre M and 
radius MG = 12 cos 22 ° 35' (= 11*08), describe a circle which is the bounding circle of 
the reduced projection. With this same radius I describe on the second form, con- 
centric with the 12 -inch circle and above the horizontal diameter thereof, a semicircle: 
and, cutting out the included area, replace it with tracing cloth. The form thus 

prepared is placed over the blank projection, so that the semicircle shall coincide with 
the corresponding semicircle on the blank projection, and the two sheets are fixed 

together by their lower edges, and by folding down the remaining sides. We have 

thus the upper half of the reduced projection, represented by the semicircle, with the 

1 See Plate, which exhibits in dotted lines the blank projection under the other blank form ; the part within 
the red semicircle, as seen throng the tracing cloth, the rest really hidden. 

0. vn. 


62 
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meridians and parallels marked out thereon by lines seen through the tracing cloth. 
See the Plate; the dotted line shows a paper scale afterwards affixed to the second 
form or upper sheet. Observe that so fer the only eclipse-datum made use of is the 
value A =90° 4- 22° 35'. 

23. We have for the eclipse in question, taking t for the G.M.T. in hours, 
positive or negative according as the time is after or before G.M. Noon, Dec. 22, and 
ft' also in hours, 

ft'=0'’-02+f9996, 

and then taking the values of a, o'. A, A' from the N.A. we have as follows: 


a.M.T. 
1870, Dec. 


a= 

a'=; 

A=90°+ 

A^=90°-{- 

7! +2“= 
*'+2“+ a' -a 

A'-A 
in Minutes 
of Arc. 

in ditto. 

d h 

21 22 

h m s 

0 1 13-42 

h m s 

17 66 1-84 

h m s 

18 1 48-72 

o'" 

22 27 8-5 

o ' " 

23 27 17-1 

h m s 

0 7 0-30 

/ 

60-143 

/ 

- 86-620 

22 3 

5 1 7-37 

18 9 26-74 

18 2 44-27 

22 43 12-5 

23 27 13-9 

4 64 24-90 

44-023 

+ 100-632 


and moreover 

Moon’s Parallax ff' = 60'38"‘6 

Sun’s ditto ir- 9‘1 

cr'-7r' = 60 29-5 = 60'-49 
F =60-39 

Moon’s Semidiam. s =16'33"-2 

Sun’s ditto s' = 16 17 -9 

s + s' = 32 51 ■2 = 32'-85 

whence 

^12in.= 6-53 

viz. this is the radius of the circles used in the construction of the penumhral curves. 
24. We have for x, y the formulae 

A'-A 

« = - pT- 12 m. + y (ft' - ft) 0-00006, 
y = — p- 12in. xsmA, 

viz. I find Dec, 21, 22^ 

a! = ll’95--06= 11*89, 
y -15-80, 
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and Dec. 22 — 3**, 

8**ro -{-•11=: 8*8 d, 

2/= 4-18*45, 

where I have taken account of the small corrections to the approximate values of co: 
it may he added that, using the conjunction^ value 52' 9"*4 of A' — A, we have at 
conjunction, 

= 10*36, y=0. 

25. We thus lay down on the relative orbit the two points 22^ and 3^ and the 
point of conjunction or intersection with the axis of a?; the three points are found 
to be sensibly in a straight line : the distance between the extreme points is about 
34 inches, representing 5 hours, so that the scale is nearly 7 inches to an hour: the 
line is then graduated to quarters of an hour. We then, by means of the distance 
12 + 6*63 = 18*53, mark off on the relative orbit, the points B, which correspond to 
the beginning and end of the eclipse respectively: the times as read off from my 
figure, and compared with the true times given in the N. A. are 

from figure N. A. 

Beginning 22^12“'*6 22 13*6 

End 2 40 *5 2 41*1 

26. With centre B describing a circle radius 6*53 this will of course just touch 
the 12-inch circle, and the penumbral curve will be a mere point, viz., this is the 
point S' on the bounding circle, opposite to the point of contact. And so with 
centre E describing a circle of the same radius 6*53, that will just touch the 12-uich 
circle, and the penumbral curve will be a mere point, viz., the point E' on the 
bounding circle, opposite the point of contact. 

27. I draw the circles corresponding to the times 22^30“, 45“ 28^0“ viz., so 
much of each as lies within the 12-inch circle. Each of these is then transformed 
into a penumbral curve, drawn in the upper semicircle on the tracing doth. For 
this purpose we construct a straight edge of paper, the one half graduated for 
12 sin 0, the other half for 11*08 tan by means of the proportional-scale figure, as 
already explained: 0 = 0° to 90° at intervals of 5°, is quite sufficient; the points on 
any particular penumbral curve are laid down in pairs with the utmost fecility, and 
the curve is traced by hand from 4 or 6 pairs of points. 

28. We then graduate for latitude; viz., we see through the tracing cloth, the 
equator cutting the vertical radius in Q, and a parallel cutting the same radius, say 
in R; drawing lines from (7, we refer these to the points q, r on the bounding 
circle, viz., on the quadrant thereof which is graduated by means of the graduation- 
lines of the 12-inch circle; and we thus read off the latitude of the parallel in 
question; this latitude is then marked for each parallel on the vertical radius from 
Q up to the bounding circle, viz., not on the tracing cloth, but on the paper affix; 
and we then on this same radius (on the paper affix) interpolate the positions where 
this would be intersected by the parallels for the colatitudes, 6°, 10°, 15°, &a Or 

62—2 
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(what is perhaps better) we may without marking the latitudes of the parallels of 
the blank form, construct directly the last-mentioned graduations; viz., marking off on 
the bounding circle from the point q, equal intervals of 5°, and from any such mark 
drawing to G, a line to meet the vertical radius, the point of intersection is the 
point belonging to the parallel, latitude equal to the corresponding multiple of 5°. 

29. Finally, we must (not on the tracing cloth but on the paper affix) graduate 
an arc of the equator for the position of the meridian of Greenwich, that is for h. 
We have 

At 22^ ^ = -2^ + 0 7 0-30 = -l 52 52*30 = -28 13*08 
At 3^ A = -2^ + 4 54 24*90 = + 2 54 24*90 = + 43 36*20 

The equator is already graduated in longitude by means of the meridians of the 
blank projection: hence we lay down the marks for 22^ and 3^ in the positions 
belonging to — 28° 13', and + 43° 36' respectively. And then since the interval of 
5 hours answers to 71° 49', that of 1 hour will answer to 14° 22', so that, measuring off 
these intervals of longitude, we have the marks for the intermediate times 23^ 0^ l^ 2^ ; 
or it might be proper to find in this way the marks corresponding to each interval 
of 20“ of time, answering to about 5° of longitude; the further subdivisions would be 
proportional to the intervals of time. 

30. I have in this way read off the positions of the points 5' and W belonging 
to the beginning and end of the eclipse; the values, as compared with the true 
ones, are 




Prom Pigure 

N.A. 

B' 

latitude N. 

0 

34 

35° 37 


longitude W. 

47 

45 44 

E' 

latitude N. 

26 

26 5 


longitude W. 

38^ 

37 16 


I remark that my figure, although drawn carefully, is not drawn with anything 
like the degree of accuracy which would be easily attainable ; and I think that far 
better results might be obtained. I merely from a scale lay down tenths and estimate 
hundredths of an inch, but certainly fiftieths might be laid down from a scale. 
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ON THE GEODESIC LINES ON AN ELLIPSOID. 


[From the Memoirs of the Boyal Astronomical Society, voL xxxix. (1872), pp. 31 — 53. 

Read January 13, 1871.] 

The fundamental equations, in regard to the geodesic lines on an ellipsoid, •were 
established by Jacobi, viz., representing by a, b, c, the squares of the semiaxes, that is, 
taking the ellipsoid to be 

^4. ^ ^ _i 

a ^ b c 

(where a >b>c), if we introduce the elliptic coordinates h, h, and write 

-^ + -^+— = 1 
a + b-\-h^ o + h ’ 

a + A h-\-k c + k ’ 

or, what is the same thing, 

... a(,a + K){a + k) 

(a,-b){a-c) ’ 

b(b + h)(b+ k) 
y ~ (b-c){b-a) ’ 

ji_ c(c-\-h)(c + k) ^ 

~ (c-a)(c-6) ’ 

then, if j8 be an arbitrary constant, the differential equation of a geodesic line is 
(1) const. + (a + /fe)(6 + *)(c+*)(;e + *)’ 
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and the expression for the length of any arc of the curve is given by 


(2) s 


-h\/i 


h(^ + h) 


(o + A) (6 + A) (c + A) 




jb(ff + k) 


(ffl + i) (6 + A) (c + A) 


I propose in the present Memoir to develope the theory to the extent of showing 
how we can, by means of the first of these equations, explain the course of the 
geodesic lines ; and for given numerical values of a, b, c, calculate, construct, and 
exhibit in a drawing the coarse of these lines: I attend more particularly to the 
series of geodesic lines through an umbilicus (which lines pass also through the 
opposite umbilicus), and to the case where the semiaxes are connected by the equation 
ac — ir‘=0, a relation which simplifies the formulae. 


General Considerations as to the Course of the Lilies. 

1. It . will be observed that A and A enter into the formulae symmetrically : it 
will be convenient to distinguish between these coordinates by considering A as 
extending between the values —a, — 6 ; and A as extending between the values —b, —c. 
Thus: 

A = const, denotes a curve of curvature of the one Mnd, viz. : 

h — — a, the principal section ABA' (or major-mean section), h = — b, the curves 
UU' and (or portions of the umbilicar section ACA'C') ; similarly, 

A = const, denotes a curve of curvature of the other kind, viz.: 

A = — c, the principal section CBC' (or minor-mean section), k = — b, the curves UJI'" 
and U'U" (remaining portions of the umbilicar section ACA'C'). 

0 


d' 


C' 

2. To any given (admissible) values of A, A there correspond eight points, situate 
in the eight octants of the surfece respectively; but, unless the contrary is expressed, 
it is assumed that the coordinates x, y, z, are positive, and that the point is situate 
in the octant ABC. 

3. The constant /9 may have any value fi:om +a to +c; viz., if it has a value 
between a and b, or say, if — /S has an A-value, then the geodesic lines wholly 
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between the two ovals of the curve of curvature h = — (being in general an indefinite 
undulating curve touching each oval an indefinite number of times). Similarly, if 
has any value between b and c, or say, if — ^8 has a i:-value, then the geodesic line 
lies wholly between the two ovals of the curve of curvature k = -0 (being in general 
an indefinite undulating curve touching each oval an indefinite number of times). 
The intermediate case is when /S = 6, or say when — yS has the umbilicar value: here 
the geodesic line is in general an indefinite undulating curve passing an infinite 
number of times through the opposite umbilici U, Tf', or U', U’"'] to fix the ideas, 
say through JI, U". 


Lines through an Umbilicus. 


4. I attend in particular to the last-mentioned case, and thus write ^~b. We 
may in the formula (1) fix at pleasure a li m it of each integral; and writing for 
convenience 


the equation (1) becomes 




{a + h){c + hy 
~k 


(a + k)(c + k)’ 
Comt. = TlQi) + ^{k). 


5. It is to be observed, in regard to these integrals, that writing h = — a + u, we 


have 


which, for u small, is 


j[{h)= 1“—^ — \/ / ^ 

_ 1 / a f “ cZm _ 2 / a 

~a--b\ a — cJoVu’ a— by a — e' 


By the assistance of this formula the value of the integral may be calculated by 
quadratures; viz., the formula gives the integral for any small value of u, and we 
can then proceed by the method of quadratures. The integral becomes infinite for 
h = — b: suppose that we have by quadratures calculated it up to h — — b — m (m small), 
then to calculate it up to any value —b — m + u nearer to — 6, we have 


U(h) = Il(-b-m) + 



b + m — u 

— b — m + u)(b — c + m — u) 


Tx / 7 \ ^ du 

- (— — wi) + Y m — u 

= n(-6-m)-/y/ 

where the second term is positive, and the value thus increases slowly with «, 
becoming as it should do =oo for u=m or h= — b. 

^ Except when the contrary is stated, tiie symbol “log” denotes thronghont the hyperbolic logarithm. 
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6. Similarly in. the second integral writing k = — c—v, we have 


which, for v small, is 


(a — c — v)'i 

_ 1 / c f dv _ 2*/v j c 

~t—o\ a — cj ~b—cv a — c' 


which is of the like assistance in regard to the calculation by quadratures. And if 
we have by quadratures calculated the integral up to A = — 6 + ra (w small), then, to 
calculate it up to any value -h-k-n — v nearer to —h, we have 

where the second term is positive, and the value thus increases slowly with v, 
becoming as it should do =00 for « = n, or k= — l). 


7. It may be remarked that in 11 Qi) and (k) respectively the coefficient of the 
logarithmic term has in each case the same value As regards the 

initial terms Vm and Vv, the coefficients are — ^a/— ^ and r^A/— ^ respec- 

a-ov a—o h-ov a—c ^ 

tively, which are equal if orac-6= = 0. 


8. We may consider the two geodesic lines 11(h) = const. ; suppose that 

these each of them pass through the point P, coordinates (ho, ho) in the ABG octant 
of the ellipsoid; then for one of them we have H (h) - 'T' (h) = II (ho) - ^ (ho), and for 
the other of them we have H (h) + ‘'P' (h) = II (ho) + (ho) : I attend first to the former 
of these, say n(h)-^(h)=(7 (where G is = H (ho) - ^ (ho)) ; and I say that this 
denotes the curve UPU". In fact, by reason of the equation n(h) and ^(h) must both 
increase or both di min ish ; they both increase as h passes from ho to - 6, and as h passes 
from ho to —5: we may have h = — b + u, k= — b + v where u and v are both indefinitely 
small, the functions 11 and ^ being then indefinitely large, but TL-'^ = G; and we 
have thus a series of points nearer and nearer to the umbilicus U; that is, we have 
the portion PU of the curve. Tracing the curve in the opposite direction, or con- 
sidmng h as passing from h, to —a, and h as passing from ho to — c, then if G be 
positive, h will attain the value — c, before h attains the value —a, say that we have 
simultaneously h = hx, k = -c; the equation is U{\)—^(-c)<=G, that is, n(hi) = C7; 
and the geodesic line then arrives at a point P, on the arc GB of the minor-mean 
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principal section. The function ^ then changes its sign, viz., considering it as always 

positive, the equation is now 11 (A) -f ‘'P (A) == Jc passing from the value — o towards 

~ b, that is, (k) increasing, and therefore 11 (Ji) diminishing, or h passing from Ai 
towards the value —a; until at last, say for k = we have A = — a, that is, 

(7 = IT (— a) + (Ag), or C = ''P (Ao) ; the geodesic line here arrives at a point Pq on the 

arc BA' of the major mean principal section. The function 11 then changes its sign, 

viz., n denoting a positive function as before, the equation is — n(A) + '^(A) = (7; 
h pjisses from — a towards — &, that is 11 (h) increases, and therefore (k) must also 

increase, or k pass from k, towards — A : we have at length A = — — 2 ^, k^ — b + v, 

'll and V being each indefinitely small ; and therefore 11 and 'T'' each indefinitely large 
(but — n + = C) ; that is, we arrive at the umbilicus U", completing the geodesic 

line UPU". 


9. If instead of (7 = 4- we have (7 = —, everything is similar, but the geodesic 
line proceeding from JJ in the direction UP will first cut the arc BA of the major 
mean section at a point Pi; then the arc BC' of the minor mean section at a 
point Po; and, finally, arrive as before at the umbilicus U'", 

10. The intermediate case is when (7 = 0, viz., we have here 11 (A) — '^(A) = 0 ; 
the geodesic line here passes from U in the direction UP to B (extremity of the 
mean axis, A = — a, A = — c) ; 11 and then each change their sign, so that, con- 
sidering them as positive, the equation still is EE (A) — (A) = 0, and the geodesic line 
at last arrives at the umbilicus U". It will be easily understood how in the like 
manner IT (A) 4- (A) = (7 refers to the line U'PU'", 


11. Reverting to the equation n(A) — '^^(A) = 0, or as I will now write it 

n(A)-^(A) = n(Ao)-^(Aa), 


which belongs to the portion UP of the geodesic line UPU", we require when A 
is =^b — u, and k — — b + v (u and v indefinitely small) to know the ratio of the 
increments u, V] this in fact serves to determine the direction at U of the geodesic 
lino through the given point (Ao, Ao). 

12. For this purpose writing h = ’-b-u, we find 


64 -w 


which is 


_ ^ ( / 6 + tt _ 

”iu "irlV (a-6-M)(6-c + ti) 


V (a_6j(6-c)} 


4 


V (a- 


h , a-h 
{a-h){h-o) ' w ’ 


and, when u is indefinitely small, this is 



[ / _ . 


Jo M 1 

[V (a — b—u)(b — o + u) A 

/ (a-b)(b-c)) 




b 


log 


a — b 


C. VII. 


(a — b){b — c) “ u 
63 
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Similarly, when k^ — b+v, where v is indefinitely small 


dv f / 

b — v 

J l+v 

/ ^ 

Jo jV (a- 

-b + v){b — c — v) 

V (a-5)(6-c)j 

! {a — b){b — c) 


log 


b~o 


13. Each of the integrals is of the dimension in a, b, c, and the difference 
of the integrals may he represented by 




b 


we have therefore 


where 


(a — 6) (6 - c) ’ 


y/ (a — 


{a — b)(b — o) 


/zzm^zzi _ . /zmr' 

Jo M [V {a — b — u){b — c + u) V {a-b)(b — c) 


_ j / h-t; / b ] 

Jo '» |v {a-b+v){b — c^v) V (a — b}(b~c)]’ 


14. Suppose the inferior limits replaced by the indefinitely small positive quantities 
€, e respectively; and for the variable in the second integral write — m; then 


f (du 

/ + « , 

/ & 1 

J -tb-c) 1 w ^ 

' (a— 6— .■a)(6 — c + m) ' 

/ (a-6)(6-c)J 


it being understood that the values « = — e' to + e are omitted from the integration; 

this is I 

j h + u / b . a—be' 

~i_(6_c) V (o-6-«)(b-c + w) \' {a-b){b-c) e b-o 

with the same convention as to the integral ; or if e' = e, then 

where 


/ ^ f / 

V (a-6)(6-c)^" M V (a-6-w){6-c + it)"j_^6 + /iV ( 


(a + A.)(c + A)’ 


the omitted elements being from u = — e to tt = +6; that is (in the language of 
Cauchy) we take for the integral its principai value. And hence 




15. By what precedes this is = TI (A,) - ^ (&o) ; or if we write simply (h, h) 
instead of Qh, h), that is, consider the geodesic line UP, which is drawn from the 
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point P, coordinates {h, k), to the umbilicus U, the coordinates of a point consecutive 
to the umbilicus are —b — u, —b + v, where u, v are connected by the last-mentioned 
equation, in which M' is a transcendental function depending on (a, b, c) but inde- 
pendent of the partieulai’ geodesic line. 

16. If for the geodesic line through the point B, or say for the 5-geodesic 
^ , then M' = — log — , and we have in general 

M ttn ® tto 

a result which I proceed to further transform as follows: 

If afo, 2/o> ■S'o refer to the umbilicus U, then considering first the consecutive 
point P on the geodesic line (coordinates —b — u, — b + v) and next the consecutive 

C 


B A 

point Q on the umbilicar section, we have for these two points respectively, 

j VhVw 

V(6 — c)(a — c) 



%o = 0, 



63—2 
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say these are a, jS, 7 , and a', y; and then 

a G 


aa' + + 77' = i + (yLc)(a-c)} ~ 

[ a ^ c 

~ a-c \a-b^ b-c. 


^b(v — u) 
{a-b){b-c)'’ 




buv 


(a-b) (b-c) 


b 


a' 2 + j3'2+ y'i = 


(a — b){b — c) 
b 

{a ~b){b- c) 


.l(u+vf, 

•i 


■whence 




and hence 


that is. 


cos^ = 


fl:a'+/Sj 8 ' + 77 ' 


v~u 


V'flf + j8® + 7® V «'“ + 7 ® ^ + 


cos(180“-(^) = ^, or tan!*|(^.=^, 


where if 17 is the umbilicus, P the consecutive pint -b~u, —l+v, and UQ the 
element of the umbilicar principal section, (}>= /iPUQ, 180° ~(^= zPUQ. For the 
P-geodesic we have 

21ogtan|4»o=log J = if. 


17. The foregoing equation for 11(A)— ■T'(fe) now becomes 

U (h) - (jfc) = A / 7 : log . 

^ ^ ^ ^ V (a-b){b-c) ^tan^<|) ’ 

viz., ^0 is fche south azimuth of the P-geodesic at the umbilicus, a mere function of 
(a, 6 , c) and ^ is the south azimuth at the umbilicus, of the geodesic line under 
consideration, so that we may consider the geodesic line to be determined by the 
south azimuth ^ as its parameter. 
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Formulae for the case ac — 6* = 0. 

18. I annex the following investigation in regard to the case ac — ¥ = 
We have in general 

1 d V— a; (g - 6) (6 — c) + V— & (g 4 - a;) (o + x) 

fb(a — b) (b — c)^ ^ V— a; (a — b) (6 — c) — V— & (a + «) (c + x) 


+ 


+ 


^ Va;(a + a:)(c + a;) 

1 1 / 
b b + X \ I 


X 


{a + x){c + x) 


1 / 
bx + cac V I 

P + Q 


(a + x) (c +3?) ' 


In fact, denoting the logarithm by logp-;2 '^> 


where 


d,...P + Q 2iP(f-P'Q) 
dx ^P-Q~ P^-Q^ 


2{PQ'-FQ) = m{^-y) = ^-'»(a+x)(c+x)bia-b)(b-o)\~^ 


that is 


yb(a-h)(b-c),^ -)■ 

wx{a + x) (o+x) 

F~Q‘ = — x{a — b){b — c) + b{a + x) (c + x) 
= (bx + ao)(b + x ) ; 

2(PI^-FQ) ^b(a-b)(b-o) a?-ac 

P^ - Q' V® (a~+ x) {c'+x) (bx + ae) (b + xf 


^bia-'bj { b-c) 

'^x{a + x)(c + x) 

which proves the theorem. 

19. Hence in the particular case ac = ¥ we have 


b b(b + x) bx+ac 


rlog 


f-h{a — b) (6 — 0) + ^— 6(a + A)(c + A) 


Vh (a — 6) (6 - c) ^—h{a—b)(b — c) — ^—b'{a + h)(c-\-h) 
bJ^a VA (a + h)(o + h) 

~bLj^k 'J (a + A)(c + Aj 


1 

c + a; x\ 
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that is 

n(k)=il_ 


dh 




log 


or say 


r 


V— /t (g — 5)(& — c) + V— 5 (a + /Q (c + h) 
\/h{a + h)(c + h)^ ^ {a-b){b — e) ^ ^—h{a-b)(b-c) — ^-b(a + h){o + h) 

dh , ! 5 , 

:+4Y / _ Tv ;i. — 


1 + E 


where 


,^h[a + h){c + h) ' "'V {a-h){b-cy °\-E' 
h (a + A)(c + A) 


(a-b){b-G) h 

viz. we see that 11 (A) depends on the more simple integral 

r'^ dh 


20. Similarly 


:10g 


-avh(a + h) (c + h) 

V— A!(o — 6)(6 - c) + V— b(a + A;) (o + A) 


•Jb{(t — h){b — c) ° V— A; (o — 6) (6 — c) — V— 6 (a + A:) (c + A) 

dk 


-If"* 
■ bj , 


+ 


Vk(a + k)(c + k) 

l{~° ^ / 

bJ ib + kV i 


k 


= + |^(A;)), 


that is 

^(k)=-if 

or say 

where 


dk 




(a + A;) (c + k) 

•J-k{a — b){b—c) + V — 6(a+A;)(c+A;) 


■log- 


h '^k(a + k)(o+k) v (a-6)(6 — c) ° V— A:(a — 6)(6-c) — V'— 6(a+Ar)(c+A;) 

dA j b j 

iVA;(a!-f A;)(c+A!) ^ (a — b)(b-o) ^^1 — E' 

b (a + k)(o + k) 


'(a~b)(b-c) k 
that is, '^(k) depends on the more simple integral, 

dk 


r 


iiVk(a+k)(c + k) 

Write h=--b — u, k = — b + v, where u and v are indefinitely small, then 

dh 


n(h)-^(k) = il~ 


• h “1“ A) d" A) 


+ i 




log 


l + ?7 1-F 


{a-b)Q>-c) ^l-fT-l + F’ 
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where 


and 






(* - (' + 5^) 


= 1 • 


bu<‘ 


1 + 


( ^ -b)(6-o)(6 + ^0 to ac = &»J, 


(l + (l - 


--1 








(a — b)(h — c) (5 — -y) ’ 

—a V/i. (a + h) (c H- 7t) ^ (a — &) (6 — c) ^ 


21 . 
if only 


Compaiing with the result obtained for the general case the two agree, 

n ~ - 1 f"" 

J^b + hV (a-hh)(c + /i) VA (a + A) (c'+ /i) ’ 


whore on the left-hand side the integral has its principal value : a result which must 
therefore hold good when ac = b^. 


Calculation of the Unnhilicar Gfeodesics for Ellipsoid a:6:c==4:2:l. 

22. As a specimen of the way in which we may, on a given ellipsoid, calculate 
the course of a geodesic line, I take the semiaxes to be as 2 : V2 : 1, or, for con- 
venience, a = 1000, h = 500, c = 260 ; and, considering the geodesic lines through the 
umbilicus, I calculate by quadratures the functions 

n (/i) = 100,000 500 + \/ (1000 + /l)(25(r+ ;r) ■ 

^ (k) = 100,000 50(rr*'\/ (T ogo + &) (250 + *) • 

The results do not pretend to minute accuracy: I have not attempted to estimate 
or correct for any error occasioned by the intervals (10 units) being too large; and 
there may possibly be accidental errors. 
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Table I. 



n' 

U{h) 

-A 

n' 

nW 

-h 

n' 

n(A) 

1000 

CO 

0 

840 

27-6 

6746 

630 

51-5 

13972 

999 

231 '4 

462 

830 

27-8 

7023 

620 

54-1 

14499 

998 

164-0 

659 

820 

27-9 

7301 

610 

59-2 

15066 

997 

134-2 

809 

810 

28-1 

7582 

600 

65-5 

15689 

996 

116-5 

934 

800 

28-4 

7865 

690 

72-1 

16377 

995 

104-4 

1044 

790 

28-7 

8151 

580 

80-9 

17142 

990 

74-6 

1492 

780 

29-2 

8440 

570 

93-0 

18011 

980 

54-0 

2135 

770 

29-7 

8735 

560 

106-8 

19010 

970 

45-1 

2630 

760 

30-3 

9035 

550 

127-6 

20183 

960 

40-1 

3056 

750 

31-0 

9341 

540 

159-1 

21616 

950 

36-6 

3439 

740 

31-8 

9655 

530 

211-5 i 

234C9 

940 

34-2 

3794 

730 

32-6 

9977 

520 

316-7 

26111 

930 

32-5 

4127 

720 

33-6 

10308 

510 

632-7 

30858 

920 

31-2 

4446 

710 

34-7 

10650 

505 

1265-0 

35602 

910 

30-2 

4753 

700 

36-0 

11004 

504 

1581-2 

37014 

900 

29-4 

5051 

690 

37-4 

11371 

503 

2107-7 

38834 

890 

28-8 

5342 

680 

39-0 

11754 

502 

3162-3 

1 41398 

880 

i 28-4 

5628 

670 

40-8 

12163 

501 

6324-1 

45792 

870 

28-1 

5911 

660 

42-0 

12567 

500 

00 

00 

860 

27-9 

6190 

650 

45-4 

13005 




850 

27-8 

6469 

640 

48-2 

13473 
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Table II. 


-k 



-k 


^{k) 

-k 



250 

00 

0 

320 

45-5 

4655 

440 

107-1 

12207 

251 

232-2 

462 

330 

46-1 

5114 

450 

127-9 

13383 

252 

165-5 

661 

340 

47-3 

5581 

460 

159-2 

14818 

253 

136-0 

811 

350 

48-9 

6062 

470 

211-6 

16673 

254 

118-6 

939 

360 

51-1 

6562 

480 

316-7 

19314 

255 

106-8 

1051 

370 

53-8 

7086 

490 

632-7 

24062 

260 

78-1 

1514 

380 

57-2 

7641 

495 

1265-0 

28806 

270 

60-5 

2207 

390 

61-4 

8235 

496 

1581-2 

30218 

280 

51-7 

2768 

400 

66-7 

8875 

497 

2108-1 

32037 

290 

48-2 

3268 

410 

73-2 

9575 

498 

3162-3 

34602 

300 

46-3 

3741 

420 

81-6 

10349 

499 

6234-1 

38995 

310 

45-5 

4200 

430 

91-4 

11214 

500 

00 

CO 


23. But it is obviously convenient to revert these Tables so as to have for the 
common arguments a series of uniformly increasing values of 11 or 'it, viz., we obtain 
by interpolation the values of h and k belonging to the given values of 11 or 'it, 
and thus obtain the following Table. Here, in any line of the Table the values of 
h, k are such that U {h) — 'it(k) = 0, viz., the values in question belong to successive 
points of the B-geodesic. And to obtain the values for any other geodesic line 
n(A)-'SP'(A) = ±500m, we have only to take each value of k from the line m lines 
above or below the line from which h is taken ; and similarly the table gives at once 
the values belonging to a geodesic line Il{h) + 'it (k) — 500 m. 


C. VIL 


64 
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Table III. 
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Graphical Comtruction: Projection on the Umbilicar Plane, 

24. The most convenient mode of delineation of the geodesic lines is obtained 
pi'ojecting them orthogonally on the umbilicar plane: the contour of the figure is 

here the umbilicar section, or ellipse — I — = 1 ; and the curves of curvature of each 

a c 

series are projected into elliptic arcs lying within the ellipse in question, the one set 
cutting at right angles the axes AA', the other cutting at right angles the axes CC', 
the equations of the complete ellipses being 


and 


a? 


a? 


a — b 
a (a + Ji) 

a — b 
a{a + k) 


4- z^——— 

^ c(cH-/0 

^ o(o + k) 


-1 = 0 

-1 = 0 . 


25. I constructed, by means of the table, a drawing of this kind for the ellipsoid 
a, b, c = 1000, 500, 250, the lengths Va and Vc being taken to be 12 inches and 
6 inches respectively; the process consists in taking from the table for a series of 
values n = (say IT = ^ = 1000, = 2000 &c.), the values of h and k, la 3 dng down for 
such values the elliptic arcs which represent the two curves of curvature respectively, 
thus dividing the bounding ellipse into a series of curvilinear rectangles, and then 
obtaining the geodesic lines by drawing the diagonals of these rectangles, and of 
course rounding off the corners so as to form continuous curves. The Plate shows on 
a reduced scale so much of the drawing as is comprised within a quadrant of the 
bounding ellipse (viz. it is a representation of an octant of the ellipsoid). 


Mliptio-Funcinm Formulce. 

2C. I have in all that precedes abstained from the use of elliptic functions, since 
obviously the form a/ 1 — A^sin^i^ of the radical of an elliptic function is in nowise 
specially appropriate to the present question. But (more particularly in the above- 
mentioned case ac — i)’=0, where the radical is '^h{a + h){o + h) without any exterior 
factor h + h in the denominator) the formul® are expressible easily and elegantly by 
elliptic functions, and it is desirable to make the transformation. Reverting to the 
formul® which, in the case in question (viz. when oc — 6® = 0), give the values of 
n (/t) and (k) ; and writing therein /i = — a -H (a — c) sin“ k = — a + {a — o) sin® also 


K = a / 1 - - , or - = 1 — «®, = «'*, 
y a a 


we have 


r * dA ^ f* d(f> 2 

8 2 I — ■ =—^F{k, <p), 

J -awh(a+h)(c + h) J 0 wa-(a- c)biq^ 6 va 


p... "■=‘4= («) - ^ 

J ii,Vk(a + k)(o + k) J <|f^/a-(a-o)sm‘^}r Val J 


64—2 
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27. Hence 


where 


n(A)= 

^ (1 -"/gQsip cos(^ ^ 

Vl— ’ 


{observe, as h passes from — a to —bf<j) passes from — 0 to sin® <j> — ^ ^ 

from E=0 to jff = l). 


Similarly 




where 


^ _ (1 + k ) sin cos 'iff 
Vl — /c® sin^ '>/r 


and as k passes from — c to —b,yjf passes from ■Jw to sin® , and K from 
28. The before-mentioned identical equation 

r“® dh j h — I f~" — 

j^b+hV (a + A) (c + A) “ * J Vk (a + h)(G + h) 
is by the same transformation converted into 


pT i-(i-;t')sin®<^ 
Jo 1 — (1 + Af') si 


- (1 + Af') sin® ^ ^/l — AC® sin® (f> 
To prove this, I remark that the equation is 


= 0 . 


0 = 


j_o“^ 1 -(!+*') sin® A<f>’ 


viz. this is 


1 ~ TT 2ac _ , _ 

^ rr^' 1+7 ^ 


or, what is the same thing, 




where 11, (— 1 — ac') denotes the principal value of the integral 


and JI 


0 to 1. 
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Now (Leg. Fomt. Ellip., t. l, p. 71), we have 

n, (- kP sm= 0) + n, = F„ 

where, upon examination, it will appear that II, in fact represents the principal 

value of the integral. 

1 k' 

Writing herein sin“ 0 = -= , , and therefore cos® 0 — _ , , or tan® 0 = k', this is 

JL ““ K X “t” /C 

n,(-i+«')+nx-i-«'). =K. 


and the formula {p'), p. 141, attributing therein to 0 the foregoing value, becomes 

n, (- 1 - k') + jj, E (0) - E,F{0)^ . 

But 0 is the value for the bisection of the function F^, viz., we have 

2F{0) = F„ 

2E{0) = E, + 1-k', 

whence 

F,E{0)-E,F{6) = ia-<c')F„ 
or the formula in question gives 

n,(-i + «')» -^'4. 

whence 

n, (-!-«')— 

the result which was to be proved. 


29. The value of M' fobserving that rr/i — <= ^ =— ??— — tv. 

V * {a-b){b-o) (V5_v^c)® a(l-K)®, 



, ... -L AT -1 [ " . 

Va(l — K') ■■-aVh(a + /i)(c + h}’ 

which is 

11 

that is we have 


or, what is the same 

thing. 


log tan ^ (*). 

that is 



(^0 the South azimuth of the B-geodesic at the umbilicus). 

30. I purposely calculated the Table by quadratures as being a method available 
where the equation ac— 6“=0 is not satisfied; but in the present case, where this 
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equation is satisfied, the table might have been calculated from Legendres Tables of 
Elliptic Integrals. Observe that a = 1000, 6 = 500, c = 260, gives «= or angle of 
modulus = 60°. As an instance of the comparison C), suppose A = - 800, then sin= <p = 
log sin <;> = 9-71298, .^=31° 5'. 


500.200.550 no , T-evoifi 
^ = 900 > = 1-87018, 


'800.500.250 200' 


2 = -7416 


H-ff_ 1-7416 
l-ir“ 2-584 


= 6-7682, 


n (A) = -03163 i?’(31° 5') + -03163 h. 1. 6-7582, 
J?’31° = -56166 

163 


J'31°5'= -56329 

h. 1.6-7582= 1-91075 
2-47404 
X by -03163 

-0782043 

or multiplying by 100,000 (fector introduced into my Table) this is = 7820-43. The 
value n(- 800) = 7864 given by my Table agrees suflSciently -well with this, the correct 
value. 


31. I calculate also the angle ^o. viz. we have 


h..\.ta,u^<j>i = ^^-^F,K, =iF,{60°). Leg. vol. UL Table -vili. 

= i 2-15651 = -53913, 

whence by Leg. Table iv. 

i (^0 = 45° + ^.29° 29'-C4 

= 59°44'-82 
or 

(^, = 119°29'-64. 


This exceeds 90°, and since at the umbilicus the tangent plane is at right angles 
to the plane of projection, the 5-geodesic should in the drawing proceed (as it m 
fact does) from CT in the sense UG, touching the bounding ellipse at the point U. 


1 In the present oaloiilatiou, log denotes an ordinary logarithm, the hyperbolic logarithm being distinguished 
as h. 1. 



iom\ 
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479 . 


THE SECOND PART OF A MEMOIR ON THE DEVELOPMENT 
OF THE DISTURBING FUNCTION IN THE LUNAR AND 
PLANETARY THEORIES. 


[From tho Memoirs of the Royid Astronomical Society, vol. xxxix, (1872), pp. 55 — 74. 

Read January 12, 1872.] 

The present communication is a sequel to my paper, “The First Part of a Memoir 
on the Development of the Disturbing Function in the Lunax and Planetary Theories,” 
Memoirs li.A.8., vol. xxvin. (1859), pp. 187—215, [214], and I have therefore entitled it 
as above, but it, in fact, relates only to tho Planetary Theory. In the First Part, I gave 
in effect, but not explicitly, an expression for the general coefficient L{j,j') in terms 
of tho coefficients of tho multiple cosines of 6 in the expansions of the several powers 
(r* + /®— 2?r'cos0)~*“i, or say («“ + «'* — 2a«' cos ^)“*^; viz., at the foot of page 208 
I speak of the term involving coa (jU as having a certain given value; the 
term in question is D {j, f) cos {jU +j'U') ; and consequently the expression for 

I>(i./) is 

■D U> = 

the omission was, however, a material one, inasmuch as this expression for the general 
coefficient serves to connect my formulae with Leverrier’s development, Annales de I’Obsero. 
de Paris, t. I. (1855), pp. 275 — 330 and 358 — 383, and I resume the question for the 
purpose of applying it. 

Formula for the general Coefficient D (j, /). 

In the First Part, the reciprocal of the distance of the two planets, or function 
[r* + r'® — 2rr' (cos IT cos U' + sin U sin U' eoa 
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is taken to be developed in multiple cosines of U, W, the general term being 

D a j') cos {jU+j'U% 

•ffhere j, j' have each of them any integer value from — oo to + oo (zero not excluded), but 
BO that j,/ are simultaneously even or simultaneously odd. We have D{-j, = 

and D(j', j) = D(j, j')', and it hence appears that the really distinct values of the 
coefficient may be taken to be those for which j is not negative, and as regards 
absolute magnitude is not less than / ; and for such values of j, j' we have the above- 
mentioned expression 

^ U> ;0 = 2 W iJ/, 


which I proceed to explain and develope. 

Hi («-^) and Iliu (« being a positive integer) denote respectively i-f ... 
and 1.2.3... a? ; in particular for a;=0, the value of each factorial is =1. 

1 ) denotes sinJ4>. 

The coefficients are those of the multiple cosines in certain developments, viz. 
we have 

r®/* {r® + r'® - 2rT' cos ( U” — I7')}“®~i = "ZMJ cos i{U— U'), ' 
where, as usual, i extends from — oo to oo and = Writing with Leverrier 


(a® -t- a'® — 2aa' cos ^ ^ cos iS, 
aa' (a® + o'® — 2oa' cos fi) ~ ^ ^ 2.B* cos iS, 
a®a'® (o® + o'® — 2aa' cos cos iE, 
o'o'* (o® -I- o'® — 2aa' cos 5) ” ^ = -J- tE cos iE, 

then 2E^, 2Bi, are the same functions of r, r' that A\ E, E, E respectively 
are of a, d. 

The expression of Jf/ is 

j[f/=(_)®>^t?+/) . 

nj(«:-j-ar)nj(a;-H/-t-^) ni(®-j-t-^)nH«+/ -^) ’ 

and, finaUy, in the expression for ])(J, /), x has every integer value from 0 to oo, 
and, for any given value of x, ^ extends by steps of two units from the inferior 
value — (<®— jO to the superior value x—j. 

It M convenient to write x~\(j +y') + s ; we have then ^ extending from 
to -iU-jl+s, or writing = + 0 has the s-|-l values s, 

8-2, s-4, ... -s, viz. for s = %)-fl the values are ±1, ± 3, ... + (2^ + 1), and for 
8 = 2p they are 0, ±2, ±4,... + 2p. 
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Making these changes we have 


where 


D(j.j') = S 


(j- (i + /) + 5-^1 j+j'+ss K' iif-W-n-i-e p-iU-/)+e 

n [^ (;■'+/) + s) ^ !(.;+/)+«■”' JU+/)+s’ 


n 4 (j + s} n {f (j +j') + s] 

jo+.')+^ V ^ nHs-^)ni(j+/+s+^) nH«+^)nj(i+i'+5-0)' 


viz. this is (— )* into the product of two binomial coefficients, each belonging to the 
exponent ^ (j +j') + s. 


PaHiadar Gases, j +j' = 0, 2, 4, 6, being those required in the Plamtary Theory. 
Considering successively the cases j +y ' = 0, 2, 4, 6, we have, first, 


which, developed as far as rf, is 


IIs ) = 




(») -D(i> -i)= 


+ 


L.^ 

2.4 


•j?4((H+3 + 4CH + C-^‘-s) 


- ^ - 1 -g i + 9D^+i + 9D-^-i + 

whore, and in what immediately follows. A, B, C, D are used to denote functions (not 
of (a, a'), but) of r, r'. 


Secondly, 

i>0'. 


-i+2)= 


2 


n,(s+i) 
n (s + 1 ) 



n(s+i) 

n|(s-^)n|(s+0) + i 


V n (g + 1) p-i+i+«[ 

n|(g+0)n^(s-(9) + i'"*+i J’ 

which, developed to rf, is 

(•) i}(y, -y + 2) = ');®| i . ^5^+' 


+ i (3i)^+» + 9iH« + . 


0. VII. 
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Thirdly, 


... ^nj(s + |) , « n(g + 2) 

-DO. -3+^)=^u{s + 2r { n^(s-0)nHs+«)+2 


n(g+2) 


nKs+^)ni(s-0)+2"''«+2 


p -^■+ 20 ') 

s+2 I ’ 


which, developed to t/®, is 

(*) D(j, -j + i) = r}* 


0-4<^ 


1.3.5 

’2.4.6 


V.i(3D-^+» + 3iH+i)l: 


and, fourthly, 


r>(j, + 


n(g+3) 


ri-i (5 “ 6 ) (s 4- 0) + 3 


11(5 + 3) p-i+3+fl] 

^u^{s^e)u^{s-e) + s^^-^^ y 

which, developed to is simply 

(*) D(3, -i + 6) = ^*|^.i-D^’+^ 


The foregoing formulae, although obtained on the supposition j = 0, or positive, 
apply without alteration to the case j = negative, and the entire series of terms of an 
order not exceeding 6 as regards r/ may be written, 

D{j,-j) cos ijU-jU') 

+ W {j, -j -t- 2) cos {j U + {-j + 2,)U') 

+ 2D (j, ~j -f 4) cos {jU + (~j -h 4) U') 

-1- 2D {j, - j + 6) cos (y 17 + (-j + 6) U'), 
where j has every integer value from — 00 to 4- 00 . 


Comparison with Levekbier. 

This is in fact what Leverrier’s expression becomes on putting therein e = e' = 0. 
To verify this, observe that Leverrier having defined his A\ 0^, 1)\ as above, writes 
further 

= |(CM +4a« + (?•■«), 

^ (D«-^ + 9i)i+i + 9i)i+i + 

= I ((7*-^ + (70, 

= -if (D^ + SD^-i + D«+0, 

2«=^(D*-».fD«-0. 
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(coiisequently E~^ = E\ 0~^ = G\ L~^ = L\ S~^'^ = S^, T~^+*=P), and that the 

terms in question, putting in the coefficients e=e' = 0, are with him 

{(1)^ + (11)« 7)^ + (17 y 7 ,* + (20 )‘ cos (W - iX), . 

{(212y ri^ + (218y V + (221)^ t,") cos [W _ (i - 2) \ - 2 t], 

{(372)*' 7)* + (375)* cos [iU - (i - 4) X - 4t'], 

{(449)' 7)^} cos [iZ' — (i — 6) X — 6t'], 
where, substituting for (1)'; (11)*, &c., their values, the coefficients are 

= \A‘^-7f.l + J5*+0 + (G‘’-= + 40« + 0^+=‘) -7)^.-^ (J?*-* + 9D*-i + 9D^+i + i>+») ; 

f . 4- 5^-1 -j}*.P+7j^S^, =7)"- . - y (-1 + aO + 9?« . ^ (i)®-* + + i>+') ; 

V* . 1 0^^ - 7f T\ =v*-i - ij" . (Z)^-» + D*-i) ; 

and 

Writing herein j in place of i, and for A\ &c., the equal values A~^, &c., 

wo have precisely the foregoing coefficients D{j, —j), ... E{j, -j+6). 


The Developrrmi in Powers of e, e'. 

The complete expression of the reciprocal of the distance is obtained from 

I>{j> -j) cos 

+ 2i) {j, -j + 2) cos {jU + (-j + 2) U') 

+ %D (j, - j + 4) cos {jU + {-j + 4) V') 

+ 2D (j, - j + 6) cos [jV + {-j + 6) W), 

by writing therein for r, ¥, U, U', instead of the circular, the elliptic values, that is 
the values 

r =a elqr (e, D -n ) , =a(l + a;), 

r' =a'olqr(e', D'-n') , = a' (1 + «:'), 

17 =n -@ + elta(6, £-n), =n-@+/, 

(7' = n' - + elta (s', L' - H'), = H' - +/' ; 

L, n, @ the mean longitude in orbit, longitude of perihelion in orbit, and longitude of 
node; and the like for L', II', ©'; “elqr” = elliptic quotient radius, “ elta ” = elliptic true 
anomaly; or, what is the same thing, if we write elta(e, D — n)=D- n + eltt(e, D-II), 
and the like for elta(e', D'— 11'), then 

17 — © +eltt(e, D — n), —L—&+y, 

17'=:D'-©'4-eltt(e', L'-W), =L'-&+f. 

65—2 
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The process for doing this is explained, First Part, pp. 205 — 207, [214], viz., writing 
r = a(l + a;), / = a' (!+«'), and restoring (instead of its value —j, j + 6, as the 
case may be), we have a general term 




nalla' 


where D {j, j') now denotes the value obtained by writing a, a' in place of r, r and 
/, /' are the true anomalies elta (e, L — U) and elta (e', L' — 11'). And the second 
factor, into the cosine, is given as a series 

22 ([cos]' + [sin]0 ([cos]«' + [sin]') cos [i (X - H) + i' (L' - H') +; (H - @) -j' (H' - 0')], 

where [cos]', [sin]^ are functions of e, [cos]'’, [sin]*' functions of e'. Or, what is better, 
the term into the cosine may be written a!*a!'“'co8[j(X — 0 + y)+/(X'-@' + y')], 

and the expansion then is 

22 ([cos]« + [sin]') ([cos]*' + [sin]0 cos [i (i - H) + { {L' - H) +j (X - 0) + f (X' - 0')], 

where as before [cos]*, [sin]* are functions of e, [cos]*', [sin]*’ are the same functions 
of ef, viz. the e-fdnctions are those given in the two “datum-tables” ... a?) cos jy 

and (ad ...a?) sin jy, taken from Le vender, which I have given in my “Tables of the 
Developments of Functions in the Theory of Elliptic Motion,” Memoirs BA.8. vol. xxix. 
(1861), pp. 191 — 806, [216]. In order to better show which are the symbols referred to, 
we may, instead of [cos]*, &c., write [a!*cosJy]*, &c., the formula will then be 


as* x'*' cos [ j (X - 0 -f y) +j' (X' — 0' -I- y')] = 

22 ([a:* cosyy]* + [a* sinjy]*) ([«'“' cos/y']*' + [x'*' sin/y']*') 

X cos [i (Z-n)+ a (U - n') (x - @) h- j' (X' - 0')] ; 

and if we attribute to i, i! any given values, that is, attend to any particular multiple 
cosine, 

cos [i (L-U)+ %' (X' - H') 4- j (X - 0) j' (X' - 0')], 
the coefficient hereof will be 


naHo' 


(^) (s) ^ °os/yT' + [«'*' sin/y7), 


where a, o' each extend from zero to infinity, but to obtain the expression up to a 
given order p in e, e\ we take only the values up to a + a' =p. 


Particular Case. 

Thus, for instance, in cos [ j (X - 0) -/ (X' - 0')] the terms independent of e' are 

(i- -i ) {[«“ cos jyp -I- [ad sin jy]"} 

1 / c? \ 

+ J « -00'. -iOlC^'cosyy]® -!-[«' sin yy]«} 

1 f d 

+ f 72 ^ (i> ~3 ) {[^ cos ;y]* + [ad sinyy]«}, 

+ &e. 
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which, observing that in the present case the sine terms vanish, is 


‘ i 

384 

46080 




1 -8/ 

+ %j^ 

- 1280/ 





-54/ 

+ 3920/ 

- 3440/ 

1 


-j) 

+ 4 

-48/ 

- 360 / 

1 

T “ 

d 

da 

jj 

+ 4 

- 96/ 

+ 1920/ 






- 1320/ 

o 

\daj 

j) 


+ 144 

- 2880/ 

1.2.3 " * 

f il Y 
\(k.) 



+ 144 

- 5760/ 

1.2. 3. 4 “ ( 

^daj 

jj 

+ 14400 


^da) 

j> 

+ 14400 

o-6“M 

\,da/ 

j> 

0 


rdV 

\,d(J 

jj 


viz. the term in e“ is 

viz. writing 7; = 0, and therefore D(j, = the term in is 

which, conformably with Leverrier’s subscript notation 
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I write 

)i+i2( = 

The term in question is given by Leverrier as Qef (2)', = ^ (2), A = i and = J.*, 

= ^ i (— 2i^ A'^ + Ai^ + As^), which agrees. 

Similarly the term in e* is 

^{96i^-54i^-48in )i-96f( ). + 144( ), + 144( ),}iA-^, 

= ^ {(96j‘ - 64j=) A-^ - 48j= Ai-^' - 96j^Af^' + 144.43-^' + 14i4!Ar^, 

and the term in question is given by Leverrier as (^e)* (4)* = 6* -1^(4). h=i and 
K^ = A\ 

= (i (- A^ - A,i - 2{^ A,^ + 2A,^ + 3.44«}, 


which agrees. I have not made the comparison of any more terms. 


Leverkier’s Results expressed in terms of the Arguments, X'— O', X'-II', L — %, Z-II. 

The angles which Leverrier uses in his arguments are V, a, isr', and t', viz. 
we have, 

I' =@'+(Z' - O'), 

X, =©'+(i -O), 

w'=@'+(n'-©'), 

Q) =@'+(n -©), 

t' =©', 

where L, II, © are the mean longitude of the planet m, its perihelion and the mutual 
node, all in the orbit of m; and similarly L', II', ©' are the mean longitude of the 
planet m', of its perihelion and of the mutual node, all in the orbit of m'. On 
substituting the foregoing values of I', &c., ©', as it should do, disappears, and the 
arguments are all of them linear functions of L' — ©', II' — ©', X — ©, II — ® ; or, if 
we please, of X'-®', X'-II', X-©, X-II, that is of the distances of each planet 
from its own perihelion and from the mutual node. It is, I think, convenient to use 
these last angular distances, and accordingly in Leverrier’s arguments, I write, 

V =@' + (X'-®'), 

X=©' . . . . +(X-@), 

®' = 0' + (X'-©O-(X'-n'), 

®=®' +(X-®)-(x-n), 

'/=©', 



479] FUNCTION IN THE LUNAR AND PLANETARY THEORIES. 

and for the purpose of reference form as it were an Index to his result as follows : 


519 


Redprooal of Distance = as follows : 

Terms of order zero : terms of orders 2, 4, 6, having the same argwnmis. 


(ly 

{ 1 •• 

20) 

(2iy(.|e) G-a') 

(21 .. 

30) 

(3iy(^ay(^e')“ 

(31 .. 

34) 

miWiyf 

(35 .. 

35) 


(36 . . 

39) 

{iOYi^e) 

(40 .. 

43) 

{UYi^e'frf 

(44 . . 

47) 


(48 .. 

48) 

(49y(^e) 

(49 .. 

49) 


Z'-®' 

Z'-W 

Z-® 

z-n 

i 

0 

- i 

0 

i 

+ 1 

- i 

- 1 

i 

+ 2 

- i 

- 2 

i 

+ 3 

~ i 

-3 

i 

0 

— + 2 

-2 

i 

- 1 

- i + 2 

- 1 

i 

-2 

— i + 2 

0 

i 

+ 1 

“ i + 2 

- 3 

i 

-3 

-i + 2 

+ 1 


Terms of the first order: terms of orders 3, 5, 7, having the same arguments. 




Z'-®' 

Z'-U' 

i-(H) 

z-n 

( 50)‘ ^ e (50 

. . 69) 

COS 

i 

0 

- i 

+ 1 

( 70y he' (70 

. . 89) 

)) 

i 

+ 1 

- i 

0 

( ^oyiyfiy) ( 90 

. . 99) 


i 

+ 1 

- i 

-2 

(100)‘(^e) {^e'f (100 

.. 109) 

» 

i 

+ 2 

- i 

- 1 

(110)*(^e)»(|a7 (110 

. . 113) 

37 

i 

+ 2 

- i 

- 3 

(114)*(ia)=(|eT (114 

. . 117) 


i 

+ 3 

— i 

- 2 

(118)‘(|a)^(^a')’ (118 

. . 118) 

33 

i 

+ 3 

- i 

-4 

(119)«(^a)'>(ie')‘ (119 

. . 119) 

33 

i 

+ 4 

- i 

-3 

(120)‘(|a)^=* (120 

. . 129) 

33 

i 

0 

-i + 2 

- 1 

{my{le')rY (130 

. . 139) 

33 

i 

- 1 

~ ^ + 2 

0 

(140y(^e)»i7^ (140 

(144y(ie)’*(i6')’?“ (144 
(148y(^e)“(|e')’3’ (148 

. . 143) 

33 

i 

0 

-i + 2 

-3 

. . 147) 

33 

i 

+ 1 

-i+2 

- 2 

.. 151) 

33 

i 

- 1 

-i + 2 

- 2 

(152y(|e) ihe'yrf (152 
(i56y^e (iO^Mise 

. . 165) 

33 

i 

-2 

-i + 2 

- 1 

. . 159) 

33 

i 

-2 

— i + 2 

+ 1 

(160y(ie')V (160 

.. 163) 

33 

i 

-3 

-i + 2 

0 

(164y(^6-y(^eV(164 

.. 164) 

33 

i 

+ 1 

-i + 2 

-4 

(165y(Jay(ia')V (165 

.. 165) 

37 

i 

+ 2 

— i + 2 

-3 

(166y(^a)'(|e')V(166 

. . 166) 

33 

i 

-3 

-i + 2 

+ 2 

(167y(Je) (iOV (167 

. . 167) 

33 

i 

-4 

-i + 2 

+ 1 

(168y(Jeyjj‘ (168 

.. 168) 

33 

i 

0 

— % + 2 

-3 

(169y(Je)*(Je')’?M169 

.. 169) 

33 

i 

-1 

— i + i 

- 2 

(170y(|e)(Je')N‘(170 

.. 170) 


i 

-2 

- i + 4 

-1 

(17iy(Je')V (171 

. . 171) 

” i 

i 

-3 

- i + 4 

0 
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Terms of second <yrder: terms of orders 4 , 6 , having the same argwments. 




Z'-&' 

L'-TT 

L-% 

Z-U 

(172)* (^e)“ (172 .. 

181) 


COS 

i 

0 

— i 

+ 2 

(182 .. 

191) 


» 

i 

+ 1 

- i 

+ 1 

(192y(Je7 (192 .. 

201) 


iJ 

i 

+ 2 

— i 

0 

(202y(Je)»(|e') (202 .. 

205) 


J7 

i 

+ 1 

— i 

- 3 

(206y(|e) (^ey (206 .. 

209) 


» 

i 

+ 3 

— i 

- 1 

(210y(Je)^(|eT (210 .. 

210) 


)9 

i 

+ 2 

— i 

-4 

(21iy(i.)»(iO^ (211 .. 

211) 



i 

+ 4 

— i 

-2 

(212)« f (212 . . 

221) 


79 

i 

0 

-i+2 

0 

{222 .. 

225) 


JJ 

i 

+ 1 

— i+ 2 

- 1 

(226y(Je) (iO ’?M226 .. 

229) 


JJ 

i 

- 1 

— 1 + 2 

+ 1 

(230)*(Je)‘f (230 .. 

230) 


JJ 

i 

0 

-1+2 

- 4 

{2Slf(iefiie’) f (231 . . 

231) 


JJ 

i 

-1 

— 1 + 2 

-3 

(232)^(|e)®(^«7,* (232 .. 

232) 


JJ 

i 

-2 

-1 + 2 

- 2 

(233)*(ie) (lOV (233 .. 

233) 


JJ 

i 

-3 

-1 + 2 

-1 

{23iy{yyf (234 . . 

234) 


JJ 

i 

-4 

-1+2 

0 

(236)*(^6'f(Je')V(235 .. 

235) 


JJ 

i 

+ 2 

-i+2 

-2 

(236y(^«)=(|OW(236 .. 

236) 


JJ 

i 

-2 

-i+2 

+ 2 

(237)^ (Je)*,,^ (237 .. 

237) 


JJ 


0 

- i + 4 

-2 

{2Z8y{^e){^e')rf {238 .. 

238) 


JJ 

i 

-1 

- i + 4 

- 1 

{my{^e'yf (239 .. 

239) 


JJ 

i 

-2 

- i + 4 

0 


Terms of third order: terms of orders 5 , 7 , having the same arguments. 




Z'-& 

Z'-TL' 

Z-® 

z-n 

(240)* (|e)* 

(240 . 

. 249) . . 

COS 

i 

0 

— i 

+ 3 

{250y{^ey{ie’) 

(250 . 

. 259) 

JJ 

i 

+ 1 

— i 

+ 2 

(260)* (^e) {^ej 

(260 . 

. 269) 

JJ 

i 

+ 2 

- i 

+ 1 

(270)* (Je')* 

(270 . 

. 279) 

JJ 

i 

+ 3 

- i 

0 
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Terms of third order {concluded): 




L’-®' 

L'-U' 

L-® 

z-n 

(280y(|e)^(^e') (280 .. 283) 

COS 

i 

+ 1 

- i 

-4 

(284)^(^-e) (|ey (284 .. 287) .. 

J» 

i 

+ 4 

— i 

- 1 

(288)<(-^e )“(!«? (288 .. 289) 

J5 

i 

+ 2 

- i 

-5 

(290 .. 299) 

JJ 

i 

0 

- i + 2 

+ 1 

(300 .. 309) 

3> 

i 

+ 1 

— z + 2 

0 

(310)^(Je)“(-Je') (310 .. 313) .. 

J) 

i 

-1 

— i + 2 

+ 2 

(314)*(^e) (-|e7f (314 .. 317) .. 

?J 

i 

+ 2 

- i + 2 

- 1 

(318)* (-^e)*^’ (318 .. 318) 

3J 

i 

0 

- + 2 

-5 

(319)‘(|6)‘(ie')’7M319 •• 319) .. 

» 

i 

- 1 

-t + 2 

-4 

(320)*(|«)»(|e7^2 (320 .. 320) 

53 

i 

-2 

- i + 2 

- 3 

(321)*(^e)^(^e')’’?M321 .. 321) .. 

55 

i 

-3 

- z + 2 

- 2 

(322)*(|e) (|e')‘,?= (322 .. 322) 

55 

i 

-4 

- z + 2 

- 1 

(323)'(|e7f (323 .. 323) 

55 

i 

-5 

- z + 2 

0 

{my{\ey{\dff {ZU .. 324) .. 

55 

i 

-2 

- z + 2 

+ 3 

(325)*(^e)»(J^-e7^“ (325 .. 325) 

55 

i 

+ 3 

- z + 2 

-2 

(326)*(^e)V (326 .. 329) 

55 

i 

0 

— z + 4 

- 1 

(330)*(i«')V (330 .. 333) 

55 

i 

- 1 

~ i + 4 

0 

(334)‘(|.e)=(|e') I?' (334 .. 334) 

55 

i 

+ 1 

— z + 4 

-2 

(335)‘(^e) (1-67 (335 .. 335) 

55 

i 

- 2 

- z + 4 

+ 1 


Terms of fourth order : terms of order 6 , and of samve argument. 




L'-& 

L'-Jl' 

L-® 

L-JL 

(336)<(^e)^ 

(336 . . 

339) 

COS 

i 

0 

— i 

+ 4 

(340)*(^e)>(|6') 

(340 . . 

343) 

55 

i 

+ 1 

- z 

+ 3 

(344)‘(Je)*(i0‘ 

(344 .. 

347) 

55 


+ 2 

— z 

+ 2 

(348)‘(Je) (Je7 

(348 .. 

351) 

55 

i 

+ 3 

— z 

+ 1 

(362)‘(ie0^ 

(352 . . 

355) 

55 

z 

+ 4 

— z 

0 

(356)‘(^e)=(ie') 

(356 . . 

366) 

55 

i 

+ 1 

- z 

-5 

(367)* (^) (^e7 

(357 . . 

367) 

55 


+ 6 

- z - 1 

0 
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Terms of fourth order (conclvded): 





L'-W 

Z- 0 

l-U 

(358/(|e)V (358 .. 358) 

COS 

i 

0 

- + 2 

+ 2 

{my{ke){\e’)r^ (362 .. 364) 


i 

+ 1 

- ^ + 2 

+ 1 

(366)<(^e')®i?® (366 .. 369) 

3J 

i 

+ 2 

- -i + 2 

0 

(370)‘(|e)«(^eV (370 .. 370) 


i 

-1 

- -i + 2 

+ 3 

(371)*(ie)(|e')V (371 .. 371) 

)J 

i 

+ 3 

— i + 2 

-1 

(372)‘57* (372 .. 375) 

3J 

i 

0 

- i + 4 

0 

(376)‘(| «)(!«')’?" (376 .. 376) .. 

>? 

i 

+ 1 

~ i + 4 

-1 

{my He) He') 7,* (377 .. 377) .. 

93 

i 

-1 

- i + 4 

+ 1 


Terms of fifth order: teiras of order 7 having the same argumenis. 




L'-& 

L'-W 

L-® 

z-n 

(378)«(|e)' (378 .. 381) 

COS 

i 

0 

- i 

+ 5 

(382)«(|e)“(|e') (382 .. 385) .. 

99 

i 

+ 1 

— i 

+ 4 

(386)*(|e)»(^e7 (386 .. 389) 

99 

i 

+ 2 

— i 

+ 3 

(390)«(ie)®4e? (390 .. 393) 

99 

i 

+ 3 

- i 

+ 2 

(myHe)He'y (394 .. 397 ) 

99 

i 

+ 4 

— i 

+ 1 

(398)‘(^e7 (398 .. 401) 

99 

i 

+ 5 

~ i 

0 

(402)‘(|e)«(^e') (402 .. 402) .. 

99 

i 

+ 1 

- i 

-6 

(403)‘(^e)(^6')* (403 .. 403) .. 

99 

i 

+ 6 

— i 

-1 

(404)*(|e)V (404 .. 407) 

99 

i 

0 

- i + 2 

+ 3 

(408)‘(ie)^(^eV (408 .. 411) .. 

99 

i 

+ 1 

- i + 2 

+ 2 

(412)‘(^6) (^eOV (412 .. 415) .. 

99 

i 

+ 2 

*—2^ + 2 

+ 1 

(416)‘(|e')V (416 .. 419) 

99 

i 

+ 3 

- i + 2 

0 

(myHeyHe')rf {m .. 420 ) .. 

99 

i 

-1 

- i + 2 

+ 4 

(421)*(ie) (^e')V(421 .. 421) .. 

99 

i 

+ 4 

— i 4" 2 

-1 

{myHe )v* (422 .. 425) 

99 

i 

0 

- -i + 4 

+ 1 

(426)* (1 s') 9,* (426 .. 429) 

99 

i 

+ 1 

- i + 4 

0 

(430)*(^e)“(^eV (430 .. 430) .. 

99 

i 

-1 

- -i + 4 

+ 2 

(431)*(Je)(^e')V (431 .. 431) .. 

99 

i ‘ 

+ 2 

- i + 4 

-1 

(432)*(^e)i,« (432 .. 432) 

99 

i 

0 

- i + 6 

-1 

(433)‘ (|e'),« (433 .. 433) .. 

99 

i 

-1 

— i + 6 

0 
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Terms of sixth order. 




Z'-©' 

L'-W 

L-® 

z-n 

(434)‘(|e)« (434 

. 434) 


COS 

i ■ • 

0 

- i 

+ 6 

(435y(Je)»(^e') (435 

. . 435) 


» 

i 

+ 1 

“ i 

+ 5 

(436)»(|e)‘(|.e7 (436 

. . 436) 


3J 

i 

+ 2 

— i 

+ 4 

(437)*(|e)»(-^e7 (437 

. . 437) 


33 

i 

+ 3 

— i 

+3 

(438)*(^e)“(^e')'‘ (438 

. . 438) 


33 

i 

+ 4 

- i 

+2 

(439)^(^e) (Je')' (439 

. . 439) 


33 

i 

+ 5 

~ i 

+1 

(440)* (1- e'f (440 

. 440) 


33 

i 

+ 6 

- { 

0 

(441)*(^e)V (441 

. . 441) 


33 

i 

0 

— i + 2 

+ 4 

(442)*(^e)»(ie'),2 (442 

. . 442) 


33 

i 

+ 1 

+ 2 

+3 

(443)* (^e)=(^e')®97»(443 

.. 443) 


33 

i 

+ 2 

- i + 2 

+2 

(444)* (^e) (ie7i?“(444 

. . 444) 


33 

i 

+ 3 

— i + 2 

+1 

(445)* (445 

. . 445) 


33 

i 

+4 

— z + 2 

0 

(446)*(|e)«V (446 

.. 446) 


33 

i 

0 

- i + 4 

+2 

(447)*(-Je)(-^e')V (447 

.. 447) 


33 

i 

+ 1 

- -i + 4 

+1 

(448)*(^e7ij* (448 

. . 448) 


33 

i 

+2 

- + 4 

0 

(449)* (449 

.. 449) 


33 

i 

0 

- -i + 6 

0 


Terms of seventh order. 




L'-& 

L'-W 

L-® 

- I 

(450)* (ie)** 

(450 

. 450) 

COS 

i 

0 

— i 

+7 

{myi^efi^ey 

(451 

. . 451) 

33 

i 

1 

- i 

+ 6 

(452)*(|e)»(^e7 

(452 

. 452) 

33 . 

i 

2 

- i 

+ 5 

(463)*(^e)‘(^e')* 

(453 

. . 453) 

33 

i 

3 

— i 

+ 4: 

(464)*(^6)MieT 

(454 

. . 454) 

33 

i 

4 

— i 

+ 3 

(455)‘(^e)M^eO“ 

(455 

. . 455) 

33 

i 

5 

— i 

+ 2 

(466)* (ie) i^e'y 

(456 

.. 456) 

33 

i 

6 

— i 

+ 1 

(457)* (^67 

(457 

. . 457) 

33 

i , 

7 

— i 

0 

(468)*(|e)V 

(458 

. . 458) 

33 

i 

0 

« -i 4 . 2 

+ 5 


66—2 
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Terms of seimth order (concluded): 




L'-%' 

L'-a’ 

X - @ 

x-n 

(459)*(|e)^(^e') .. 459) .. 

COS 

i 

+ 1 

— i + 2 

+ 4 

(460)«(|e)»(ie')V(460 .. 460) 


i 

+ 2 

- i + 2 

+ 3 

(461)*(|6)=(ie')V(461 .. 461) 

iJ 

i 

+ 3 

- i + 2 

+ 2 

(462)*(^e) (^e')V(462 .. 462) .. 

3i 

i 

+ 4 

- i + 2 

+ 1 

(463)*(^e')=i7® (463 .. 463) 

93 

i 

+ 5 

2 

0 

(myiieyr}* (464 .. 464) 

33 

i 

0 

~ i + 4 

+ 3 

(465)*(|e)3(^e'),^ (465 .. 465) 

33 

i 

+ 1 

-4 + 4 

+ 2 

(466)*(|e) (466 .. 466) 

33 

i 

+ 2 

- i + 4 

+ 1 

(467)*(|e7,7^ (467 .. 467) .. 

33 

i 

+ 3 

"“4+4 

0 

(468)*(|e)ij« (468 .. 468) 

33 

i 

0 

- 4+6 

+ 1 

(469y(^e'),« (469 .. 469) 

33 

i 

+ 1 

- 4+6 

0 


Here the several coefficients are ultimately given in terms of the before-mentioned 
quantities A\ 0^, i)«, L\ S^, P (functions of a, a'), and their differential 

coefficients in regard to a 



1 Ai 




I 

.2^da^ 


A\ &c.) , 


as follows:— we have leverrier, pp. 299—330, a list of functions (1), (2),... (154) of the 
form (l) = ^jr*, (2)=: — 2h^K''+Ki' + K^, (Z) = —2i?K'' + Ki'' + Ks'', &c., involving i, h, and 
Rf and its derived functions R^\ Ki, &o. The coefficients of the several cosines are 
given by means of the functions in question, thus, first coefficient, above denoted as 
(1)*(1 ... 20), is 

= (!)»■ -I- (2)« (i e) -1- (3)« (^ s') . . . (20)S“ 


where (iy = (l), (2)«= (2) ... writing in the functions (1), (2) ... (10), h=i, and = 

(11)^ = (1), (12)* = (2), &c., writing A = i and Ry = -W, 

(20)» = (1), writing A = i and Ry — — E\ 

and so on for the various component coefficients (1)*, (2)* ... (469)*. 


But the resulting expressions, for the several integer values i = -10 to +10 are 
worked out in the Addition H. (Funmicd Tables for tfie GaleulaUon of the Coeffidents 
of the Development of the DisturUng FvmUm), pp. 358—383. And this Addition 
contains also, indicated by the letters 8 and A respectively, the expressions of the 
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terms which experience an alteration in passing from the development of the reciprocal 
of the distance to those of the disturbing functions 'ni' upon and 972 , upon Tti' 
respectively. 

We have 

Disturbing Function m' upon m 

, ( r cos H 1] 

Disturbing Function m upon m' 

( r'cos^ 1] 

I ^ 

y* COS H cos H 

The expressions of — and — , developed to the third order in the 

eccentricities and inclination, are given, Leverrier, pp. 272 and 274. Expressed in the 
terms of the foregoing arguments L' — &c., and in terms of a, a' in place of a 

and a, these are as follows: 


r cos H a . ^ 


1 

0 

L'-U' 

Z — @ 

zi-n 

-l+i{^ + e'^) + rr> .. 


cos 

1 

0 

-1 

0 

^ ee' 



+ 1 

+ 1 

-1 

- 1 

4. 3 6 - 1. ee's — % erf 


» 

+ 1 

0 

-1 

+ 1 

- e + -J- ee'^ + •§ + -i* 


» 

+ 1 

0 

-1 


-2e' + eV +§e'^+2ey 


39 

+ 1 

+ 1 

-1 

0 

- •! e“«' 


33 

+ 1 

+ 1 

-1 

-2 

+ T^ee'“ 


33 

-1 

H- 2 

+ 1 

-1 

_ 2 7 ^^'2 

• • 

39 

+ 1 

+ 2 


-1 

+ TJ- 6YJ“ m . . . . . 


>3 

+ 1 

0 

+ 1 

~i 
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T* COS E cd , ^ 


2^'-©' 

X'-n' 

X-® 

z-n 



COS 

1 

0 

-1 

0 

- eo' . . 


)» 

+ 1 

+ 1 

-1 

-1 

-2e + oe'^+fe^ + 2eT;® 


7} 

+ 1 

0 

-1 

- 1 



99 

-1 

+ 1 

+ 1 

0 

- ie'+K«'-^|e'’ + ^«V •• 


99 

+ 1 

+ 1 

-1 

0 



99 

+ 2 

-1 

-2 

+ 2 



99 

+ 1 

+ 1 

-1 

-2 

- f ee'® 

* 

99 1 

+ 1 

+ 2 

-1 

- 1 

+ f ^ V 

m • 

99 

+ 1 

- 1 

+ 1 

0 

— *• •• •• 


99 

+ 1 

0 

-1 

+ 2 



99 

+ 1 

0 

-1 

- 2 

+ 3 66^ , , . . , , 


99 

-1 

+ 1 

+ 1 

+ 1 

“• ^ 6 ^ . . • . . . 


99 

-1 

+ 2 

+ 1 

0 
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It is hardly necessary to observe that, to obtain the expressions of the Disturbing 
Functions, these additional terms are to be combined with the corresponding terms 
in the expression of the reciprocal of the distance: thus, in the Disturbing Function 
fX (m' upon m), the entire term depending on cos [1/ — — @)] is 

= m' |2 (1, . . . 20)i_. + 1", (- 1 + i + e'^) + 17 =)} cos [(i' - &) -(L- @)]. 
where, however, the supplemental term is taken to the third order only. 
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480 . 

ON THE EXPRESSION OF DELAUNAY’S I, g, h, IN TERMS OF 
HIS FINALLY ADOPTED CONSTANTS. 

[From the Monthly Notices of the Royal Astronomical Society, vol. xxxil. (1871 — 72), 

pp. 8 — 16 .] 

We have in Delaunay’s lunar theory, 

I, the mean anomaly of the Moon, 

g, the mean distance of perigee from ascending node, 

h, the mean longitude of ascending node, 

quantities which vary directly as the time, the coefficients of t, or values of 

ctt at at 

beiug given in his Theorie du Mouvement de la Lune, vol, n. pp. 237, 238. But 
these values are not expressed in terms of his constants a (or n), e, y, finally adopted 
as explained p. 800, and it seems very desirable to obtain the expressions of I, g, h, 
in terms of these finally adopted constants: I have accordingly effected this trans- 
formation (which I found less laborious than I had anticipated). It will be convenient 
to imagine the a, n, e, 7 of pp. 237, 238 replaced by A, JV, E, T respectively. This 

being so, and writing m for the of p. 800 we have, p. 800, 

A = a |l + [~f ^ 

0/ 

+ (- f + 37“ - f - e's - 27a -F f - 1- 1 T^e'® - ^ e* - 1 - f e'O 

+ (- 1 7* - W + ¥ 7* + ¥ ^ T’e'* -1- ® e* - ^ 

+ (W- Wt®- W + 

+ (W - + 

+ ¥¥ 
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ON THE EXPRESSION OF DELAUNAY’s I, g, h, &C. 
and hence calculating K from the formula = we find 




+ ( 1 - 1 7® + 1 e® + f e'= + 3y - -i/. 7 ^ 6 = - fe'^ + ^ ^ e'*) m 

+ (¥ f - W + -®fr - - W ^ + H¥- 

+ (-W+ 

+ (- W + W r* + ^ ^ e'O m' 

+ (- 

= ?i(l + Q) suppose. 

The values of E, F are given, p. 800, but for the present purpose we only require 
E^, and F* to the fifth order’, viz. the values of these are at once found to be 

= e" (1 + li «i= - m% 

whence also E* = e/^ and F^=7*. 

The formulae of pp. 237 — 238 now give 

I = nt |l + [- f ^ m?] 

' (- f + ¥ f - i e= - V e'" + ¥ y* - ^ ^ 7=e'» - 1 e=e'= - e'‘) 'j 

+ ( -(1 + 0)-^ 
l + (- + , 

(i- W +¥7“ - W 6'““ - 7^+ W 7^«^ + ^ 7‘e'^+ eV=) 

+(W7’-W6=)m” |(i+er- 

+ i- W + 7^- W W e'=)m‘(l + Q)-=> 

+ (- + ^¥5^ 7“ - e'O m' (1 + Q)-* 

+ (- + 

+ (“ Wi' (1 + Q)-« 

(Observe that writing herein Q = 0, and omitting the terms in m* and m' in the 
coefficient of (1 + Q)~\ and the term in m' in the coefficient of (1 + Q)~^, we have the 
original formula of p. 237) 

g = nt 


+ ( (f - ¥ 7 “ + 1 «“ + 1 e'** - ^ 7^ + 1 5 7*e« - ^ 7 V» - §1 e* + If e»e'* + ff e'O m» 'I 
+ (-Mf + 

+ (W¥-We»)m' 


(i + Q)-‘ 


C. VII. 


67 
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+ (^ - -W 7°- W e°+ e'0m‘(l+(2)-® 

+ (^W - 7" - O »»' (1 + <2)~* 

+ jw'a + Q)"“ 

{where writing Q = 0, and omitting the terms in m* and m® in the coefiScient of 
(1 + Q)~S and the term in m® in the coefficient of (1 + Q)““, we have the original 
formula of p. 237). And 

+ f (- f + f T* - 1 - ¥r*e"+ f 7“e'® + fi e® - f e®e'"-ff ^ 


a + Q)- 


+ (m-W'f- W e“+ We'0m‘(l + Q)-® 

+ (TO - ^ 7“ - «“ + W e'®) m® (1 + Q)-® 

+ ^m-m«(l + Q)-® 

{where writing Q = 0, and omitting the terms in m* and m® in the coefficient of 
(1 + Q)~S and the term in m® in the coefficient of (1 + Q)~®, we have the original 
formula of p. 238). We hence have 

I =nt {A + (1 + .B) Q + BQ®}, 

= nt {A. + Q + £Q + OQ^], 
g = nt{A’ + B'Q + C'^}, 
h=nt {A"+B"Q+0"Q% 

where ^omitting the terms in 

A = l + (— J +^7®~ I e“— ^ e'“+ ^ 7®e“+^7®e'®— ■^e'®)m“ 

+ (- W+ ¥7“ - We= - W e'“- ^ 7* + ^7”e= + ^ f e'“+ W - We'O m> 

+ (- W + W 7*- ^ W) 
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^ = (i “¥7“+ i e=+ ^ e'=)m= 

+ ( W - ¥ f + W + W e'^) 

+ W 
+ 

G = - i m= 

- ^ m?. 


^'= (I - ¥ 7 “+ I «“+ i ¥ 7*+ 15 7^6“ - ^ 7^6'=- ^ ei^ + ^^e'^ + ^e'^) 
+ (¥- Wf - W «' + We'' + -4^7*- -W'fe'^ + U^e* - J^e^e'O m’ 



+ ( W - 7“ - e'=) m» 


+ 


+ ^W®^- 

■8'= (- f + ^ 7 =- I e=- I e'O®^ 

+ (_ 5^ + isi y + ^9^ gs _ e'2) 




_l^TO“. 


m® 


(7' = t m^ 

+ ^m*. 

4"= (_| + |yi_|es-| e'»--^7’e='+ | 7V“ + li e‘ - | e^e'^- || e'* )m* 
+ ( ^-!^7 *-We“ + Me'“ + !i7* e* -^^e“0®* 

+ (Hi - M f- W e»+ WO®* 

+ ( W - W 7“ - e® + W «'*) ®‘ 

+ W^®’ 

+ 'Wf'®^- 

5" = + ( I - I 7 ®+ I e*4- 1 e'*)m» 

+ (-A + ^7* + W^-ftfi'’)®‘ 

- ffi ®" 

-w®"- 


0 " = - f m» 

+ M®*- 


67—2 
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And in terms £Q, FQ, F'Q, we have 




and in the terms CQ^, C'^, G''Q% simply <^=711*. Hence finally the required values of 
I, g, h, are 


l = nt 




+ (- 1 + + 1 e* - 1 e'^ + ^ f 6? + 9fe'' + ^ ^ e=e'2 - If e'O 

+ (- W + ^ 7“ + W - W e'" - 7 * - M ^ f e'" + ^ eVO m’ 

+ (- W + -W f + W W e'Om* 

+ (- f 

+ (“ 


g='rit\ 


Co 

+ (f-¥f+ I e“+ I e'*-^ 7‘+l5feS-;^rySe'S_||g4 + ^g2g'2+^g/4)^2 

+ (¥ - W 7 " - W e* + W e'* + 7 * - ¥ 1 ^ fe* - ¥F f ^ 

+ (¥f^-W 7 *-W^-W 
+ ( W - W 7* - e» + e'O 

+ 


A = m«| [-||jre=— 

+ (- I + I 7®- I e®- |e'®-^7®e®+ | 7"e'® + fi -|e®e'®- || s'* )m® 

+ ( A-|| 7 “-We'+|fe'Hff 7 * +W 7 *e“-!| 7 “e'®-f||«‘-W «“«'“)«!* 

+ ( M-M7*-We’ + We'’)«»' 
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which values satisfy, as th^y should do, the equation Z + ^ + A = I recall that the 
precise signification of the constants is as follows : % is the coefficient of t in the 
expression of the Moon's longitude in terms of the time, a the corresponding elliptic 
value of the mean distance (7iW = sum of masses), e the eccentricity, such that in the 
expression of the longitude the coefficient of the leading term of the equation of the 
centre has its elliptic value 

and 7 the sine of the half-inclination, such that in the expression of the latitude the 
coefficient of the leading term has its elliptic value 

= 27 - 27^2 - J 7« 4- ^ 76 ^ + J r/e® - ^ rygC 

7}! 

n\ a' are the mean motion and mean distance of the Sun, m = — , and e' is the 

n 

eccentricity of the Sun's orbit, considered as constant. 
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481 . 

ON THE EXPEESSION OF M. DELAUNAY’S h+g IN TEEMS OF 
HIS FINALLY ADOPTED CONSTANTS. 

[From the Monthly Notices of the Royal Astronomical Society, voL xxxii. (1871 — 72), 

p. 74.] 

I TTAT> the pleasure of receiving from M. Delaunay a letter dated Paris, l7th Dec. 
1871, in which he informs me that, on referring to his papers, he had found there 
expressions for I, g, h, identical with those given hy me in the November Number of 
the MonOihf Notices, — ^with only a single typographical error, instead of |f 

[ante p. 532, corrected] in my expression of h. 

M. Delaunay mentions also that he had obtained four additional terms in the 
expression for h+g (longitude of the Moon’s perigee), and that the complete expression 
in terms of the finally adopted constants is 

k+g= 

+ (^ - ^ f - W ^ + W e'* + ^ 7* + f e'® - W 

+ ( W - ^ 7* - W + W 

+ ( f 

[Observe that h + g is =:nt — l, and compare with the expression for I, ante p. 532.] 
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482 . 

NOTE ON A PAIR OF DIFFERENTIAL EQUATIONS IN THE 

LUNAR THEORY. 


[From the Monthly Notices of the Royal Astronomioal Society, vol. xxxil. (1871 — 72), 

pp. 31—32.] 


The equations 


(s)’ + i. = <»•’(> li + 1 


d 2^ 
dt^ dt 


=jmY { — f sin (2w - 2mt)}, 


taking therein j = k = l in effect present themselves in the Lunar Theory, and 
particular integrals in series have been obtained, the development being carried to a 
great extent; but I give the results only as far as m*, viz., writing 


we have 


t — mt—D, 

i; = i + (jyt H TO® + ^ m‘) sin 2D 

sin4D, 

i = l+ iTO® 

+ ( TO® + Jjf TO®+-I^TO®)c08 2D 
+ I TO* cos4D. 


In the Lunar Theory j and h are properly each = — (E the mass of the 

l + r? 


Earth, to' that of the Sun), but they are taken to be = 1 ; the numerical difference 
is inappreciable; but there would be a considerable theoretical advantage in retaining 
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in the equations the coeflBcients j, h [regarded as each of them = h ] : in fact, the 
developments could then be arranged according to the powers of k, that is according to 
the powers of the disturbing force; whereas, when k is taken =1, we have only a 
development in powers of m, and since m also presents itself through the coefficient 
2 - 2ni of i in 2'y — 2mf, terms which are really of different orders in regard to the 
disturbing force, are united together into a single term : so that, instead of a term 
of the form (Ak + + &c.) niP, where A, B, are numerical, we have the term 

(ii + £ + . .) wP, where of course A + B ,, is given as a single numerical coefficient. 
There is no equal advantage in retaining the two coefficients k, j, as this only serves 
to show how a term arises from the central and tangential forces respectively ; thus 
retaining these coefficients, the integrals as far as m- are 

'y = t + (^k + sin 2 D, 

- ~ 1 + i m^k + + ^j) m- cos 21), 

P 

agreeing with the former result when k=j==li but there is, nevertheless, some interest 
in retaining the two coefficients. I hope to develope the results somewhat further, 
and to communicate them to the Society. 
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483 . 


ON A PAIR OF DIFFERENTIAL EQUATIONS IN THE LUNAR 

THEORY. 


[From the Monthly Notices of the Boyal Astronomical Society, vol. xxxii. (1871 — 72), 

pp. 201—206.] 


I CONSIDER the diflferential equations 

(§)' + ^ 

It §) =jrny { - 1 sin {2v - 2m#)}, 


which when j = A = l give the following equations in the lunar theory {L — t—vit): 


; = 1 + ^ m* - ^ m* - II m' - ffl m‘ - 




im* 


+ cos 2i) [m“ + -^ m* + .^ m'* + ^ m' + m* + 

+ ^sig IMF 

+ cos 42) [| ^ m« + w? + mmW rn? + 

+co86i)[iii 
+ cos 8D [|m m« + 


or as fer as m', 

p = l- |m“ + |f|m* + ffm' + ^ 

+ coa2D[- m*- m*- 4^ m*- 

+ cos 4Z) [- 1 m* - m' — m« - 

+ cos 6D [- 


0. vn. 


68 
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is given by M. Delaunay only as far as m', the additional terms of i and expression 

for p were kindly communicated to me by Prof. Adamsj ; and 
v = t 

+ sin 2D (-y- TO® + f| m* + ^ m* 4- 

+ sin 4D TO‘ + Iff TO' + to' + TO®) 

+ sin6D(|efTO*+fffMiTO0 
•(Delaunay, t. n. pp. 815, 836, 845). 

To integrate the original equations write 

p = H-pi + P3+ ..., 
y = ^ Vl -h Vo ’{'••• 3 

where the suffixes indicate the degrees in the coefficients &, j conjointly : the equations 
for pn, Vn take the form 

where V*, Un, Pn> Qn do not contain p„ or Vn. From the second equation we have 

+ 2p}i +Un = Da + dt, 

where G» is a constant of integration, the integral jPndt containing only periodic 
terms; and then adding twice this to the first equation we have 

I ^ + P« + F„ + 2 U-„ = 2Q„ + + 2 J P„ di 


which determines p„; and substituting its value m the other equation we have 

dvn 


dVn 
di ’ 


and thence the constant is determined so that may contain no constant 


term. We have 
Fa=0, 


y. _ . d% dVi dVi (dvA- 

^ dt dt ^‘^dt~^\M) 


n7J 

~ 2ps -^ + fipips - 4pi*, 


&c. 


dt 

?/i = 0, 

^8 = 2pi ^ + (2pj + pi®) ~ + 2pipj, 


&c. 
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Qx = km? (i + f cos 2D), 

Qa = km^ (Svi sin 2D + pxQ + § cos 2D)|, 
Qa = km‘ {— 3?)2 sin 2D — 3 di® cos 2D 
+ piVi . 3 sin 2D 

+ Pa (i + f cos 2D)}, 

&;c. 


Pj=jm=(- 1 sin 2D), 

Pa =Jm^ (— 3^)^ cos D - 3pi sin 2D), 
P3 =Jm^ {— 3^2 cos 2D + Svi‘ sin 2D 
— GpxVi cos 2D 

+ (2/33 + pi ^) . - 1 sin 2D}, 
&c. 


In particulaa.' attending to the values of Pi, Qi the equations for pi, Vj are in their 
original form 

dt ~di - 3pi + 2 + f cos 2D), 

+ -|siu2D), 

whence in the transformed form they are 

i3 

: cos 2D, 




and 


dt +2pi = ^ii + 4(i^)' 


d=pi 


+ Pi = 2fli + + f cos 2D) + cos 2D, 


dv 

Thus the constant term of pi is 2121 + ^km?, giving in ^ a constant term — 3f2i — km? 
this must vanish, or we have Clx — — ^ km^ ■, and the equations thus become 

J^+2pi = -i^m= + j^^cos2D, 

W Pi = - i + (f W + j cos 2D, 
and then completing the integration 


— JL Tjwvti J 2 iviiv 

“ (3 — 8m + 4m^ (1 — m) (3 — 8m + 4 m®) 

f ikm? 

Vi = 


cos 2D, 


f . |im®(7-8m + 4m®) ) . ^ 

1(1 - m) (3 - 8m + 4m®) (1 - m)® (3 - 8m 4 4m®)J ’ 


which are the accurate values of pi and Vi. 

Expanding as far as m® we have 

Px = k(—^m?) + eoB2D{ k{— ^ m?— ^ m?— ^ m?— ^ m?— ^ m?) 

4y(-i m®-^m»- ff m*- ^ m?- m®)}. 


= k{— — — — 


m?- m®) , 

68—2 


which for j = & is 
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and 

Vi= sm2D{ ^!( I ft ^ ^ «i*) 

+ i( + + 

which for j = A; is =k{ + ^ . 

I have, not in general, but for the value j = k, calculated and % as far as : 
I have not made the calculation for ps and V 3 , but their values may be deduced from 
the forgoing values of p, »; the final expressions (when j=l:) of p, = l+pi+pi+pz+ ••• 


t+Vi + « 2 +V 3 ... axe 


r-H 

II 

) 

+ k 

+ i?( 

ft 

+ ^( 

- tMf^O 

+ cos 2D { k {- 

^ mf- ^ mf) 

+ ]<?{ 

1 m*+ ^ m'+ ^ m®) 

+ k?( 

-am*)! 

+ cos 4D { Ji?{ 


+ ^( 

+ »‘)1 

+ cos6D{ 1<?{ 

- & 

v=t 


+ sin 2D { k + ^ m' + m®) 

+ ¥{ 

- -1 m®- m®- ^ m®) 

+ ¥{ 

-a ”>')} 

+ sin 4D { 

|^m®+ fif 

+ ^( 

- i «')i 

+ sin 6D { k?{ 

+ WW «•)); 


which for ^ = 1 agree with the foregoing formulae (verifying them as far as m'); the 
present formulae exhibit the manner in which the expressions depend on the several 
powers of the disturbing force. 
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484 . 

ON THE VAEIATIONS OF THE POSITION OF THE OEBIT IN 

THE PLANETAEY THEOEY. 


[From the Monthly Notices of the Royal Astronomical Society, vol. xxxiL (1871 — 72), 

pp. 206—211.] 

It has always appeared to me that in the Planetary Theory, more especially when 
the method of the variation of the elements is made nse of, there is a difficulty as 
to the proper mode of dealing with the inclinations and longitudes of the nodes, 
hindering the ulterior development of the theory. Considering the case of two planets 
m, m', and referring their orbits to any fixed plane and fixed origin of longitudes 
therein, let 6, S' be the longitudes of the nodes, <f>, the inclinations (p = tan ^ sin d, 
q = tm<f>cos6, &c., as usual); then the disturbing functions for m, m! respectively are 
developed, not explicitly in terms of j/, B, O', but in terms of $, the mutual 
inclination of the two orbits, and of @, ©' the longitudes in the two orbits respectively 
of the mutual node of the two orbits; O and @, being functions (and complicated 
ones) of <}>, <!>', 6, &, Moreover, although in the general theory of the secular variations 
of the orbits of the planetary system, B, (j>, &c., are, as above, referred to one fixed 
plane (the ecliptic of a certain date), yet in the theory of each particular planet it 
is the practice, and obviously the convenient one, to refer for such planet the B, ^ 
to its own fixed plane (the orbit of the planet at a certain date), the effect of course 
being that and consequently p, q, instead of being of the order of the inclinations 
to the ecliptic, are only of the order of the disturbing forces. It has occurred to me 
that the last-mentioned plan should be adhered to throfoghmi; viz., that for each 
planet m, the position of its variable orbit should be determined by B, the longitude 
of its node, and the inclination in reference to the appropriate fixed plane (orbit 
of the planet at a certain date) and origin of longitude therein. The disturbing 
functions for the planets m and m' will of course depend not only on B, <t>', 

but on the quantities <I>, 0, 0' which determine the mutual positions of the two fixed 
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planes of reference and origins of longitude therein, these last being however ahsolute 
constants not affected by any variation of the elements; so that as regards the variation 
of the elements the disturbing functions are in fact given as eseplicit functions of the 
variable elements 6, ff, <f), 4>' j and where and therefore also p, q, p', f are only 

of the order of the disturbing forces. 

I proceed to work out this idea, for the present considering the development of 
the Disturbing Function only as far as the first powers of p, q, &c. For comparison 
with the ordinary theory, observe that in this theory the disturbing function contains 
only the second powers of the p, q> &c., made use of therein; these are in fact of a 
form such as P+p, Q + q, ... where P, Q are absolute constants and p, q, ... are the 
p, q,... of the present theory; the ordinary theory gives therefore in the disturbing 
function a series of terms involving (P+p)% (P+p)(Q + 9)> ••• which I now take 
account of only as far as the first powers of p, q, ... viz., they are in effect reduced 
to P' + SPp, PQ + Pq + Qp, &e — The present theory is thus not now developed to 
the extent of giving the p, q, ... of the ordinary theory in the more complete form 
as the solutions of a system of simultaneous linear differential equations, but only to 
the extent of obtaining for these p, q,... respectively the terms which are proportional 
to the time. 

I commence with the following subsidiary problem. Consider a spherical triangle 
ABG (sides a, b, o, angles A, B, G, as usual), and taking the side o as constant, but 
the angles A and B as variable, let it be required to find the variations of 0, a, b 
in terms of variations dA, dB and the variable elements G, a, b themselves. Although 
the geometrical proof would be more simple, I give the analytical one, as it may be 
useful 


We have 
and thence 

that is 

or finally 
Next 


cos 0 = - cos A cos P + sin A sinPcosc, 

- sin GdG — (sin A cos 5 + cos A sin B cos c) dA 
+ (sin P cos A + sin A cos P cos c) dB 
_ sinPsinc . sin A sine 


sinPeosS , . , sinAcosa 

— ^TTi. — T = 

sm 0 sin a 


— dG= cos bdA + cos adB. 
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or, substituting for dG its value, 


smc 


sin-* 

sin 0 
sin® G 


Q j dA (sin (7 cos .4 + cos G sin A cos b) + dB cos G sin A cos a k 


j . sin sinScos a ^ ■ a i 

, [. (jiji (>03 (7 sin 4 cos a\ , 


sin a 


that is 


sinJ. . 


da= — — sin 5 + cos (7 sin il I ^ . — , 
sin (7 ' " I > 


sin a 


sin G 


smc 


or, on the right-hand writing instead of , this is 
” ° sina smc 


da = (dA sin h-\-dB cos G sin a ) ; 

sm (7 ^ ’ 

and similarly 

1 

db = (dB sin a+ dA cos G sin b). 

Now let the continuous lines represent the orbits of m, m! at certain dates, 
0, Q the origins of longitude therein; and the dotted lines the variable orbits of the 
planets respectively. 


m' 



Write 

0(7= ®, GA = e, /:GAG' = <I>, 

QG = ®', GB = e', ^GBG=^', 

ZC7 = <I>. 

Then, answering to the notation of the lemma, we have 

a = e', b = e, 0 = 'J), dA = j>, dB 
or say = tan <j>, 



G'B = a + da, 

= & + (tan sin ^ — tan cos sin &), 
^6' + -ri;^ {jp-p' cos $), 


whence 
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G'A^h^dh, 

= 6+ . (— tan ff sin <f>' 4- tan 6 cos <I> sin 0), 

sin 

= 0- (o' ~p cos 4>), 

sin <i> 

Z 0' = G + dG—^ ~cos0 tan ^ + cos 0' tan = $ — g + q'. 

Suppose V, •»' are the longitudes of the planets in their two orbits respectively; 
that is 

V =0A + Am =@ + 0 +J.m, 
v' = Q£ + Bfnf = @ + ^' + -Bm') 

whence 

G'm =G'A+Am, =v --r^{p'-p cos*), 

S1I3. S*r 

G'm' = G'B + Bm, =v'-&' + (p - p' cos <I>), 

S3JQ y/ 

za' = ^-3 + 3'; 

say these values are -y — @ + ^y' — -1- a?', + y. Then if S is the angular distance 

mm! of the two planets, 

cos jy “ cos (^/ — 0 + izj) cos (^' — 0' + ^y') + sin (z; — @ + oc) (sin z;' — 0' + co') cos ($ + y\ 

= cos (z; — 0) cos (z;' — 0') + sin (z; — @) sin (z;' — 0') cos $ 

+ 53 [— sin (z 3 — 0) cos (z;' — 0') + cos {v — 0) sin (z;' — 0') cos $] 

4- of [— cos (z; — 0) sin {v — 0') + sin (z; — 0) cos (z;' — 0') cos <J>] 

+ z/ [— sin (z; — 0) sin (z;' — 0') sin <I>], 

= cos 5" 4 - V suppose. 


The disturbing function for the planet m disturbed by m' is 

1 


£1 = m' - ■ 


^ r cos in 
W J’ 


Vya 4- /2 _ 277^ COS H 

(0 = — JB, if B is the disturbing function of the 
hereof which involves V is 

= V ^ 

<Z . cos if 

where after the differentiation cos H is replaced by cos E, 


'ue Geleste); and the term 


= m 


r/ 


' + r'®-2?T'co8S)^ r' 





484] 


THE ORBIT IN THE PLANETARY THEORY. 


545 


viz., this is a linear function of so, x', y, that is of p, q, p', q', with coeflScients which of 
course involve the other variable elements and the time; but it will be remembered 
that @, $ are not variable elements, but are absolute constants. The variations 


of p depend upon ^ and those of g' on and the quantities p, q, p', g', ... 
disappear from these differential coefficients that is, disregarding periodic 

terms, and the variations of the elements, we obtain ^ absolute constants, or 


reckoning the time from the epoch belonging to the fixed orbit of m, we have p, q 
as mere multiples of the time {p — At, q = Bt, where A and B are constants); agreeing 
with the statement preceding the investigation. 


Observe that the p, q, as used above, have reference not only to the fixed orbit of 
m, but also to the node thereon of the fixed orbit of m': we may, if we please, write 
p = tan ^ sin ([@ + 6), q = tan cos (® + 6), that is, p = g sin @ cos @, Q = q cos 0 —p sin @ 
(or = p cos ® — q sin @, g' = P sin ® + q cos 0), and in place of p, q introduce into the 
formulas p and q, which have reference only to the fixed orbit of m, and similarly 
writing p' — tan <f)' sin (0' + 6'), q' = tan <f)' cos (0 + 6'), instead of p', q' introduce p', q' 
which have reference only to the fixed orbit of m'. 

I remark that a table for the relative positions of the orbits of the eight Planets 
for the Epoch 1st January, 1830, is given in Leverrier’s Annales de I’Observ. de Pwris, 
t. ll. (18.5C), pp. 64 — 66. 


c. vn. 


69 



146 


PROBLEMS AND SOLUTIONS. 


[485 


485 . 

PROBLEMS AND SOLUTIONS. 


[From the Mathematical Questimvs with their Solutions from the Educational Times, 

vok V. to xn. (1866—1869).] 

[Vol. V., January to July, 1866, p. 17.] 

1791 . (Proposed by Professor Cayley.) — Given a quartic curve i7= 0 , to find three 
cubic curves P = 0 , Q = 0 , iJ = 0 , each meeting the quartic in the same six points 
1 , 2, 3, 4, 5, 6 , and such that P = 0 , P = 0 may besides meet the quartic in the same 
three points a, 6, c, and that Q = 0 , jB = 0 may besides meet the quartic in the same 
three points a, 7 . 


[Yol. v. pp. 25, 26.] 

N ote on the Problems in regard to a Conic defined by five Conditions of Intersection. 

I use the word “ intersection " rather than “ contact ” because it extends to the 
case of a 1 -pointic intersection, which cannot be termed a contact. The conditions 
referred to are that the conic shall have with a given curve, at a point given or 
not given, a 1 -pointic intersection, a 2 -pointic intersection (= ordinary contact), a 
3-pointic intersection, &a, as the case may be. It may be noticed that when the 
point on the curve is a given point, the condition of a A-pointic intersection is really 
only the condition that the conic shall pass through k given points; though from the 
circumstance that these are consecutive points on a conic, the formulae for a conic 
passing through k discrete points require material alteration; for instance, in the two 
questions to find the equation of a conic passing through five given points, and to 
find the equation of a conic having at a given point of a given curve 6 -poiatic inter- 
section with the curve, the forms of the solutions are very different firom each other. 

The foregoing remark shows, however, that it is proper to detach the conditions 
which relate to intersections at given points; and consequently attending only to the 
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conditions which relate to intersection at an unascertained point (of course the inter- 
sections referred to must be at least 2-pointic, for otherwise there is no condition at 
all) we may consider the conics which pass through four points and satisfy one con- 
dition ; or which pass through three points and satisfy two conditions ; or which pass 
through two points and satisfy three conditions; or which pass through one point and 
satisfy four conditions ; or which satisfy five conditions. Considering in particular the 
last case, let 1 denote that the conic has 2-pointie intersection, 2 that it has 3-pointic 
intersection, ... 5 that it has 6-pointic intersection with a given curve at an unascertained 
point. 

Then the problems are in the first instance 


5; 4,1; 3,2; 3,1,1; 2,2,1; 2, 1, 1, 1 ; 1, 1. 1, 1, 1. 


But the intersections may be intersections with the same given curve or with different 
given curves; and we have thus in all 27 problems, viz. these are as given in the 
following table, where the colons (:) separate those conditions which refer to different 
curves ; 


No. of 
Prob. 

Conditions. 

No. of 
Prob. 

Conditions. 

No. of 
Prob. 

Conditions. 

1 

5 



10 


1 

1 



19 

3: 

1 

1 



2 

i , 

1 


11 

3: 

1, 

1 



20 

2: 

2 

1 



3 

3, 

2 


12 

2, 

2' 

1 



21 

2, 

1 

1 : 

1 


4 

3. 

1, 

1 

13 

2 

1 

2 



22 

2 : 

1, 

1 

1 


5 

2, 

2, 

1 

14 

2, 

1, 

1 

1 


23 

1, 

1, 

1 

1 

1 

6 

2, 

1, 

1, 1 

15 

2, 

1 

1, 

1 


24 

1, 

1 

1, 

1 

1 

7 

1, 

1, 

1, 1, 1 

16 

2; 

1, 

1, 

1 


25 

2; 

;1 

1 

1 


8 

4; 

1 


17 

1, 

1, 

1, 

1 : 

1 

26 

1, 

1 

1 

1; 

;1 

9 

3: 

2 


18 

1, 

1, 

1 ; 

:1, 

1 

27 

1 ; 

;1 

1 

1 

:1 


Thus Problem 1 is to find a conic having 6-pointic intersection with a given curve 
Problem 2 a conic having 5-pointic intersection and also 2-pomtic intersection with a 
given curve... Problem 7 is to find a conic having five 2-pointic intersections with 
(touching at five distinct points) a given curve.... Problem 27 is to find a conic having 
2-pointic intersection with (touching) each of five given curves. Or we may in each 
case take the problem to be merely to find the number of the conics which satisfy 
the required conditions. This number is known in Prob. 1, for the case of a curve 
of the order ra without singularities, viz. the number is =m(12TO— 27). It is also 
known in Problems 25 and 26 in the case where the first curve (that to which the 
symbol 2, or 1, 1 relates) is a curve without singularities ; and it is known in Prob. 27, 
viz. if m, n, p, q, r be the orders and M, N, P, Q, M the classes of the five curves 

69—2 
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respectively, then the number is -{M, m){F, n)(P, p)(Q, '>') {!> 2 , 4, 4, 2 , 1 }, that 

is, 1 MNPQR + 2 "SiMNPQ r + &c. The number is not, I believe, known in any other 
of the problems. In particular, (Prob. 7) we do not as yet know the number of the 
conics which touch a given curve at five points. It would be interesting to obtain this 
number ; but (judging fi:om the analogous question of finding the double tangents of a 
curve) the problem is probably a very difficult one. 


[Vol. V. p. 37.] 


1857. (Proposed by Professor Caylbt.)— I f for shortness we put 

P=a!« + ^» + 2 «, Q = yz^ + B =xyz, 

P„ = a*+6’+c*, Qo = 'bc^ + h^c +ca^ + c^a + ah^ + a^b, B^-ahc-, 


then (a, jS, 7 ) being arbitrary, show that the cubic curves 


a , ^ , y 
P, Q, R 

Pot Qot Ro 


= 0 pass all 


of them through the same nine points, lying sis of them upon a conic and three of 
them upon a line; and find the equations of the conic and line, and the coordinates 
of the nine points of intersection; find also the values of (a : : 7 ) in order that 
the cubic curve may break up into the conic and line. 


[VoL V. p. 37.] 

1730. (Proposed by Professor Catlet.) — S how that (I) the condition in order that 
the roots ki. of the equation 

yP‘ + (-g-^a + ^B + ^y)k? + (-y-^a-^B + ^)k-a = 0 (A) 

may be connected by a relation of the form 

kg (ki ~ ~ (k^ — k^ = 0 , ( 1 ) 

and (II) the result of the elimination of a, h, c firom the equations 

a®(6+c)=-2a, (2) 

6 ‘“(o+a)= W, (3) 

c»(a + 6)=_27, (4) 

(b-c){e-a){a-h) = -^g, (5) 

are each 

4 (^ - 7 ) (y ~ “) (® ~ 5 '® + 4 (- + 42a®jS“ - ^Xe^Rrf) f 

+ (^-7)(7-«)(«-^)S' + 2O-7)*(7-a)“(a-/3)* = 0. (B) 
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[Vol. V. pp. 38, 39.] 

1834. (Proposed by Professor Cayley.) — 1. It is required to find on a given cubic 
curve three points A, B, C, such that, writing x = 0, y = 0, z = 0 for the equations of 
the lines BG, GA, AB respectively, the cubic curve may be transformable into itself by 
the inverse substitution (a®~’, 7^*) in place of on, y, z respectively, a, jS, 7 being 

disposable constants. 

2. In the cubic curve ax {y- + 2;“) + hy {z^ + af) + cz (x^ + y^) + %xyz — 0 the inverse 
points {x, y, z) and (aj“\ if''-, z~') are con’esponding points (that is, the tangents at 
these two points meet on the curve). 


Solution by the Proposer, S. Roberts, M.A., and others. 


Since the points A, B, G are on the curve, the equation is of the form 
fy^z + gz'^x + lia?y + iyi^' + jzx? 4- hxy'' + 2lxyz = 0 ; 

hence this equation must be equivalent to 

= o 

y^z z^x a?y ys^ za? xy" xyz 


or, 


j^y^z-\-k'^^x-'ri^a?y -^h'^ yz^ + za? + g ^xy'' + 2lxyz = 0, 

which will be the case if 


_ a «, I -■'y /- a ... I ®«.-2 I . 


... a J 


h = i- 


■ z, “ ■ 

^ = ft - , 1 = / - , 

ry ’ •' •'a. 



This implies fgh = ijk-, and if this condition be satisfied, then a : ^ : 7 can be deter- 
mined, viz. we have a : ^ : j = if : ij : hf, which satisfy the remaining equations, so 
that the only condition is fgh = ijk. 


Writing in the equation of the curve x-0, we find fy'^z + iyz^ = 0, that is, the line 
«! = 0 meets the curve in the points {x = 0, y — 0), (« = 0, z = 0), and {x =0, fy + iz = 0). 
We have thus on the curve the three points 

{x = 0,Jy+ iz = 0), (y = 0, gz+jx = 0), (z = 0,hx + ky = 0), 

and in virtue of the assumed relation fgh = ijk, these three points lie in a line. 

Hence the points A, B, G must be such that BG, GA, AB respectively meet the curve 
in points A', B', G', which three points lie in a line; that is, we have a quadrilateral 
whereof the six angles A, B, G, A', B, G' all lie on the curve. It is well known 
that the opposite angles A and A', B and B, G and O' must be corresponding points, 
that is, points the tangents at which meet on the curve. And conversely taking A, G 

any two points on the curve. A' a corresponding point to A (any one of the four 
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corresponding points), then AC, A'G will meet the curve in the corresponding points 
F, B\ and AB, A'B' will meet on the curve in a point C corresponding to G, giving 
the inscribed quadrilateral (J., B, 0, A', B', G ') ; the triangle ABC is therefore constructed. 

It is to he remarked that the equation fgh = ijk being satisfied, we may without 
any real loss of generality write f=j,g = h, h=i, and therefore a — B = hence 
changing the constants we have the theorem: the inverse points (as, y, z), (ai~\ y~^, zr'^) 
are corresponding points on the curve 

ass + z^) + hy {z^ + x^) + ess{a? + ^)+ 2lsoyz = 0 . 


[Vol. V. pp. o7, 58.] 

AddiUon to the Note on the Problems in regard to a Conic defined by five Conditions of 

Intersection, 

Since writing the Note in question, I have found that a solution of Problem 1 
has been given by M. De Jonqui^res in the paper “Du Contact des Courbes Planes, 
&c.,” NomelUs Anmles de Math^matiques, vol. ni. (1864), pp. 218 — 222 : viz. the number 
of conics which touch a curve of the order n in five distinct points is stated to be 


n(n—l)(n — 2) {n - 3) (w - 4) 
1 . 2 . 3 . 4. 5 


+ Un* - oM - 495?i= + 1584 k, + 15). 


There are given also the following results; the number of conics which pass 
through two given points and touch a curve of the order n in three distinct points is 

and the number of conics which pass through a given point and touch a curve of 
the order n in four distinct points is 


7 9 S 


3772,2 -11871 + 282). 


These formnlse are given without demonstration, and with an expression of doubt as 
regards their exaetness-(" elles sont exactes, je crois”); they apply, of course, to a 
curve of the order n without singularities; but assuming them to be accurate, the 
means exist for adapting them to the case of a curve with singularities. 

[There is also a paper on the same subject in the AnvaUs for January, 1866 
(pp. 17 20), from the Editors Note to which we have introduced a correction (+15 
instead of - 35) in the formula given above.] 
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[VoL V. pp. 58, 59.] 

1876. (Proposed ty R. Ball, M.A.) — If three of the roots of the equation 
{a, h, c, d, e\x, 1 )'‘ = 0 be in arithmetical progression, show that 


where 


55296 H^J - 2304 - 16632 a?HIJ + 625 - 9261 = 0 , 

S = ac — ¥, I=ae- ibd + 3e^ /= ace + 2bcd - ad^ - ¥e — cl 


Solution by Pbofessor Cayley. 

Write (a, b, c, d, e^x, iy = a{x-a){x — S)(x — <Y){x — h); then putting for a moment 
S + y+B=p, )S 7 + jSS + ryS = 5 , ( 878 =r, and forming the equation 

(8 + 7 - 28) (8 + 8 - 27) (7 + 8 - 28) = 0, 


this is easily reduced to 
But we have 
and hence 


- 2 j)® + 9pq — 27r = 0 . 
a{a^—p!x^ + qx — r){x — a)={a, b, c, d, e\x, 1 )^ 


46 6 c 46 „ 4(Z 6 c 46 , 3 

p = a, o = — + — a + a^ r = a- — a“-al 

^ a ^ a a 


a a 


a 


Substituting these values of p, q, r, the foregoing equation becomes, after all reductions, 

(20 a?, 20 a?h, - 16 a6' + 36 a?o, 128 6» - 216 abo + 108 a?d'^ 0 L, If = 0, 

and from this and the equation (a, 6 , c, d, eja, 1 )^ = 0, eliminating a, we should find 
the condition for three roots in arithmetical progression. But it appears from the theory 
of invariants that the result of the elimination may be obtained by writing 6 = 0, and 
expressing the result so obtained in terms of a, H, I, J. Hence, writing in the two 
equations 6 = 0 , the first equation contains the factor 4a^ and throwing this out, the 
equations become 

5aot^ H“ 27 col ■!" 27d = 0, act"* 6cft^ q* 4da *4“ c = 0 j 

or multiplying the first by a and reducing by means of the second, the two equations 
become 

5aoc^ “b 27 cot “b 27 d = 0, 3cot^ “ 7 do. “b 5c = 0. 

The result is of the degree 5 in the coefficients, but in order to avoid fractions in 
the fin a,l result it is proper to multiply it by a‘; it then becomes 

625 a«e* - 4050 aW + 6561 aVe - 1890 a'ced® + 13122 aW + 9261 0. 


But writing as above 6 = 0 , we have 
a = a, 


= - e = - 
® a ’ a a 


r? “ 


d“ = - 


J HI 4>H\ 
a"^ a“ a* ’ 
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and substituting these values, the result is found to contain the terms 
coefficients which vanish; viz. the coefficient of the first of these terms is 


aP 


with 


+ 168'75+ 24300+ 6561+ 7560 + 18792 - 74088, = 0 ; 


and the coefficient of the second of the two terms is 


- 16875 - 36450 - 19683 - 75168 + 148176, = 0. 


The remaining terms give 
+ 625 

- 5625 -4050-1890 + 9261 
+ 1890 - 18522 

- 18792 + 74088 
+ 9261 


= + 625 a*/® 'j 


= - 2304 aOT 
= - 

= + 55296 W 
= + 9261 a® 


= 0 . 


which is the required result; a more convenient form of writing it is 


(55296 J, - 768 I\ - 5544 IJ, 625 J® + 9261 J^B, af = 0. 


Remaek, If I and J denote as above the two invariants of the form U={a, 6, c, d, e$a>, 1)S 
and if we now use B to denote the Hessian of the form, viz. 

fi’==(cio-6®, ^ (ad -lo), ^(ffie+26c?-3c®), ^(be-cd), ce-dj%x, 1)‘, 

then it appears by the theory of invariants that the equation of the twelfth order 

(55296 J, -768/®, -5544//, 625 /® + 9261 Bf = 0, 

is such that each of its roots forms with some three of the roots of the equation 
17=0 a harmonic progression; viz. if the three roots are yS, % 8, then we have 

iC — ly x — S’ j8+ S — 2y ’ 

so that the roots of the equation of the twelfth order are the twelve values of the 
last-mentioned function of three roots. 


[Vol. V. pp. 65, 66.] 

Oti idte Prohlffffis in rega/rd to a Conic defined by five Conditions of Intersection. 

There has been recently published in the Gomptes Rendus (t. t.ttt pp, 177 — 183 , 
January, 1866) an extract of a memoir " Additions to the Theory of Conics,” by 
M. H. G. Zeuthen (of Copenhagen). The extract gives the solutions of fourteen pro- 
blems, with a brief indication of the method employed for obtaining them. Of these 
problems, four relate to intersections at given points, the remaining ten are included 
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among the twenty-seven problems enumerated in my Note on this subject in the 
January Number of the Educatio/nal Times (JR&print, vol. v., p. 25) ; but two of these 
ten are the problems 25 and 26 which are in my Note stated to have been solved ; 
there are, consequently, of the twenty-seven problems, in all twelve which are solved : 
viz. these are where it is to be observed that Zeuthen’s solutions apply to the case 


No. of Prob. 

1, 8, 10, 12, 14, 17, 19, 21, 23, 25, 26, 27 

Zeuthen’s No. 

— , 14, 13, 11, 8, 3, 12, 7, 2, 6, 1, — 


of a curve of a given order with given numbers of double points and cusps. The 
problems 25 and 26 had been previously solved only in the case of a curve without 

singularities. As to Prob. 27, the solution mentioned in my former Note is in fact 

applicable to the general case. The solution for Prob. 1 may also be extended to this 

general case, viz. for a curve of the order m with B double points and x cusps the 

required number is =m (12m-27) - 24S-27«; or, if n be the class, then this number 
is =12?i— 15m-f9/e; so that all the twelve problems are solved in the general case. 

The results obtained by M. de Jonquieres, as stated in my Note in the March 
Number (Reprint, vol. v., p. 57), seem to be all of them erroneous. In fact, for the 
number of conics passing through two given points and touching a curve of the order 
m in three distinct points (which is a particular case of Prob. 23), Zeuthen’s formula 
applied to a curve without singularities gives this 


instead of the value 
which is 


= ^m(m — 2) (m‘ + 5m® — 17 m® — 49 m -f- 108) 
^m(m — l)(m — 2)(m®-f- 6m® — 19 m— 12) 
= ^ m (m — 2) (m* + 5m® — 25 m® + 7m -1- 12) ; 


and I have by my own investigation verified Zeuthen’s Number. So for the number 
of conics through a given point and touching a curve of the order m in four distinct 
points (which is a particular case of Prob. 17), Zeuthen’s formula applied to a curve 
without singularities gives this 


= m (m - 2) (m - 3) (m® -I- Sm® - 15 m® - 225 m® 140 m 4- 1050) 
instead of the value 


^ m (m - 1) (m - 2) (m- 3) (m‘ -I- 10 m« - 37 m® - 118 m -i- 282) 

which is 

= ^m(m- 2)(m — 3)(m'+ 9m® — 47 m® — 81 m®+ 400 m- 282), 


and it may I think be inferred that the expression obtained for the number of conics 
which touch a given curve in five distinct points (Prob. 7), containing as it does the 
factor (m — 1), is also erroneous. 

C. 711. 


70 
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I have obtained for Proh. 2 a solution which I believe to be accurate; viz. the 
number of the conics (4, 1), (that is, the conics which have with a given curve a 
5-pointic intersection and also a 2-pointic intersection, or ordinary contact), is 

s= 10 + 10 nm — 20 — 130 n + 140 m + 10 « (m + w — 9) — 4 [(n — 3) /c + (m — 3) t] 

where t (the number of inflexions) is —Zn—Zm + K, but I prefer to retain the fore- 
going form, without effecting the substitution. 


[Vol. V. pp. 88, 89.] 

1890. (Proposed by Professor Caylet.) — Find the equation of a conic passing 
through three given points and having double contact with a given conic. 


Solution by the Proposer. 

Let the given points be the angles of the triangle (^r = 0, y = 0, z = 0), and let 
the equation of the given conic be JJ={a, b, c, f, g, K^x, y, zy^O] then the equation 
of the required conic is 

U'-(x>ya + y*/b + z*Jcy = 0, 

for this is a conic having double contact with the conic (7=0, and, since the terms 
^ each vanish, it is also a conic passing through the given points. 

It is clear that there are four conics satisfying the conditions of the Problem, 
viz. putting for shortness 

F =XAja-\-y 4b + z>Jc, Pi — —x*Ja-\-y>yb+Z'Jc, 

Pi = x>Ja — y \Jb + ziJc, P^= x^Ja + y /^b — znjc, 

the four conics are 

ir-P=:0, U-P,^ = 0, U-Py = 0, U~P,^ = Q. 

It may be remarked that the conics P, Pj have a fourth intersection lying on the 
line y»Jb + z^e = 0, and the conics P^, P, a fourth intersection lying on the line 
yKfb — Zh]o\ which two lines are harmonics in regard to the lines y = 0, z = 0. 

Similarly the conics Pj, Pj have a fourth intersection on the line « v'a + z Vc = 0, 
and the conics P, P, a fourth intersection on the line x>Ja-z\/o = 0\ which two lines 
are harmonics in regard to the lines zr = 0, * = 0. And the conics P^, P, have a fourth 
mtersMtion on the line ®Va + 2/ V6 = 0, and the conics P, P, a fourth intersection on 
the line a Vo — y = 0 ; which two lines are harmonics in regard to the lines 

* = 0, y = 0. It may farther be remarked that the equations of any two of the four 
conics may be taken to be 

+ +73^ = 0, oiyz + ^zx + r/aiyszQ, 
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The general equation of a conic having double contact with each of these conics then is 

wV — 2n ('ya' + j a) yz — 2« + y'/S) zx — + [(/Sy — )8'y) « — (yflt' — y'a) yf = 0, 

where n is arbitrary : and, having double contact with this conic, we have (besides 
the above-mentioned two conics) two new conics each passing through the angles of 
the triangle; viz. writing for greater convenience 

^_ (j5y-iQ^7)(7a'-7a) _g- _ , W - jQ V) (ya' - y«) 

K — yy' > TI n ’ 

then the equations of the two new conics are 

y'a yz + y/S' zx + Kxy = 0, yd yz + y$ zx + Kxy = 0. 

In fact, writing the equation under the form 

[xz + (i3y' - 0'y) x + (yd- y'a) yp 

— 4 (ySy' — ^y) (yd — y'a) xy — ^tfit/f/xy 

— 2w (/8y' —^y)xz — 2n (fiy' + ^y) xz 

— 2n (yd — yd) yz — 2m, (yd + y'a) yz = 0, 

we at once see that this is a conic having double contact with the conic '^(iyz+y^'zx+Kxy=0, 
the equation of the chord of contact being nz + (^y — ^’y) x + (yd — y'a) y = 0 : and similarly 
it has double contact with the conic yd yz + y'yS zx + Kxy = 0, the equation of the chord 
of contact being nz - (ySy — ^Q'y) x — (yd — y'a) i/ = 0. 


[Vol. V. pp. 99, 100.] 


1564. (Proposed by Professor Cayley.) — Show that, in the ellipse and its circles 
of maximum and minimum curvature respectively, the semi-ordinates through the focus 
of the ellipse are 

For the circle of maximum curvature = a (1 — e) (1 + 2e)i, 


for the ellipse 

for the cii'cle of minimum curvature 


yi=a(l-^), 

__ a {(1 — e=+e‘)^-« 


and that these values are in the order of increasing magnitude. 


[VoL VI., July to December, 1866, pp. 18, 19.] 

1931. (Proposed by Professor Cayley.) — Find the stationary tangents (or tangents 
at the inflexions) of the nodal cubic 

x(y-zy‘ + y(z— xf + z(x-yy = 0. 


ro— 2 
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Solution hy the Peoposeb. 

The equation may be transfonned into the form 

(-8a: + y+ -s)*+ {(c-Sy + zf-¥ (« + y - 82:)^ = 0 , 

and it thence follows immediately that the stationary tangents are the lines 

-8ic + y + 2 = 0, a!-8y + 2 = 0 , x + y-Sz = 0 , 

respectively, and that the three points of contact, or inflexions, are the intersections of 
these lines with the line a: + y +2 = 0. 

In fact, writing 

X = &c + y+2r, Y = x-\-hy + z, Z = x + y + kz, 

we have identically 
{X+7 + Zy-2lXYZ 

~{k + 2y{x + y + zy-2l(kx + y + z){x + ky+z)(jc + y + kz), 

= (x^ + ^ + i?){{k + 2'f — 2lk} 

+ 3(y2!’‘ + 'fz + za?+ i^x+x^ + ahj) [(k + 2Y — Q {k? + k + 1)} 

+ 3 xyz {2 (k + 2'f-9(k^+Sk + 2)} 

= {h— 1)* (A+8)(ir* + y® + 2 ®)+ 3 (Aj - 1)* {yz^ + y^z ■hza^ + zf‘x + xy^ + a^y ) — 3 (A; — 1)® (7A; + 2) xyz. 
Hence, writing ^=-8, we have 

{X-\-Y-\-Zf — 2*1 XYZ = — 2187 [yz^ + i^z + za? z^x ■]: izy^ ■¥ o^y — 6«ya}, 

= — 2187 [x (y — zY + yiz— xY + z(x — yYj. 

The equation of the given curve is therefore 

(Z+r+^»-27XZ^ = 0, orX^+r^4# = 0, 
where of course X, Y, Z have the values 

X = — + F = 5J — 8y + .2r, Z^x-\-y — %z. 


[Vol. VI. pp. 35—39.] 

1990. (Proposed by Professor Sylvester.) — Prove that the three points in which 
a circular cubic is cut by any transversal are the foci of a Cartesian oval passing 
through the four foci of the cubic. 


Solution by Professor Cayley. 

Some preliminary explanations are required in regard to this remarkable theorem. 

1. I call to mind that a circular cubic (or cubic through the two circular points 
at infinity) has 16 foci, which lie 4 together on 4 different circles; and that the 
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property of 4 concyclic foci is that taking any three of them A, B, C, the distances 
of a point P of the curve from these three foci are connected by a linear relation 
. AP + . BP + V . CP = 0, where X±fi±v = 0, or if as is more convenient the distances 

are considered as +, then where \ + /i + v=0. A circular cubic may be determined 
so as to satisfy 7 conditions; having a focus at a given point is 2 conditions; hence 
a circular cubic may be determined so as to pass through three given points, and to 
have as foci two given points. 

2. A Cartesian, or bicircular cuspidal quartic (that is a quartic having a cusp 
at each of the circular points at infinity) has nine foci, but of these there are three 
which lie in a line with the centre of the Cartesian (or intersection of the cuspidal 
tangents), and which are preeminently the foci of the Cartesian. We may, therefore, 
say that the Cartesian has three foci, which foci lie in a line, the ax is of the 
Cartesian. A Cartesian may be determined to satisfy 6 conditions; having a focus at 
a given point is 2 conditions; but having for foci three given points on a line is 
5 conditions; and hence a Cartesian may be found having for foci three given points 
on a line, and passing through a given point; thei'e are in fact two such Cartesians, 
intersecting at right angles at the given point. 

.3. The theorem at first sight appears impossible ; for take any three points 
F, G, H in & line and any other point A ; then, as just remarked, there are, having 
F, G, H for foci and passing through A, two Cartesians. And we may draw through 
F, G, H, and with A for focus, a circular cubic depending upon two arbitrary 
parameters; the position of a second focus of the circular cubic is (on account of 
the two arbitrary parameters) primd fade indeterminate; and this is confirmed by the 
remark that the circular cubic can actually be so determined as to have for focus an 
arbitrary point B-, and yet the theorem in effect asserts that the foci concyclic with A, 
of the circular cubic, lie on one or other of the two Cartesians. 

4. To explain this, it is to be remarked that the arbitrary point 5 is a focus 

which is either concyclic with A or else not concyclic with A. In the latter case, 

although B is arbitrary, yet the foci concyclic with A may and in fact do lie on 
one of the Cartesians ; the difficulty is in the former case if it arises ; viz., if we 
can describe a cubic through the points F, G, E in a, line, and with A and B as 

concyclic foci;' that is, if we can find a third focus G, such that the distances from 

A, B,G of & point P on the curve are connected by a relation X . AP •+ fi . BP + v.GP = 0 , 
where X + fi + v = 0. It may be shown that this is in a sense possible, but that the 
resulting cubic is not a proper circular cubic, but is the cubic made up of the line 
FGE taken twice, and of the line infinity. To show this, since the required cubic 
passes through the points F, G, H we have 

X, . AF + fi . BF + V.GF =0 and thence AF, AG, AH, 1 =0, 

X.AG+fj^.BG+v.GG=0 BF, BG, BE, 1 

X.AE+^^.BE + v.CE=0 GF, GG, GH, 1 

X 4" ^ ~ ® 
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being two conditions for the determination of the position of the point G; these give 
GQ, GE as linear fdnctions of GF; the distances GF, GG, GH of the point G from 
the points F, G, E m the line FGE are connected by a quadratic equation, and hence 
substituting for GG, GE their values in terms of GF, we have a quadratic equation 
for GF; as the given conditions are satisfied when G coincides with A or with B, 
the roots of this equation are GF-AF and GF = BF. But if GF = AF, then the 
linear relations give GG=AQ and GE=AE, that is, (7 is a point opposite to A in 
regard to the line FGE. And similarly if GF=BF, then 0 is a point opposite to 
B in regard to the line FGE. But G being opposite to A or B, the fourth concyclic 
focus D will be opposite to B or A; that is, the pairs A, B and G, D of concyclic 
foci lie symmetrically on opposite sides of the line FGE; this of course implies that 
the four points lie on a circle. 

5. Taking F=0 as the equation of the line FGE, 1 = 0 as the equation 

of the circle through the four points A, B, G, D, then these lie on a proper cubic 

+ 1 )®+ la? + ny^ = 0 

(not passing through the points F, G, E) and the four foci are given as the inter- 
sections with the circle — 1 = 0 of the pair of lines 

a?—2na!—nl = 0. 

But if we attempt to describe with the same four foci a cubic 

(«“ + y* + 1 ) 2/ -H i V + 2m' xy + = 0, 

then the foci are given as the intersections with the circle — 1 = 0 of the conic 

y^ + 2m'aj - 2l'y -i- m'® - n'l' = 0. 

In order that these may coincide with the points (A, B, 0, D) we must have 
(a?-2n!c-nl) + {f + 2m' x - 21' y + - n'V) =ci? + y^-\; 

that is 

m'=>n, l' = 0, ~rd + n?-n'l'=-l. 

The last equation is n'l' = n- + l -nl, which, assuming that nl is not equal to w“-|-l, 
{in this case the cubic (af‘ + y^ + l)a; + laf + mf=:0 would reduce itself to the line 

and conic (®+w) = 0}, since Z'=0, gives n'~co, and therefore the cubic 

(a^ + + 1) y - 1 - I'aP -|- 2m' xy ■\-n'y^= 0, 

reduces itself to y®=0, that is, the cubic in question reduces itself to the line 
FGE twice repeated, and the line infinity. 

6. The conclusion is that F, G, E being given points on a line, and A and B 

being any other given points, there is not any proper cubic passing through F, G, E 
and having A, B for concyclic foci: and the fade objection to the truth of 

the theorem is thus removed. 
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7. Considering the points F, 0, H on & line and the point A as given, it has 
been seen that there are two Cartesians through A with the foci F, G, H; and the 
theorem asserts that in the circular cubics through F, G, E with the focus A, the 
foci concyclic with A lie on one or other of the two Cartesians: there are consequently 
through F, G, H with the focus A two systems of circular cubics con-esponding to 
the two Cartesians respectively, each system depending upon two arbitrary parameters. 
But if we attend only to one of the two Cartesians and to the corresponding system 
of cubics, then the Cartesian passes through the four foci of each cubic, and if 
(instead of taking as given the points F, G, H and the focus .4) we take as given 
the four concyclic foci A, B, G, D of & cubic, the theorem asserts that we have 
through A, B, G, 1) a Cartesian depending on two arbitrary parameters (or having for 
its axis an arbitrary line), and such that the foci of the Cartesian are the points of 
intersection F, G, H of its axis with the cubic. And I proceed to the proof of the 
theorem in this form. 

8. The equation of a cii’cular cubic having four foci on the circle — 1 = 0 is 

(*■“ + y® + 1) (Px + Qy) + + 2mxy + ?iy® = 0 ; 

and this being so, the four foci are the intersections of the circle with the conic 

(Qx - Pyf + 2 (- wP + mQ) x+2(mP -lQ)y + m‘-nl = 0. 

9. The general equation of a Cartesian is 

(a^a + ya + 2Ax + 2By + Gy+ 2Dx + 2Ey + F=0, 

and by assuming for A, B, G, B, E, F, the following values which contain the two 
arbitrary parameters a and 6, viz. by writing 

2A = 0Q, 2B=-0P, G = a-1, D = - + (m0» - a0) Q, 

E={md»+ae)P-ie^Q, F=~a? + d^(m’‘-nl), 

we have the equation of a system (the selected one out of two systems) of Cartesians 
through the four foci; in fact, substituting the foregoing values, the equation of the 
Cartesian is 

{a? + y^+0(Qx-Py) + a-lY-2ad{Qx-Py) 

+ 2ff‘(—nP + mQ) x + 26^ (mP — lQ)y — o0 + 6^(m? — 'd) = 0, 

and writing herein a!® + y® — 1 = 0, the equation reduces itself to 

d® ((Q® — Py)® + 2 (- wP + mQ) x + 2 (mP — lQ)y + m?- nl} = 0, 
verifying that the Cartesian passes through the four foci. 

The coordinates of the centre of the Cartesian are x= — A, y=-B, and the 
equation of its axis is E(x + A)-I){y + B) = 0-, we have therefore to show that the 
points of intersection of this line with the cubic are the foci of the Cartesian. 
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10. To find -where the line in question meets the cubic 

+ l)(Pai + Qy) + la^ + ^ma^ + nf = 0, 

•writine in this equation 

(S^-A+Da, y = -B + Eil, 

we have for the determination of il the equation 

{A^+B^+l-i{AD+BE)il + {JI>+E^)Q^]x 

{-AP-BQ + {DP + EQ)n} + (l, m, nf-A+BCl, -B + Eay = 0, 

or observing that we have AP + BQ = 0, this equation becomes 
(D= + i:^)(DP + .E(3)0» 

+ {- 2 {AD + BE) {BP + EQ) + IB^ + 2mBE + nE^} 

+ { {A^ + R‘ + 1) {BP + EQ) - 21AB - 2m {AE + BB) - 2nBE\ 11 

+ { W + 2mAB + nB^\=^0. 

11. Substituting for A, B, B, E their values in terms of {P, Q, a, 6), we find 

BP+ EQ=‘ -e^-{nP‘-2mPQ + lQ^), 

W + 2mAB + nR- = {nR - 2mPQ + IQ^), 

lAB+m{AE+ BB) + nBE= - {nR - 2mPQ + IQP), 

IR + 2mDP +nR = {{nl - m®) 6* + a=^') {nR - 2mPQ + iQt), 

and substituting these values in the equation for fl, the whole equation divides by 
d^{nR-2mPQ-i-ll^), and it then becomes 

i{R + E^)Q,^ + 4!{-2{AB + BE) - {nl - m») - a=} 11= + 4 + 5= + 1 - «} 12 - 1 = 0, 

or, putting for shortness 

G'=G-A^-R-, = a-l-A^-R, 

F'=F-2{AB + BE), = - a^-e‘^{nl - m=)- 2 {AB+BE), 

the equation in H is 

4 {R + E^) Q? + 4TO - 4sG'Cl -1 = 0, 

so that, Q satisfying this equation, the intersections of the axis with the cubic are given 
by !c = — A + BQ,, y = — B-^E£L. 

12. The equation of the Cartesian, -writing therein a:+A<=u and y-hB=^v, and 
attending to the values of G' and F', is 

(j^ + »= + COH 2 Dm + 2Ev + J" = 0. 

And to find the foci, writing in this equation u+p, v+ip in place of u, v, we find 
\iA + + G' + 2 (it + vi) p}= + 2 {B + Ei) p + 2Bu + 2Ev + P = 0, 
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that is 

(u“ + + Gy + 2Z)« + iEv + jf' + (2 (m + m) (m® +v^+ 0')+D + Ei} 2p + 4 (u + vif = 0. 
Expressing that this equation in p has two equal roots, we find 

4 (u + viy {(«“ + + C')= + 2Du + 2Ev + i"} - {2 (m + vi) {u- v°- + G') + E + Ei}- = 0, 
that is 

4 (2i>M + 2Ev + F') (u + vif -4,(u^ + ii‘+ G') {u + vi) (D + Ei) - (D - EiJ = 0, 

which equation is in fact the equation of the three tangents from one of the circular 
points at infinity. Writing it under the form U-hVi = 0, the nine foci of the 
Cartesian are given as the intersections of the two cubics 17=0, V=0. But of these 
nine points, three, the foci that we are concerned with, lie on the axis, or line 
Eu — l)v = 0i in fact, we have 

U = 4s {u^- v^) (2Eu + 2Ev + F) F= 8uv (2D« + 2Ev + F') 

— 4 (uE — vE) (v? 4- + O') — 4 {^E + vE) (w® + + G') 

-{E^-Ey -2EE-, 

and hence 

2EEU -{]>- E^) V=(Eti - Ev) {8 (Eu + Ev) (2Eu + 2Ev + F')~4s(E^ + E) (m= + + G')] = 0, 

which shows that the nine points lie three of them on the line Eu — Ev = 0, and the 
remaining six on the conic 

2 (Eu + Ev) (2Eu + 2Ev + F') - (E^ + E^) (w= + «= + CO = 0. 

13. We have thus the three foci given as the intersections of the axis Eu — Ev = 0, 
with the cubic 

U=4s(u^-if‘) (2Eu + 2Ev -\-F')-^ (uE-vE) (u^ + if‘ + G‘) - (Z?= -E^) = (i\ 

or, writing in this last equation u = EE,, v — EE, that is a; = -^1 +2)11, y = — B + EQ., 
we have 

u--^=‘(E^-E^)Q?, uE-vE = (E^-E^)il. 

The whole equation divides by (E^—E), and omitting this factor, it is 
4£1® {2 (2)^ + £?“) £1 + J'O - 4fl ((2)’* + E’^) £1® + C'} - 1 = 0, 

that is 

4 (2)» + E) £1* + 4F£1» - 4C"£1 -1 = 0, 

the same equation as the equation in £1 before obtained; that is the intersections of 
the cubic with the axis are the three foci of the Cartesian. 

[Vol. VI. pp. 67 — 59.] 

1949. (Proposed by Professor Caylet.) — ^Find the conic of five-pointic intersection 
at any point of the cuspidal cubic y^=st^z. 
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SohiHon by the Proposer. 

The equation ^ = a?z, is satisfied by the values x : y : z = l : 6 : 6^’, and con- 
Tersely, to any given value of the parameter d there corresponds a point on the cubic 
'i^=a?z. Consider the five points corresponding to the values (^i, ^ 3 , 63, dt, 63) respec- 
tively; the equation of the conic through these five points is 

F. =0> 

1 , B-t, Bi^, Bi 

•where the remaining four lines of the determinant are obtained from the second line 
by ■writing therein 63, 63, 63, 63 successively in place of Writing for shortness 
63, 63, Bi, 0 j) to denote the product of the differences of the quantities 
{Bi, B 3 , B 3 , Bi, Bf), the equation contains the factor ^ {Bi, B,, B 3 , Bi, B 3 ), and we may 
therefore -write it in the simplified form 

2/^ , yz, zx, izy = 0. 

1 , e,\ Bi, 63 

Hence putting in this equation 0 i= 03 = 5 , = 04 = 0 ,= we have the equation of the 
conic of five-pointic intersection at the point (^). The result m its reduced form 
may be ob-tained directly 'without much difiSculty, but • it is obtained most easily as 
follows: let the function on the left hand of the foregoing equation be represented by 

(®7 0, f, g, h\x, y, zf, 

then ■writing « : y : a; = 1 : 0 : 03^ we have 

(a, b, 0 , f, g, K^l, B, BJ 

^ 1 1, B^, 0 «, 0 *, 0 *, 0 

^ (^ 1 , 03, 63, Bi, 0,) 03 ^ 0t^ 0i^ 03^ 0^ 

_ (0 - 00 (0 - B3) (0 - 0,) (0 -Bi){B- Bj) 1, 0=, 0», 0 *, 03, 0 

^ (0, 01, 03, 08, 04, 0t) 1, 0^^ 0t^ 0 i^ 0 i^ 0 ^ 

1 ; 

= (0-0i)(0-03)(0-08)(0-04)(0- 08)(0 + 0 ,-b 03 -t- 0 ,-^ 0 ,-f 0 ,); 

for the determinant, which is a function of the order 16 in the quantities (0, Bi, 0,, 0,, Bi, 0,) 

conjointly, divides by ^*(0, 0,, 0,, 0„ 0„ 0,), which is a function of the order 15; and 
as the quotient is a symmetrical function of 0, 0^, 0,, 0„ 0,, 0„, it must be equal, 
save to a numerical factor which may be disregarded, to 0-b0i-f 02 + 08-^0,-^ 0,. 


1 

^ ( 01 , 02 , 03 , 04 , B() 
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Hence if <f> be the parameter of the given point, writing = = = 

we have 

(a, b, c,f, g, K\\, 6, e>y = (d - <j>y (d + o4>) 

= (1, 0, -1.5, +40, -45, +24, -5%6, <f>y, 

where the left-hand side is 

a+be^+ce^+fe^+ge^+he, =(c, o,/, g, b, h, a](d. ly, 

that is we have 

c = l, f=-U<f>\ p = 40i», 6 = -45^S A = 24<^', a = -5<f>\ 
and the equation of the conic of . five-pointic intersection therefore is 
(—5^“, —4i5^\ 1 , —15^®, 40^®, 24^']^iaj, y, zy=0, 
or, what is the same thing, 

— — 4i5(f)*y^ + s® — 15<f>^yz + 40di®^a! + 240'ici/ = 0, 

which is the required result. 

Note. The condition in order that any sis points (dj, da, dj, d^, dj, d^) of the 
cubic ly^a^z may lie on a conic, is 

dj + dj + dj + dj + d^ + dj = 0. 


[Vol. VI. p. 65.] 

1872. (Proposed by Professor Cayley.) — Show that the surfaces 
‘ocyz = 1, y 2 + a^a! + «y + a; + y + ^ + 3 = 0, 

intersect in two distinct cubic curves; and find the equations of the cubic cones 
which have their vertices at the origin and pass through these curves respectively. 


[Vol. VT. pp. 67 — 69.] 

1969. (Proposed by Professor Sylvester.) — In two given great circles of a sphere 
intersecting at 0 are taken respectively two points P and Q, the arc joining which 
is of given length: prove that 8, E two fixed points, and ilf a fixed line, in a plane 
may be found such that, for all positions of the arc PQ, a point M in the fixed 
line may be found satisfying the equations 


71—2 
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Solution hy Professor Cayley. 

1. In the spherical triangle OPQ, whereof the sides OP, OQ, PQ are 6, (p, j3 and 

cos S — cos dcosp 
sin ^ sin ^ ’ 

hence treating a, yS as constants, and 8, p as variable angles connected by the fore- 
going equation, it is required to show that we can find two fixed points 8, H and 
a fixed line, such that taking if a variable point in this line and writing 8M=r, 
SM=s, the relation between r and s (or equation of the fixed line in terms of 
r, a as coordinates of a point thereof) is obtained by substituting in the foregoing 
equation for 8 and p the values given by the two equations 

sin d = (r -f s), &mp = {r—s), 


the angle 0 is =a, the relation between these quantities is cos« = 


or as, for the sake of homogeneity, it will be more convenient to write these equations, 

msind = (r’-l-s), msmp = (r — s). 

2. Suppose that the perpendicular distances of 8, H fi:om the fixed line are 
a and h, and that the distance between the feet of the two perpendiculars is 2c, then 
if x denote the distance of the point M from the midway point between the feet of 
the two perpendiculars, we have 


and (a, 6, c) being properly determined, the elimination of x from these equations 
should give between (r, s) a relation equivalent to that obtained by the elimination 
of (d, p) from the before-mentioned equations. Or, what is the same thing, the 
el imina tion of (r, s, x) from the equations 

msm& = r + s, msmp = r-s, r = >J{{c + x'f + a% s = >/{{o- xy + b^] 

should give between (d, p) the relation 

cos B — cos 6 cos p 
cosa = — 

sm d sin 9 

that is, the last-mentioned equation should be obtained by the elimination of x from 
the equations 


m (sin d -I- sin ^) = 2V {(c + xf -f a^}, m (sin 0 — sin p) = 2v'{(c — xf + 
S. The equation in (d, p) may be written 

cos;8 — cos«sindsin^ = cos dcos p, 

or, squaring and reducing, 


sin* d -p sin® ^ = sin® ^ 2 cos a cos sin d sin ^ 4- sin® a sin® d sin® p, 

8in®a V ^ smaj 


that is 
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But from the two equations in we have 

(sin® 0 + sin® (^) = 4c® + 2a® + 26® + 4®®, «i® sin ^ sin ^ = 4c«; + a® — 6®, 


whence 


therefore 


2a) = 


_ 6® - a® + TO® sin 6 sin 


2c 


sin® B + sin® ^ = 


4c® + 26® + 2a® /6® — a® + to® sin 6 sin <f>y 


TO® 


+ 


2cto 


Hence, comparing the two results, we have 

1 — cos® a — cos® ^ 4c® + 26® + 2a® cos a cos $ b^ — a^ 


TO 


sin® a 


TO® 


sma 


2cto ’ ®'^““2c’ 


or, as these may also he written, 


whence 


“• Cl^ 

sina = ^, cos®a + cos®/S= — — , 2 cos a cos ; 

(cos a + cos /9)® = -^ , (cos a - cos ^)® = ~ , sina = ^; 


so that TO being put equal to unity, or otherwise assumed at pleasure, a, 6, c are 
given functions of a, /3. Or conversely, if a, 6, c are assumed at pleasure, then a, jS, to 
are given functions of these quantities 


5. It is to be remarked that (a, /8) being real, a and 6 will be imaginary, and 
consequently the points S, H of Professor Sylvester’s theorem are imaginary (®); if, how- 
ever, we write —a®, —6® in place of o®, 6® respectively, then the radicals V{(c + ®)® — a*}, 
V{(c — «)“-6®} have a real geometrical interpretation. The sy.stem of relations between 
(a, yS, a, 6, c, to) becomes 

0^ Ij^ lYb 

(cosa + oosyS)® = ^, (cosa — cos;8)® = — , sina = ^; 
and considering (a, 6, c) as given, we may write 

cosa = ^^, co8^ = -^, TO = -/{4c® - (o -t- 6)®}, 


viz. we have either this system or the similar system obtained by writing —6 in 
place of 6. 

6. Consider two circles with the radii a, 6 and having the distance of their 
centres =2c, and to fix the ideas assume that 2c>a + 6, that is, that the circles are 


® Prof. Sylvester remarks that according as jS is less or greater than a, we may find real values of 
$, <t> equal to one another in the one case and supplementary in the other. Hence we must in any case 
be able to make r=0 and s=0 indiSerently, which shows ^ priori that the line being supposed real, eadr 
point 8, H must be imaginary, but so that the squared distance of either from the line must be a real 
negative quantity, conformably to Prof. Oayley’s important observation in the test. W. J. M. 
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exterior to each other. The foregoing equations signify that 90° — a, 90° — J3 are the 
inclinations to the line of centres of the inverse and the direct common tangents 
respectively, and that m is the length of the inverse common tangent. And the 
theorem is, that considering two circles as above, and taking M a variable point in 



the line of centres, if r, s denote the tangential distances of M from the two circles 
respectively, and if m be the length of the inverse common tangent of the two 
circles, then the angles 6, <p detennined by the equations 

m sin 0 = r + s, m sin ^ = r — s, 
are connected by the relation 

cos /9 = cos 0 cos (ji + sind sin ^ cos a, 

(a, 0) being constant angles, determined as above. 


7. It is to be remarked that, assuming 

, _ sina _ V{4c° — (tt + 6)^} 
sin /3 ~ V -{a — ?»)®} ’ 

that is, & = inverse common tangent -r direct common tangent, then we have 

cos a = V(1 - ^ sin® /8) = 
or the equation m 6, <f) becomes 

cos = cos 0 cos ^ + sin ^ sin (p Afi, 

which is the algebraical equation connecting the amplitudes of the elliptic functions 
in the relation F{d) + F(6) = F(^). 

8. It is very noticeable that the above figure leads to another relation in elliptic 
functions, viz. it is the very figure employed for that purpose by Jacobi; in fact, 
considering therein YM as a variable tangent meeting the circle A in the two points 
X and X', then if 2yjr, denote the angles GAX, GAX' respectively, it is easy to 
see geometrically that we have d^Jr : dyfr'= TX : TX'; where 

(IA)® = (J3X)® — 6®, =4c® + a®+4accos2‘^ — 6®, =(2c4-a)^ — 6® — 8acsin®i^, 


and similarly (7X')* = (2c + a)®-6®-8acsin®^', that is, writing ^ the 

, ... (2c + a)® — 6®’ 

dmerential equation is 

# df 

V(1 - sin® f ) V(1 - l’‘ sin® f') ~ ’ 
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corresponding to an integral equation 

the modulus of the elliptic functions being 

, _ VSac 
’ ~ ^[{2c + ay -b^}- 

In the problem above considered the modulus is 

_Vf4c=-(a + 6)^} 

’ “^{40^- (a -5)“}’ 

and it is not very easy to see the connexion between the two results. 


[Vol. VI. p. 81.] 

Theorem: by Professor Catlet. 

If (A, A'), {B, B') are four points (two real and the other two imaginary) related 
to each other as foci and antifoci (that is, if the lines AA', BB' intersect at right 
angles in a point 0 in such wise that OA = Oi.' =i.0B = i. OB'), then the product 
of the distances of any point P from the points J., J.' is equal to the product of 
the distances of the same point P from the points B, B'. 

In fact, the coordinates of A, A' may be taken to be (a, 0), (—a, 0), and those 
of B, B' to be (0, ai), (0, — af); whence, if (.•», y) are the coordinates of P, we have 

(^P y = {x - ay + f = (a) - a + iy) (x-a- iy ), , 

{A'Py = (« + a)® + 2 /® = (« + a + iy) (« + a - iy), 

{BP )" = «!“ + (y — iay = {x + iy + a){x — iy — a), 

{FPf = ai‘ + (y + iay = {x + iy — a){x- iy + a), 

from which the theorem is at once seen to be true. 

An important application of the theorem consists in the means which it affords 
of passing from the foci (J., B, C, B) of a bicircular quartic, to the antifoci (A, B) and 
{C, P); viz. if these are {A', B, G', B'), then the equation W{A)+m's/{B)+n \/{C) = 0 
must be transformable into l'>J{A') + m'»/{B') + n' >J{C') = 0. Writing these respectively 
under the forms 

PA + rrPB - n?G + 2lm ^{AB) = 0 , I'U' + - n'^G' + U'm' >J{A'F) = 0 , 

the two radicals \I{AB), ^JiA'F) are identical; and the remaining terms in the two 
equations respectively are rational functions, which when the ratios I' : m' : n' are 
properly determined will be to each other in the ratio Im : I'm'; the two equations 
being thus identical. 
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[Vol. VI. p. 99.] 

1970. (Proposed by Professor Cayley.) — Find the conditions in order that the 
conics 

U=(a, h, c,f, g, h\x, y, zf^O, = b', o',f \ g', h'\x, y, zf = (i, 

may have double contact. 

Solution by the Proposer. 

The coefficients of the two conics must be so related that for a properly deter- 
mined value of 6 we shall have identically U — dU' = + fiy + vz )- but when this 

is so, the inverse coefficients of the quadric function V — 6U' are each = 0 ; that is, 
writing 

(Jl, £, G , F, G, H) = {hc-f\ ca-g^ ah-h\ gh -af, hf-bg, fg-ch) 

{A\ F, G\ F, G', E) = {Vd -f '\ . . gh! - a'f , . .) 

(St, S3, (E, g , @, ^) = ibd +b’c-2ff',.. gh' ^g'h-af-a'f,..), 

then we have the sis equations A — + = &c. 

Or, eliminating 6, the required conditions are 



B, 

G, 

F, 

G, 

E 

= 0, 

A', 

F, 

G', 

F, 


E' 


i 21, 

23, 







equivalent to three relations between the two sets of coefficients. 


[Vol. vn., January to July, 1867, pp. 17 — 19.] 

2110. (Proposed by Professor Cayley.) — Prove that the locus of the foci of the 
parabolas which pass through three given points is a unicursal quintic curve passing 
through the two circular points at infinity. 


Solution by the Proposer. 

More generally it may be shown that for the conics which pass through three given 
points and touch a given line, the locus of the intersection of the tangents drawn 
from two fixed points Q, O' on this line to each conic of the series is a unicursal 
quintic passing through the two points Q and Q'. 

Taking the three given points to be the angles of the triangle (iB = 0, y = 0, z = 0), 
and the points Q, Q' to be the points (a, yS, y) and (a'. S') j) respectively, the equation 
of a conic through the three points is 

fyz + gzx+hxy)=0, 
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which conic will touch the line through the points (a, 7 ) (a', 7 '), if 

V [f i^y' — 0'y)} + >J{g {yod — 7 '’a)} + V{^ - a'/3)] = 0. 

The equation of the pair of tangents from (a, yS, 7 ) to the conic is 

, (/“> —gK —hf> —^g\yy - «z — r^x, ^x—ayf—Q, 

that is 

(s'v + {ha +fyy + (//S + gaf 

+ 2yz {2gha? - {ha +/7 ) (//S +ga )} 

+ 2zx [2hg0^ - (//3 + ga ) {gj + h0)} 

+ ^y Wg^ - {gy + hfi) {ha +fy )} = 0, 

but one of the tangents through {a, yQ, 7 ) being 

X {^y' - ^y) + y ( 7 a' - 7 'a) + z (ayS' — a'yS) = 0, 


it follows that the other tangent is 

{g y + h^f {ha+fy'f + 

Hence, writing for shortness 

A =gy +h^, B =ha +fy, G =//3 +ga, 

A'^gy'^h^', F = ha'+fy', C'=f^'+ga', 
the equations of the tangents from Q, Q' respectively are 

N-Py yo^-y'a^ aB'-<^B~ ’ 

J _'2 ^ L H '3 y. I Cf' 2 __£__ _ 0 

y87'-y8'7^^ 7a'-7'a^^ ay 9 '-a'y 3 “^’ 

and for the coordinates of the intersection of these tangents, we have 

■iTT^dr ■ — T " — : -37^-70= : G^A'^-G'^A^ : A^F^-A'^B^. 

P7 ~ P 7 7a - 7 a ap — a /3 

BG'-B'G= f{-f{fiy'-Fy)+g{yc<:-y'a) + h{a0'-a'^)] 

BG' + £'a= 2ghaa; +/{ f(fiy' + yS^) + g (ya' + 7 'a) + ^ (a/3' + a'yS)}. 

To satisfy the equation 

V [fifiy - /S'y)} +\l\g (7«' - 7 '“)} + V {A (a^' - a'/S)}, 


write 


f- a- ^ h- ^ 

J — Q / nt i fi — . / f - J ^ — " 


''^y'-^’y’ ^ ya'-y'a’ “ ays' - a'yS ’ 

and therefore a + 6 + c = 0; we then have 

-f{fiy'- ^y) + g{y<^' -'/<^) + h{a^ -a'fi), =_a® + &' + c», =-2hc; 
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and thence ^ 

- ^7) + S' (7a' - 7 “) + ^ = 2&c), 


and the equations become 

a : 2/ ; 0 = a(5G' + 5'O) ; 6(GJ.' + a'^) : c(.4£'+il'5), 

where BC + BG, GA' + G'A, AB' + A'B, substituting therein for /, g, h the values 

^ - t — are respectively functions of the fourth degree in a, 6, c ; 

yaf-ry'a’ a^'-cdB’ ^ 

hence (a, I, c) being connected by the relation a + b + o = 0, ai, y, s are proportional 
to quintic functions of (a, I, c), or what is the same thing, writing a, 6, c = l, 6, - 1 - 6 , 
then 1C, y, z are proportional to quintic functions of 6, that is, the locus is a unicursal 
quintic curve. 

That the curve passes through the points (a', /S', 7') and (a, / 3 , 7) appears by con- 
sidering the conics fyz + gzx + hxy = 0, which pass through these points respectively. 


For the first, of these conics we have f:g:h = a {By- ^y) ■ ^ {ya-y'a) ■ « {Sy-^'y ) ; 
the equation 


reduces itself to x {By — ^V) "h V (7^ “ 7^®) d* ^ — a ^) — 0, and as the other equation 


A'i 


■ + B'^ 


y 


+ G'^ 


^y' — ^'y 7“" ~ y'^ 7a' - 7 a 


;= 0 , 


is that of a line through (a', /S', 7') the two lines meet of course in the point 
(o', /S', 7'). And the like for the conic 


f:g : h = a' (By' - B'y) ■ ^'{y<^-y'oi) ■ 7 («/ 3 ' - a'/ 3 ). 


If the triangle is equilateral, and (x, y, z) are respectively proportional to the 
perpendicular distances firom the three sides, then we have for the circular points at 
infinity 

(«. A 7 ) = ( 1 . ®. («'» Aj 70 = ( 1 » “)> 

where o> is an imaginary cube root of unity. These values give 
By — B^y = ycL —y'cL— o.B' — o'/S = <0® — o) 

aa' = B^ =77' = !, / 37 ' + A 7 = 7 ®^+ 7 ® = + = 1 j 


and the expressions for (x, y, z) take the form 

X : y z=a{2hr‘d‘ — d‘{a^+li‘ + (?)} 

: (a? + 1 ^ + (?)], 

or, what is the same thing, reducing by means of the relation a + 6 + c = 0, 

X : y : z = a{a* — - 2l^c^) : b(h* — 2b^ca — 2c“a“) : c (c* — 2<fah — 2a“6®), 
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and the equation of the curve is obtained by eliminating {a, b, c) from these equations 
and the before mentioned equation a + 6 + c = 0. 

N.B. The above is a particular case of the following general theorem of M. Chasles: 
If the conics of a system (jm, v) all of them touch the line QQ', the locus of the 
intersection of the tangents through Q, Q' to each conic of the series is a curve of 
the order i /4 + v, having a ^)-tuple point at the points Q, Q' respectively. 


[Vol. VII. pp. 26, 27.] 

2260. (Proposed by Professor Cayley.) — From the focal equation + y® = (Za: + nf 
of a conic, deduce the remaining three focal equations. 


Solution by the Proposer. 

We are to find a, S, L, M, N such that the equation 

{x — oif + (y — Sf = {Lx + My + Ny 


may be identical with the given equation. It is at once seen that we must have 
ikf = 0 or else Z = 0 ; the first supposition gives two solutions, one of which is the 
given equation itself, the other is 



+ f = 



1 + PY 
i-i^' ' 

J 


The second supposition, Z = 0, gives two solutions, which only differ by the sign of 
i (=a/ — 1), viz. these are 

I ( .. - Qy i 

'i-fj 1-p) ~ ~~ i-p ■ 


There is, of course, no difficulty in verifying the identity of each of the three forms 
with the given form a’ + y® = Qx + n)\ 


[Vol. VII. pp. 33, 34.] 

1991. (Proposed by Professor Cayley.) — Given a point and three lines; it is 
required to draw through the point a plane meeting the three lines in three points 
equidistant fifoila the 'given point. 


Solution by the Proposer. 

Let 0 be the given point, OA' = a, OB' = b, 00' = e the perpendiculars let fall 
from 0 on the given lines respectively. Take d an arbitrary line, and from the points 

72—2 
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A', F, G' measure off on the three lines respectively the distances A'A = ±sJ{&‘-a% 
FB=-±'^{e^-¥), or, considering each radical as containing implicitly 

the sign +, what is the same thing, the distances A'A=\J{&^ — a^), JS'5 = 6“), 

O'a=v'(05-c“), then we have OA==OB = OG{=e)\ and consequently the problem is 
to determine 6 in such wise that the plane ABG may pass through the given point 
0: for we shall then have through 0 a plane meeting the three given lines in the 
points A, B, G equidistant from 0. 

The coordinates of A, B, G are linear functions of the radicals t/(6^ — aF), 

respectively. Taking 0 as origin, the condition in order that the plane ABG 
may pass through 0 is 

ai. 2/i. 1 =0, 
a'j) y%t 1 

and substituting for the coordinates their values in terms of 6, this is an equation 
linear in each of the three radicals, or say, an equation of the form 

(V(^-a^), l)(V(^-n 1) 1) = 0. 

But we may represent any one of the three radicals, say — by a single letter s; 
and this being so, we have = V(s^+ c®— a®) = VP suppose, and — 

= V(s®+c*“6^) = VQ suppose; and it is to be observed that there is no loss of generality 
in assuming that the distance G'c=s is measured off from G' in a determinate sense, 
for as s passes from —ao to + oo , we thus obtain for c every position whatever on the 
line in question; whereas the other two distances A' A, FB, represented by the radicals 
VP and VQ respectively, remain each of them with the double sense +. The equation 
in s is of the form 

(s, 1)(VP. l)(VQ, 1) = 0, 
or, what is the same thing, it is of the form 

ot V(PQ) VP+'yVQ + 8 = 0, 
where (a, B, y, 8) are respectively linear functions of s. 

Proceeding to rationalise the equation, we have first 

a“PQ + 2aS ^(BQ) + 8^ = jS^B + '/Q + 2/3y V(PQ), 

and then finally 

(a<‘BQ -F‘B-y‘Q+S‘y = 4> (By - aSf BQ, 

which, observing that B, Q are each of them of the second order in s, is an equation 
of the twelfth order in s ; that is, the number of solutions is = 12. 

The solution of the problem is greatly simplified when a = b = e, that is, when 
the three given lines are tangents to a sphere having its centre at the given point. 
We have in this case VP=±s, VQ = ±«, or the equation in s is 

(s, l)(±s, l)(+s, 1) = 0; 
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that is, the equation of the twelfth order breaks up into four equations each of the 
third order. The geometrical theory may also be further developed In fact, assuming 
on each of the three lines respectively a certain sense as positive (and thus isolating 
a set of three solutions) the construction is, on the three lines, from the points A! , B', G' 
respectively, measure off the distances A'A=B'B = G'G—s. Then the points A, B, G 
form on the three lines respectively three homographic series; that is, the lines 
BG, GA, AB are respectively generating lines of three hyperboloids, viz. hyperboloids 
which pass respectively through the second and third lines, the third and first lines, 
and the first and second lines. Taking the given point 0 as the centre of projection, 
and projecting the whole figure on any plane whatever, the projections of the lines 
BG are the tangents of a conic v/hich is the projection of the visible contour of the 
hyperboloid generated by the lines BG; and the like for the lines GA and AB. 
Hence in the projection, or plane figure, we have a triangle whereof the sides A', B', G' 
are the projections of the three given lines respectively ; inscribed in this triangle we 
have a variable triangle ABG, such that the side 

BG envelopes a conic, say (4), which touches B' and G', 

GA envelopes a conic, say (B), which touches G' and A', 

AB envelopes a conic, say (0), which touches A' and F. 

The conics (A)(B)(G) have three common tangents, say L, M, S'; the conics 
(5) and (G) having besides the common tangent A', 

{G) and (A) having besides the common tangent F, 

(A) and (B) having besides the common tangent G', 

so that the common tangents of the conics (B) and (G), (G) and (A), (A) and (B) are 
the lines A', F, G' each once, and the lines L, M, S each three times. In the entire 
series of triangles ABG there are three triangles which degenerate into the lines L, M, S 
respectively, those being in fact the projections of the triangles ABG of the solid 
figure which lie in a plane with 0. Or, what is the same thing, the planes of the 
required triangles ABG of the solid figure are the planes through 0 and the three 
lines L, M, and N, respectively. 


[^Vol. VII. pp. 34 — 36.] 

1993. (Proposed by T. Cotteeill, M.A.)— If P is a point on a circle, in which 
A and B are fixed points on a diameter at equal distances from its centre, the curve 
envelope of lines cutting harmonically the two circles whose centres are A and B and 
radii AP, BP respectively, is independent of the position of P on the circle. 

Solution hy Peofessor Cavxey. 

1. More generally, the problem may be thus stated: If two conics touch at I, J 
the lines 01, OJ respectively ; if P be a variable point on the first conic, and OAB 
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a fixed line through 0 meeting the second conic in the points A and B; then con- 
sidering the conic which passes through P and touches at I, J the lines AI, AJ 
respectively, and also the conic which passes through P and touches at I, J the lines 
BI, BJ respectively ; the envelope of the lines which cut harmonically the last-mentioned 
two conics is a conic independent of the position of P. 

2. Taking x=Q, y = 0, z = 0 for the equations of the lines 01, JI, and OJ 
respectively, the equations of the two given conics are 

xz — = 0 , hxz — 2 /^ = 0 ; 

hence the coordinates of P may be taken to be 

« : y : z = \ 6 6\ 

and the coordinates of the points A and B may be taken to he 

X : y : z=l : lea. •. ka^, and x •. y •. z = \ \ —ha : ka\ 

The equations of the lines AI, AI are 


kax-y = 0, z — ay — 0‘, 

hence the equation of the conic touching these lines at the points I, J respectively, 
and also passing through the point P, is 

(h ax-y)(z-ay) f 
(Jca-9)(9-a) ~9’ 

and similarly the equations of the lines BI, BJ being 

kax+y = 0, z+ay = 0, 

the equation of the conic touching these lines at the points I, J respectively, and 
also passing through the point P, is 

(Jcax + y)(z + ay) f 
(Jca + 9) {9 + 9’ 

01 midtiplying out and reducing, if the equations of the two conics are represented by 
(a, b, c,f, g, K§x, y, zy = 0, {a', V, o', f, g', hl'^x, y, z'f=Q, 
respectively, then the values of the coefficients are 


a = 0, 

6 = 2 (ha + 9^ —ha9), 

0 = 0 , 

/=- 0 , 
g=9ktt, 
h=— 9ko^, 


a' = 0, 

V =2 {-ka?- 9^- kaff), 
c'=0, 

f-0, 

g'=9ka, 
h' = 9kA. 



485] 


PEOBLEMS AND SOLUTIONS. 


575 


Now the tangential equation of the envelope of the line which cuts harmonically the 
last-mentioned two conics, is 

or substituting for a &c. a' &c., their values, it is found that the coefficients of this 
equation have all of them the common factor 2^-', and that omitting this factor the 
equation is independent of 6, viz. the tangential equation of the envelope in question is 

(1, -XV, ¥a.\ 0, k{2h-l)a\ t?, r)= = 0, 

which proves the theorem. 

3. In particular, if h = 1, that is if the points A, JB lie on the conic xz—y^ = 0, 
then the tangential equation of the envelope is 

(1, -tf, 0^, 0, Oje, y, O= = 0. 

that is 

or, what is the same thing, the equation is 

(^ —«■)? + (f + “’? + «“£■) = 0, 

and thus the envelope breaks up into the two points 

^-ap + a^^=0, ^ + a7, + a?^ = 0; 

that is, the points (1, -a, a“) and (1, a, a®), which are the points A and B respectively. 
That is, in the problem in its original form, if the points A and B are the 
extremities of a diameter of a given circle, then the two constructed circles are a 
pair of orthotomic circles with the centres A and B respectively ; and the theorem is 
the very obvious one, that any line through the centre of either circle cuts the two 
circles harmonically. 


[VoL VII. pp. 52, 53.] 

2270. (Proposed by Professor Cayley.) — To reduce the equation of a bicircular 
quartic into the form 8S' —It^L = 0, where S=0, S'=0 are the equations of two circles, 
L = 0 the equation of a line. (See Salmon’s Higher Plcm Ourves, p. 128.) 


Solution hy the Pboposee. 

The equation of a bieircular quartic may be taken to be 

(a!®+^)“ + (l4i + tto)(iC®+yO + Va-|- ?)i + ®<i = 0, 

where, and in what follows, the subscript numbers denote the degrees in the coordinates 
{x, y) of the several functions to which they are attached. 
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latroduemg an arbitrary constant do, and putting the equation under the form 
(a? + fy‘ + i'ih+Uo- do) {!i^ + y^) + do{c^+y"-) + Vo+Vi + Vo = 0, 
this may be identified with 

{ii?+y^+Pi+Po)Q^+y'‘+qi+qo)+ri+ro = 0; 

viz. the conditions in order to this identity are 

Pi+Po + qi+qo=ik+iio-do, 

{pi + Po) (?1 + ?o) + ri+ro=do (a? + y^) + + Wi + Vo, 

that is 

i>i + 3i = ^» P(, + qo = Uo-do, 

^g'i = ^„(a!= + 2/-) + % Piqo+p,qi + ri = Vi, Poqo + n^Vo. 

Hence 

iPi - qif =u^- 4®2 - 4^0 («“ + y% 

where the right-hand side is a quadric function {x, yf, which, when the discriminant 
thereof is put =0, (that is, when do is determined as the root of a quadric equation,) 
is a perfect square, Pi — qi is then a known linear function, and pi -h qi being equal to 
the linear function %, we have pi and qi as linear functions of {x, y). We may take 
for the constants po and qo any values satisfying the equation po + qo = Uo — do-, and we 
then have 

n = -Ml, ro==Vo~poqo, 

which completes the determination; the form 

{aP + y^+pi+Po){a? + y^+qi + qo)+n + ro = 0 
is of course the same as the proposed form SS' — 1(?L = 0. 

Cor. a somewhat more convenient form is UU' —Ji?V=0, where 17=0, U' = 0 
are the equations of two evanescent circles (pairs of imaginary lines), F=0 the equation 
of a circle; in fact the original form S8' —I(f>L = 0 may be written (S — a) (S' — a!) 
-f- (aS' + a! 8— ad — l^L) = 0, which, when a, d are so determined that 8-a = 0, S' -d=0 
may be evanescent circles, is of the required form UU' — ¥V =Q. The equation UU' = 0 
is that of the two pairs of tangents to the curve at the circular points at infinity 
respectively; in fact, writing U=pq, U'=p'q', esdh of the lines ^> = 0, g = 0, / = 0, ^' = 0 
meets the circle HrsO in one or other of the circular points at infinity, and therefore 
only in a single point not at infinity; hence each of these lines meets the curve 
U’17'— A®F=0 three times in one of the circular points at infinity, that is, the line 
in question is a tangent to one of the two branches through the circular point at 
infinity. 


[Vol. vii. pp. 87, 88.] 

2309. (Proposed by Professor Cayley.)— Show that for n things 

1 - (no, of partitions into 2 parts) -M . 2 (no. of partitions into 3 parts) .... 

+ 1 . 2 . 3 . . (?i — 1) (no. of partitions into n parts) = 0. 
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For instance, 7i«4; partitions of (a, h, c, d) into two parts are (a, bed), {b, edd), 
(c, dal>), {d, abc), {ah, od), (ac, db), (ad, bo); no. is =7. Partitions into three parts ai-e 
(ab, 0 , d), (ao, b, d), (ad, b, c), (be, a, d), (b, d, ac), (cd, a, b) ; no. is = 6. Partition into 
4 parts is (a, h, c, d)\ no. is = L And we have 

1-1. 7 + 2. 6-6.1 = 13-13 = 0. 


Solution by the Proposer. 

Write n = aa + b^ + cry+..., where a, -y... are positive integers all of them 

^fferent, and a, /S, y... are positive integers; and consider the partitions wherein we 
have a parts each of a things, b parts each of things, &e. Writing as usual 
n(}i) = 1.2.3...n, the number of partitions of the form in question is 

_ Iln 

“na.n6...(na)“(n/S)‘’...’ 

whence, putting for shortness a + 0+ = p, the theorem may be written 

V n (p — 1) iiw . 

na.n6...(na)“(n/9)»...~ ’ 

the summation extending to all the partitions = a« + 6yS + . . . , as explained above. 

Now if the n quantities x,y,z,.., are the nth roots of unity, we have ce + y+z ,,, =0, 
and therefore also (a.- + y 4-^:...)”=0, and the general term of the left-hand is 


11)1 

(na)“(n/3)‘... 




where [a®^^..] denotes the symmetrical function 2a;“y“...(a factors) (5 factors)... 
of the roots ®, y, z, u, v...oi the equation ^-1 = 0; where, as above, n-aja. + b^+ ... . 
Now by a formula not, I believe, generally known, but which is given on p. 175 of 
the translation of Hirsch’s Algebra (Hirsch’s Collection of Examples <&c. ow the Literal 
Calculus and Algebra, translated by the Eev. J. A. Ross, London, 1827), the value of 

the sum in question is where p = a-|-6+..., (the sign +, given 

in the formula as quoted, is at once seen to be (-f-^)-, whence, substituting and 
omitting the factor n, we have 


s / n(p-i)n« 

'' ’’ na.n&...(na)»(ny8)^.. 

which is the required theorem. 


= 0 , 


Observation. In Cauchy’s Excretes d’Analyse dv., t iii., p. 173, is given a 
formula relating to the same mode of partition of the number n, viz. this is 




Tin 

Ha. lib ...0^/3'^ ... 


Iln. 


C . VII. 


73 
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I have somewhere made the remark that, on the left-hand side, the terms which 
belong to the odd and the even values of a + h + ... (=p) are equal, and that we have 
th^efore 

which is a theorem having a curious analogy with that demonstrated above. 


[Vol. vn. pp. 99—102.] 

2286. (Proposed by W. H. Lavertt.) — If we have (n~2) sets of n quantities 
each, (ffi, « 3 ... On), (Aj 03 fin), (K, \ K), connected with the n quantities 

(r-i, r 3 ...r») by 1 ) equations of which the type form is 


then show that 


(ai- aiY+ifik - Ay + ... (\k-\y = ri + rf ; 

11 1 P P P 

-3 + -3-h... + -, = 0 and -4+^-1-... £->0, 


where P is any one of the quantities a, / 9 , 7 


Solution by Professor Catlbt. 

Consider the case n = 4; we have between (oti, ok, Og, a,), fi,, A, AX-- (>’i, n, n, r,) 
six equations, such as the equation 


(a:-o£3y + (A-Ay = ?-y+r3=; 


and it is in effect required to show that these equations give 


( 12 ) 


where 


1 . 1.1 

n® ■ ?'s® ■ I's" 


i=(234) : -(341) : (412) : -(123), 

* 4 


(123) = 






<h, 


A, 

A> 

A> 


1 j, &C., 
1 
1 


viz. considering (a^. A), (Os, A), K A), (“a, A) as the rectangular coordinates of four 
points in a plane, then (123) is the area (taken with a proper sign) of the triangle 
formed by the points 1, 2, 3 ; and the like for (234) &c. 

Combining the equations as follows, 


(12)-K34)-(13)-(24), 
the r’s disappear, and we have an equation 

(fli - <^di<^-ch) + {fij-fi,) (A- A) = 0 , 
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which shows that the lines 14 and 23 intersect at right angles; similarly the lines 12 
and 34, and also the lines 13 and 24, intersect at right angles ; or starting from the 
given points 1, 2, 3, the point 4 is the intersection of the perpendiculars let fall from 
the angles 1, 2, 3 of the triangle 123 on the opposite sides respectively. 

Again combining the equations as follows, 

(12) + (13) -(23), 

we obtain 

= («! - Ota) (ai - Oj) + (/3i - /Sj) (^i - /Sj)- 

The entire system of equations will remain unaltered if we pass from the original axes 
to any other system of rectangular axes; hence taking the axes of ic in the sense 
from 1 to 2 along the line 12, ;8i — /S 2 becomes = 0, and we have 

tto — ai = 12, as“®i = 1 (12; 34) ; 


viz. Oj — a, is the distance 12 of the points 1 and 2, «3 — «i is the distance 1(12, 34) 
of the point 1 from the point (12, 34) which is the intersection of the lines 12 and 
34; we have therefore 

r,= =12.1(12, 34). 


But similarly 


n= = 21.2(12, 34), =12.(12, 34)2, 


(since 21 = - 12 and 2 (12, 34) = - (12, 34) 2). And we have therefore 


Write 


= 34) : (12, 34)2, or i : i = 34)2 : 1(12, 34). 

V 1 iQ 

, (12,34)2 _ 1(12, 34) 

12 ’ ^ 12 


where 1 (12, 34) and (12, 34) 2 are as above the distances from 1 to (12, 34) and from 
(12, 34) to 2; and, in the denominators, 12 is the distance from 1 to 2; we have 
X + i (4 = l; the coordinates of (12, 34) ai’e Xa^+zia^, \^i + /t^s, and the values of X, 
are obtained by writing Xai + +a 3 , + X+/i for x, y, 1 in the equations 

« . y , 

/9s, 

“ 4 , /34, 


1 =0 
1 
1 


of the line 34. Making this substitution, we find 

X(134) + /i(234) = 0, 

where as above 

(134) = Oh, /3i, 1 , &o., 

Os, /Ss, 1 

0^4, ^4, ^ 

73—2 
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we have therefore 

X : ^ = (^34) : -(134) = (234) : -(841), 
■or, what is the same thing, 

(12, 34)2 : 1(12, 34) =(234) : -(341); 

n,nd consequently 


1 1 


=(234) : -(341); 


or completing the system by symmetry 


p- W : -(8«) : (412) : - (128), 

Vi Tq rj 


which is the required result. 

In the case 7 i= 5 , we have between 


(«ij <k, “4, fts); Wi, A) A. jSs), (71, 73, 78, 74, 75), (ri, r^, r^, 1*4, 

"ten equations such as the equation 

(«1 - <hr + (A - A)^ + (7i - 73)= = T{- + ri. ( 12 ) 

We obtain as before the equation 

(«i - “4) («^ - Oj) + 03i - /Sj) O2 - /Sa) + (71 - 74) (73 - 73) = 0, 

which, considering (aj, 71 ) &c. as the rectangular coordinates of five points 1 , 2 , 3 , 4 , 5 
in space, signifies that the line 14 is at right angles to the line 2.3; the five points 
are therefore such that the line joining any two of them is at right angles to the 
line joining any other two of them, whence also the line joining any two is at right 
angles to the plane through the remaining three points. (The points 1 , 2 , 3 , 4 form 
a tetrahedron such that that 12 and 34, also 13 and 42, also 14 and 23 are at right 
angles to each other, two of these conditions imply the third; and this being so, if 
n further condition be satisfied, the perpendiculars from 1 , 2 , 3 , and 4 on the opposite 
faces respectively, will meet in a point 5, and we shall have the system of points 
1, 2, 3, 4, 5 related as above.) 

We further obtain as before 


= («: - ~ ^3) + (^1 - iSs) (/ 3 i - A) + (71 - 72) (71 - 7*X 

or taking the axis of a? in the sense from 1 to 2 along the line 12 , we have 
A “^ 2 = 0 , 71-73 = 0 , and the equation becomes 


•and similarly 
whence 


ri* = 12.1(12, 345), 
r3» = 12.(12, 346)2; 

i : ^3 = (12, 345)2 : (12, 345)1. 

'1 '3 
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Writing them \ = ^ (a^d therefore X + ;t = l) we find (\, 

by substituting Xcti + fia^, + X + jj, for x, y, z, 1 in the equation 


X, 



1 

^ 3 , 


73 » 

1 


Bi, 

743 

1 



75 . 

1 


of the plane 345 ; we have thus 


that is 
whence 
that is 


\(1345) + /i(2345) = 0, 

X : m = (2346) : - (1345) = (2345) : (3451), 
(12,345)2 : 1(12, 345) = (2345) ; (3451), 


»a ■ 


1 *./ 


= (2345) : (3451), 


or completing by symmetry 


A = (2345) : (3451) : (4512) : (5123) : (1234), 


which is the theorem for the case ?i = 5. The general case depends, it is clear, upon 
similar reasoning in a (n— 2)dimensional geometry; leading to the conception in this 
geometry of a figure of (n-l) points such that the line joining any two of them is 
at right angles to the line joining any other two of them. 


[Vol. m p. 106.] 

2331. (Proposed by Professor Cayley.)— Show that it is possible to find (I, Y, Z) 
linear functions of the trilinear coordinates {(o>y,z) such that the equations xX=y7=zZ 
may determine four given points. 


[Vol. viiL, July to December, 186^', p. 26.] 

2321. (Proposed by Professor Oatlby.)— Given a conic, to find four points such 
that all the conics through the four points may have their centres in the given conic. 


[Vol. vra. p. 36.] 

2371. (Proposed by Professor Cayley.)— (4). If P, Q be two points -taken at 
random within the triangle ABO, what is the chance that the points A, B, P, Q may 
form a convex quadrangle? 
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[Vol. VIII. pp, 51, 52,] 

Note on Question 1990. By Professor Cayley. 

The theorem of paragraph 4 (Beprint, vol. VL p. 88), (ascribed by Professor 
Sylvester to Mr Orofton), that "if a circle and a straight line be cut by any transversal 
in three points, these 'will be the foci of a system of Cartesian ovals ha'ving double 
contact with one another at two fixed points,” may be enunciated under a more 
complete form, as follows: 

If in a ^ven circle the chords PPj, BG meet in A, then each of the two 
Cartesians, foci A, B, G, which pass through P, will also pass through Pi; and more- 
over, if a, a! be the diametrals of the chord PPj (that is, the extremities of the 
diameter at right angles to PPi) then the tangents at P, Pi to one of the Cartesians 
will be aP, oPj respectively, and to the other of them a'P, a'Pi respectively, these 
tangents being thus independent of the position of the chord BG-, and thence also thus; 

Given the points A, B, G in lined, and the point P; 

through P, B, G draw a circle (.4) and let PJ. meet this in Pi, 

„ P, G, A „ (P) ,. PB „ P„ 

,. P, A, B „ (G) „ PG „ P„ 

then each of the Cartesians, foci A, B, G, which pass through P will also pass through 
Pi, Ps, Ps; and if 

a, a! are the diametrals of PPi in circle (J.), 

B, B’ PPs (P), 

7. 7 .. pp. » ( 0 ), 

then (the points of the several pairs being properly selected) the points (a, B> 7) and 
the points (o', B'> 7 O '''dH each lie in a line through P, viz. the lines PaB'Y a'Qd 
Ptt'B'y' will be the tangents at P to the two Cartesians respectively. 

The two Cartesians meet in the points P, Pi, Pj, Pj, and in the symmetrically 
situated points in regard to the axis ABG ; the theorem contains as part of itself 
the well-known property that the two Cartesians cut at right angles at each of their 
points of intersection; it gives moreover the construction of the following problem: — 
given the foci A, B, G, and one intersection P of a pair of triconfocal Cartesians, to 
find the remaining intersections, and the tangents at each of the intersections. 


[VoL vm. pp. 70—72.] 

1911. (Proposed by Professor Cayley.)— Given four points, and also the "conic of 
centres” — viz. the conic which is the locus of the centres of the several conics which 
pass through the four given points; then if a conic through the four given points 
has for its centre a given point on the conic of centres, it is required to find a 
construction for the asymptotes of this conic. 
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Solution hy the Proposer. 

1. Consider four given points, and in connection therewith a given line IJ\ the 
locus of the poles of IJ, in regard to the several conics which pass through the four 
points, is a conic, the “conic of poles.” Consider a particular conic through the 
four points ; the pole of IJ in regard to the conic @ is a point G on the conic of 
poles, and the tangents from 0 to the conic @ meet the conic of poles in two points 
JS, K\ the chord of intersection HK passes through the point 11 which is the pole 
of IJ in regard to the conic of poles. Moreover, the polars of a point C\ in regard 
to the several conics through the four points, meet in a point fl', the common 
pole of G\ and in particular if 0' be the point G on the conic of poles, then the 
common pole is a point on the line IJ] this being so, the line HK passes (as 
already mentioned) through 11, and the lines HK and Hfi are harmonics in regal’d 
to the conic of poles. 

2. Assuming the foregoing properties, then, given the four points, the line IJ, 
the conic of poles, and the point G on this conic; we may construct II the pole of 
7/ in regard to the conic of poles; and also fl the common pole of G\ the line HK 
is then given as a line passing through 11, and harmonic to Ilfl in regard to the 
conic of poles ; this line meets the conic of poles in the points J7, . if ; and then 
CH, GK are the tangents from 0 to a conic @ which passes through the four points. 

3. In particular if IJ be the line infinity, then the conic of poles is the conic 
of centres; 11 is the centime of this conic; is as before the common pole of G] 
HK is given as the diameter of the conic of centres, conjugate to IIIl; H, K are 
the extremities of this diameter ; and then GH^ GK are the asymptotes of the conic 
through the four points, which has the point G for its centre; and the asymptotes 
are therefore constructed as required. If the points jff, K are imaginary, the asymptotes 
will be also imaginary; the conic ® is in this case an ellipse. 

4. It is hardly necessary to remark, in regard to the construction of the point II, 
that we have among the conics through the four points, three pairs of lines meeting 
in points P, Q, It respectively (it is clear that the conic of poles passes through these 
three points); the harmonics of CP, GQ, GR in regard to the three pairs of lines 
respectively meet in a point, which is the required point 11. In the particular case 
where the point G is on the conic of centres, the three harmonics are parallel; it 
is therefore sujB&cient to construct one of them; and the line HK is then the diameter 
of the conic of poles, conjugate to the harmonic so constructed. 

6. It remains to prove the properties assumed in (I). We may take for 
the equation of the line IP, ir = 0, y = 0 for the equations of the tangents to the 
conic ® at its intersections with the line IP, so that we have (/r = 0, j/ == 0) for the 
coordinates of the point C; the equation of the conic 0 will be of the form = 

and the four points may then be taken to be the intersections of the conic — 

and the arbitrary conic 

(a, 6, 0 , /, g, hjp, y, zf = 0. 

The equation of the conic of centres is found to be 

x{a(o ^hy ^ gz)-y{hx-\‘ly •\‘fz)^0, or aa? — hy^’{^gzx — hayy — ()\ 
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or, as it may also be written, 

( 2 a, -26, 0 , -/, g, O^a;, y, «)® = 0 ; 

and it is convenient to remark that the equation in line coordinates (or condition that 
this conic may be touched by the line + 0 ) is 

(-/2 -g\ -4o 6, 2a/, ^hg, -fg\t ?)" = 0- 

The line a;=0 meets the conic of poles in the point a; = 0, 6 y +/2 = 0 , and the line 
y = 0 meets the same conic in the point y = 0, owj + = 0 ; hence the line HK, which 

is the line joining these two points, has for its equation 

afx-ir'bgy+fgz = Q', 

and it only remains to be shown that this line passes through the point 11 , and is 
the harmonic of the line Ilfi in regard to the conic of centres. The point 11 is 
the pole of the line z = Q in regard to the conic of centres, its coordinates are at 
once found to be 

X : y : z = hg : af : — 2ab ; 

and we thence see that 11 is a point on the line EK. The point il is given as the inter- 
section of the polars of G in regard to the conics s^ — xy = 0, and (a, 6 , c, /, g, K^x, y, zf = 0 
respectively; that is, as the intersection of the lines z = 0, and gx+fy-i- oz = 0; its 
coordinates therefore are 

X : y : z=-f : g : 0. 

Hence the equation of the line Ilfl is 

%abg X + 2abf y + {af^ + 6/) ^ = 0. 

Now, in general, if we have a conic the line-equation whereof is (A, B, 0, F, G, E\^, y, f )= = 0 , 
then the condition in order that, in regard thereto, the lines "Kx + fiy + vz = 0 and 
X'ic-i-/i'y+i/'ir = 0 may be harmonics, is 

(J., B, 0, F, 0, E'§\, n, pJX, fi, v') = 0; 

that is 

+ Bfiji' -f- Gw' + F {jiv fi'v) + G {vK' -f- v'X) + E (Xfi' -h \'fi) = 0. 

Hence, in order that the two lines EE and Eli may be harmonics in regard to the 
conic of centres, we should have 

i-A -A -4ffl6, 2af,2hg, ~fg'$af, bg, fg'$2abg, 2ahf, a/^ + 6/) = 0. 

But developing, and omitting the common factor ahfg, which enters into all the 
terms, this equation is 

- (2a/“) - - 4 {af + V) + {4a/^ + 2 (a/= 4- 6/)} + {46/ + 2 (a/“ 4- 6/)} - 2 {af 4- 6/) = 0, 

which is identically true ; and the lines EK and Ilfl are therefore harmonics in 
regard to the conic of centres. 
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[Vol vm. p. 74.] 

2371. (Proposed by Professor Cayley.)— If P, Q be two points taken at random 
within the triangle ABO, what is the chance that the points A, B, P, Q may form 
a convex quadrangle? 


[Vol. vm. pp. 86, 87.] 

2466. (Proposed by H. Murphy.)— If four points A, B, G, D be either in the 
same plane or not, and if the three rectangles AB.OD, AO.DB, AD. BO be taken; 
the sum of any two of them is greater than the third, except when the points lie on 
the circumference of a circle. 


Solution by Professor Cayley. 

Write for shortness BC=f, GA=g, AB = h-, AD = a, BD = b, OD = c; then. Lemma, 
if r be the radius of the sphere circumscribed about the tetrahedron ABGD, we have 


' — a*f^ — b*g’‘ — cVi® ' 

+ (aT- + bV)(g‘^ + Ji?^p) 
+ {bY + oW)(]i;^+p-g^) 


= 2¥o^g^h^ + 2cW/=* + fy - - by - o^h*, 


[ + {c^h^ + ay) {p - /i*>) J 


whore the left-hand side is = .576 FV, if V be the volume of the tetrahedron. 

Suppose first that the points are not in the same plane, then the left-hand side 
(=576 F¥“) is positive; therefore the right-hand side is also positive, or putting for 
shortness af=a, bg = B, ch = y, we have 

2/SV -t- 2rfci^ + - a‘ - ^ = -f-, that is, 4/9=7=“ - (a= - ^0= - 7 =)= = -t-, 

and thence a<B + y, for if a were equal to or greater than ^8 + 7, say a = S + y+a!, 
the left-hand side would be 4/8=7= ~ + 2 (/S -1- 7) » -I- »=}=, which vanishes if « = 0, 

and is negative for x positive. Similarly /3<7-l-a, 7<a4-/8; and the theorem is thus 
proved for the case where the four points are not in a plane. 

Starting from this general case, if we imagine the point D continually to approach 
and ultimately to coincide with the plane ABG, but so as not to be in the circle 
ABG, then the expression 2/3=7= -t- 27=0= -J-2a=/9= — a*— /8*-7‘, which does not vanish in the 
limit, is throughout equal to the positive quantity 576 F=r= (in the limit F is =0 
and r=oo, but Yr is finite, and of course F=r= is positive), that is, the expression in 
question is and the theorem follows as before. Of course when the four points 
are in a circle, then the expression is =0, and consequently one of the quantities 
a, /8, 7 is equal to the sum of the other two. 

0. VII. 


74 
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The lemma is at once proved by means of my theorem for the relation between 
the distances of five points in space, [Cambridge Maihematical Journal, vol. II. (1841), 
p. 269, [I],} viz. if the point 1 is the centre of the circumscribed sphere, and the points 
2, 3, 4, 5 are the points A, B, 0, D respectively, then the relation in question, viz. 

0 , (12)=, (13)=, (14)= (15)=, 1 =0 

(21)=, 0 , (23)=, (24)=, (25)=, 1 

(31)=, (32)=, 0 , (34)=, (35)=, 1 

(41)=, (42)=, (43)=, 0 , (45)=, 1 

(51)=, (52)=, (53)=, (54)=, 0,1 

1 , 1 , 1 , 1 , 1 , 0 . 

becomes 


0. 

r=. 


r=. 

r=, 

1 

7^, 

0, 

A=, 


a=. 

1 

^’=, 


0. 


AS 

1 




0, 

c=, 

1 


a=. 

b\ 

c=. 

0, 

1 

1, 

1, 

1, 

1, 

1. 

0 


Multiplying the last line by — r= and adding it to the first line, this is 


-r=. 

0, 

0, 

0, 

0, 

1 


0, 

A=, 

9 ^> 

a=. 

1, 

r=, 

A=, 

0, 

P> 

AS 

1 



P. 

0, 

cS 

1 


a=. 

AS 


0, 

1 

1, 

1, 

1, 

1. 

1. 

0 


and then proceeding in the same way with the first and last columns the equation is 

-2r=, 0, 0, 0, 0, 1 =0, 

0 , 0, A=, g^, o=, 1 

0 , A= 0, /=, 6=, 1 

0 , f, P, 0, c=, 1 

0 , a=, 6=, C=, 0, 1 

1 , 1 , 1 , 1 , 1 , 0 

which is in fact the equation of the Lemma. See my papers m the Quarterly 
Journal of Mathemaiics, vol. in. (1859), pp. 275 — 277, [286], and vol. v. (1861X 
pp. 381—384, [297]. 
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Cor. — I t appears by the demonstration that for any four points not in the same 
plane, the expression 

- ay® - by ~ c^/i® 

+ (a®/® + 6®c®) y + A® -/®) + (by- + c®a®) (A® +/® - f) + (c®A® + a®6®) (/® + f- A®) 
is always positive. 

[Vol. VIII. pp. 105, 106.] 

2472. (Proposed by Professor Cayley.) — Through four points on a circle to draw 
a conic such that an axis may pass through the centre of the circle. 

Solution by the Proposer. 

Let the equation of the conic be (a, b, c, f, g, h\ts, y, If = 0, then if as usual 
the inverse coefficients are represented by {A, B, G, F, Q, the equation of the two 
axes is 

(a - b) {Gx - (?) {Gy - J) + A {{Gx - Gf - (Gy - J-)®] = 0, 
whence if an axis pass through the origin 
{a-b)FG + h(G--F^) = 0. 

Consider now the circle ai® + y® — 1 = 0 and on it the four points in which it is inter- 
sected by the conic (a, b, c, f, g, h\x, y, 1)® = 0 ; then for any conics through the four 
points we have 

(a, \ o,f, g, h\x, y, l)®-f\(a!®-f-y®-l) = 0; 
so that, taking this for the equation of the required conic, and representing it by 
(a', V, o', /', g', h!\x, y, 1)® = 0, 
the values of the coefficients are 

a' = a4-X, b' = b + \ c' = o + \ /'=/, g'=g, A' = A, 
and we thence have 

F'=^F-\f, G' = G-\g, a'-V^a-b, A' = A. 

The required relation is 

{a,'-b')F'G' + h'{G'--F'^)==0, 

that is 

(a -b){F- \/) (G -■Kg) + h {{G - \gf -{F- \ff} = 0, 

a quadric equation in and substituting for X each of its two values, we have the 
two required conics 

{a, b, c,f, g, hjx, y, l)®-l-X(a!® + y®- 1) = 0, 
for each of which an axis passes through the centre of the circle. 


74—2 
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[Vol. IX., January to June, 1868, pp. 20, 21.] 

Note on Question 2471. By Professor Cayley. 

In the singularly beautiful solution which Mr Woolhouse has given of this 
question (see Reprint, vol. vm. p. 100), it is important to note what is the analytical 
problem solved, and how the solution is obtained. Considering a plane area bounded 
by any closed convex curve, and in it three points P, P', P", Mr Woolhouse investi- 
gates the average area of the tiiangle PP'P", viz. this depends on the sextuple integral 

j ± ® y + «"2/ — an/' + ley' — xy] dx dy dx' dy' da!' dy", 

where the sign + has to be taken so that + { | shall be positive, and where the 
integration in respect to each set of coordinates extends over the entire closed area; 
the difficulty is as to the mode of dealing with the discontinuous sign. It is remarked 
that the integral is 

= 6 J± \(i!y" - a!'y' sd'y — xy" + — a!y\ dx dy da! d/ dx" dy " ; 

the variables in this last expression being restricted in such wise that x, x", x' are in 
the order of increasing magnitude; the term i { } is of the form ±{a! —x){p" — R), 
where R is independent of y, and where (as is easily seen) if v", v!' be the upper 
and lower ordinate corresponding to the abscissa x", then /S lies between the values 
u" and v". But x' — x is positive, hence the sign + must be so taken that ±(y"-/3) 
shall be positive, that is, from y" = u" to y" = R the sign is -, and from y" = R to 
y"=v" the sign is +. 

Hence for the integration in regard of y" we have 

|± y' - df = J^+ iy" - 0) df + - (p" - B) df, = ^ {v" ; 

and the discontinuous sign + is thus got rid of. The remaining integrations are then 
effected in the order d', /, y, x', x, the limits being for x" from x to x', for / from 
u' to y and for y from it to ® (if the upper and lower ordinates corresponding to 
the abscissa x and x' are v, u and v', u' respectively) and finally for x' from x to the 
maximum abscissa, and for x from the minimum to the maximum abscissa. The final 
result involves only single definite integrals between the extreme values of x, the 
functions under the integral sign containing indefinite integrations from the ’same 
arbitrary inferior limit, say *=0; the form of the result (previous to its simplification 
by taking the axes to be principal axes through the centre of gravity of the area) is 
however somewhat complicated; and it would not be easy to show a posteriori, that 
the value is invariantive, that is, independent of the position of the axes: that this 
is so is of course apparent from the original form of the integral. 
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[Vol. IX. pp. 38, 39.J 

2530. (Proposed by Professor Cayley.) — ^Trace the curve 

where the coordinates x, y, z are the perpendicular distances of the current point P 
from the sides of an equilateral triangle, the coordinates being positive for a point 
within the triangle. 

Solution by the Proposer. 

The form of the equation shows that the curve is a tricuspidal quartic, having a 
real cusp at the point (® = 0, y=0), and two imaginary cusps at the points (0 = 0, x + iy = 0) 
and (z = 0, x — iy = 0). The rationalised form of the equation is 

(af + y^y — izx (a? + — 4iay = 0. 

x = 0 gives y- (y^ — iz^) = 0, the point G twice, and two other real points a, a! on 
the line BO. 

y = 0 gives — 4z) = 0, the point C three times, and a real point B on the 
line GA. 



It is easy to find that there is a double tangent z + 2x = 0, viz. z + 2x=0 gives 
(3a?-2/®)® = 0 , two points t, t (each twice) on the line in question. 

Laying down these points, it appears that the curve must have two real asymptotes, 
and that the form is as shown in the figure. 

[Vol. IX. pp. 55, 66.] 

2563. (Proposed by Professor Cayley.) — Show that the surface y^z^+ii?a?+a^^—2xyz=0 
meets the sphere 33 “ + y® + z® = 1 in four circles ; and explain in a general manner the 


590 


PROBLEMS AND SOLUTIONS. 


[485 


form of the curve of intersection of the surface by any other sphere having the same 
centre, and thence the form of the surface itself (being a particular case of Steiner’s 
surface, and which by the homographic transformations vr^x, w~^y, w~'-z for x, y, z 
gives = 0, the general equation of Steiner’s surface). 


Solution by the Proposeb. 


Take J, X', T, T', Z, Z' the intersections of the sphere «? + y^ — l by the 
three axes respectively; then we have + -t-a“= 1, a! + y + ^ = — 1, the equations of 

the circle through the points X', T, Z' \ and from these two equations we deduce 
y 2 : 4 a'«+a;y= 0, and thence 


that is 


4 a^y^ 4 ’ibyyz (<» 4y 4 = 0, 

4 s^y^— 2xyz= 0 ; 


so that the circle lies on the quartic sur&ce; and by changing successively the signs 
of each two of the three coordinates, we have three other circles l 3 dng on the sphere 
and also on the quartic surfece; viz. we have in all four circles, the above-mentioned 
circle through (X', T', Z'), and three other circles through (Z', F, Z), {X, 7', Z), 
(X, Y, Z') respectively, making together a curve of the order 8, the complete inter- 
section of the quartic surface by the sphere. 


The quartic surface lies entirely in the four octants of space xyz, xy'z', x'yz', x'y'z] 
and as to the portion of the surface which Kes in the octant xyz, this meets the 
sphere s^‘ + y^+i^=l in portions of the three circles {X', T, Z){X, 7', Z){X, Y, Z') 
constituting a tricuspidal form lying within the octant XYZ as shown in the figure. 
The intersection by a sphere, radius < 1, projected on the octant XYZ, is a trinodal 
form, lying outside the tricuspidal one, as shown by a dotted line in the figure ; the 
intersection by a sphere radius > 1, projected in the same way, is a trigonoid form 
lying inside the tricuspidal one, as also shown by a dotted line in the figure; as the 


radius approaches to and ultimately becomes this diminishes, and becomes 


ultimately a mere point, and when the radius is greater than this value the intersection 
is imaginary. 


Z 



Imagine on the solid sphere, radius = 1, the four tricuspidal forms ■ lying in 
alternate octants as above ; cut away down to the centre the portions lying without 
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these tricuspidal forms ; and build up on the , tricuspidal fornis, until the greatest 

2 

distance from the centre becomes = ^ ; we have a solid figure with four prominences 


situate as the summits of a tetrahedron, the bounding surface whereof is the surface 
in question : it is to be added that the axes are nodal lines on the surface, viz. the 
portions which lie within the solid figure are the intersections of two real sheets of 
the surface, the portions which lie without the solid figure are isolated, or acnodal; lines 
on the surface. 


[Vol. IX. pp. 73, 74.] 

2673. (Proposed by Professor Cayley.) — The envelope of a variable circle having 
for its diameter the double ordinate of a rectangular cubic is a Cartesian. 

(Definition. The expression “a rectangular cubic” is used to express a cubic with 
three real asymptotes, having a diameter at right angles to one of the asymptotes and 
at an angle of 45° to each of the other two asymptotes, viz. the equation of such a 
cubic is ajy® = + 5a? + ciT + d} 


SoMion by the Proposer. 

The equation of the valuable circle may be taken to be 

2A 


+ 2m0 + a + ' 


e ’ 


viz. 6 being the abscissa of the rectangular cubic, the squared ordinate is taken to 
be = — + a6 + iA), or, what is the same thing, the equation of the variable 

circle is 

2A 

+ — a — 2 (a! —m) 9 — 3 - = 0 . 

Hence, taking the derived equation in regard to 9, we have 


^ o 

«-m--75 = 0, 


and thence 
therefore 


+ V; 


4iA 

T 


If! J2 


that is, the equation of the envelope is 

(a?+ y® — «)* — 16J. = 0, 

which is a known form of the equation of a Cartesian. 
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[Vol. IX. pp. 82, 83.] 

2493. (Proposed fey Professor Cayley.)—!. Given the conic ir== 0 (but observe 
that the function U contains impbcitly an arbitrary constant factor -wbicb is not given) 
and also the conic J7 + 1 = 0, to construct the conic U +1 = 0, where ? is a given 
constant. 

2. Given the conics U=0, U +1 = 0, V=0, V +1=0, and the constants 6, k, to 
construct the conic 6U + S~^V+'^ = 0. 


Solution by the Proposer. 

1. The conics U = 0, U + 1 = 0, U + l = 0 are obviously concentric similai- and 
similarly situated conics, and if drawing a line in any direction from, the centre, the 
radius-vectors for the three conics respectively are r, /, R, then it is easy to see that 
we have 

B^ = lr'"- + (l-l)r^. 

There is no difficulty in constructing geometrically the radius B, and then the conic 

U + 1= 0 is given as the concentric similar and similarly situated conic passing through 

the extremity of this radius. 

2. To construct the conic 6U+ B-^V+2k = 0. By what precedes, we may con- 
struct the two conics 6U + k=0, 6-^V+k = 0 ; the four points of intersection of these 

lie on the required conic dU+d~^V+2k = 0, and also on the conic dU—6~^V=0', 
which last conic is consequently given as a conic passing through the four points in 
question, and also through the four points of intersection of the given conics U=0, F=0. 
But the conic dU— 6~^V=0 being constructed, the conic 6U+6~^V=0 can also be 
constructed ; viz. the tangents of these two conics and of the conics U=Q, V =0, at 
each of the four interaections U=0, F=0. form a harmonic pencil; and we have thus 
the conic 6U+&~^V=0 a conic passing through four given points, and having at each 
of these a given tangent. And then finally the required conic 0V'+6~^V+2k = O is 
given as a conic concentric similar and similarly situated with the conic 6U+6~^V=0, 
and passing through the four given points 

eu+k=o, 6 -^r+k= 0 . 

3. Treating A as an absolute constant but ^ as a variable parameter, the envelope 
of the conic ^D’ + ^^F-|-2^: = 0 is the quartic curve UV—k? = 0. This is a curve 
used by Pliicker (in the Theorie der algehraischen Otorven) for the purpose of showing 
that the 28 double tangents of a quartic curve may be all of them real. In fact, if 
U=0, F=0 be ellipses intersecting in four real points; and if, moreover, the implicit 
constants be such that U is positive for points without the fiist ellipse, F positive 
for points within the second ellipse, then since UV, is positive for all points of the 
curve in question, the curve must be wholly situate in the four closed spaces which 
lie outside the one and inside the other of the two ellipses; consisting therefore of 
four detached portions. And when k is sufficiently small, then the figure of each 
portion is that of a concavo-convex lens with its angles rounded off: viz. each such 
portion has a real double tangent of its own. Any two portions have obviously four real 
double tangents, and hence the total number of real double tangents is 4 + 6x4, =28. 
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4. A construction has been given by Aronhold {Berl. Monatsber., July, 1864) by 
which, taking any 7 given lines as double tangents of a quartic curve, the remaining 
21 double tangents can be constructed, and which, when the seven given lines are real, 
leads to a system of 28 real double tangents ; but wishing to construct the figure of 
the 28 real double tangents, it occurred to me that the easier manner might be to 
construct Pliicker’s curve UV—ld‘ = 0 , as the envelope of the conic dU+ 0~^V+2k = 0, 
and then to draw the tangents of this curve: the construction is, however, practically 
one of considerable difficulty, and I have not yet accomplished it. 


[Vol. IX. p. 87.] 

2451. (Proposed by Professor Cayley.) — If A, B, 0, D are the intersections of a 
conic by a circle, then the antipoints of A, B, and the antipoints of 0, D, lie on a 
confocal conic. 

N.B. If AB, A'B' intersect at right angles in a point 0 in such wise that 
OA' = OB' = i . OA =i,OB {where i = \f{— 1) as usual}, then A', F are the antipoints of 
A, B, and conversely. 


[Vol. IX. pp. 101—103.] 

2590. (Proposed by Professor Cayley.) — It is required to verify Professor Kummer’s 
theorem that “if a quartic surface is such that every section by a plane through a 
certain fixed point is a pair of conics, the surface is a parr of quadric surfaces (except 
only in the case where it is a quartic cone having its vertex at the fixed point).” 


Solution by the Peoposee. 

The theorem may be more generally stated as follows; if a surface is such that 
every section through a certain fixed point (is or) includes a proper conic, then the 
surface (is or) includes a proper quadric surface. In order to the demonstration, I 
premise the following Lemma: If a surface is such that every section through a 
certain fixed line includes a conic, then the line meets each of these conics in the same 
two points. 

In fact, if the line meet the surfece in any n points, then it is clear that each 
of the conics will meet the line in some two of these n points; and as the plane of 
the section passes continuously from any one to any other position, the two points of 
intersection with the conic cannot pass abruptly from being some two to being some 
other two of the n points, that is, they are always the same two points. 

Consider now a surface which is such that every section through a fixed point 
0 includes a conic; and consider three lines aaf, yy', a?' meeting in the point 0. Let 
the conics in the planes yz, zx, xy he A, B, C respectively ; then since the conics 
c. vn. 75 
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through, the line oax' all pass through the same two points, and since J5, 0 are two 
■of these conics, B and G meet in the same two points X, X' ; similarly C and 
A meet yy' in the same two points Y, Y^\ and -4, B meet z/ in the same two 
points Zj Z * ; that is, we have the conics B, C intersecting 

B, G in the two points X, X', 

(7, A „ „ F, y , 

A,B „ „ F, Z'l 

hence taking on the conics A, JB, G the points a, j8, y respectively, and drawing a 
quadric surface 2 through the nine points X, X', 7, Y\ Z, Z\ a, 7, this meets the 
■conic A in the five points F, F', F, Z\ a; that is, it passes through the conic A, 
and similarly it passes through the conic JB, and through the conic G. 

Consider how any plane whatever through 0 intersecting the conics X, 5, C in the 
points L and L\ M and M.\ N and X' respectively; the section of the quadric surface 

2 hy the plane in question is a conic through the six points i, L\ My M\ X, N\ 

But the section of the surface includes a conic through these same six points, and which 
is consequently the same conic; in fact, the section of the surface by the plane in 
question includes a conic, and since every section through the line LL includes a 
•conic through the same two points, and one of these conics is the conic A which 
passes through the points L and L\ the conic in question passes through the points 
L and L' \ and similarly it passes through the points M and M'y and through the 
points X and X'. That is, for any plane whatever through 0, the section of the 
surface includes the conic which is the section of the quadric surface 2, and the 
surface thus includes as part of itself the quartic surface 2. 

The foregoing demonstration ceases, however, to be applicable if 0 is a point on 
the surface, and the conic included in the section through 0 is always a conic passing 

through the point 0. In the case where 0 is a non-singular point of the surface 

{that is, where there is at 0 a unique tangent plane) a like demonstration applies. 

Take through 0 a section, and let this include the conic A\ on A take any point 

O' and through 00' a section including the conic B ; we have thus the conics X, B 
intersecting in the points 0, O'. Take through 0 any plane meeting the conics X, B 
in the points X, F respectively — the section by this plane includes a conic 0 passing 
through the points 0, X, F; and each of the conics Ay By G touches at 0 the same 
plane, viz. the tangent plane of the surface. Hence, taking on the conic A the point a, 
<3onsecutive to 0, and any other point a'; on the conic B the point yS, consecutive 

to 0, and any other point jS' ; and on the conic G a point y ; we may, through the 

nine points 0, a, 0\ a, X, F, y describe a quadric surface 2; this will touch 
at 0 the tangent plane of the surface, that is, it will touch the conic C, or (what 
is the same thing) pass through a point 7 of this conic consecutive to 0. Hence the 
■quadric surface meets the conic A in the five points 0, O', a, a', X, that is, it entirely 
contains the conic A ; similarly it meets the conic B in five points 0, O', By By Y, 
that is, it entirely contains the conic B; and it meets the conic G in the five points 
0, 7, X, F, 7', that is, it entirely contains this conic. And it may then be shown as 
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before that the surface will include the quadric surface 2. But there still remains- 
for consideration the case where 0 is a conical point on the surface, and I do not 
at present see how this is to be treated. 

I remark that, taking three lines cox, yy\ which meet in a point 0, then if 
a surface be such that every section through xoi includes a conic, every section through 
yy' includes a conic, and every section through zz includes a conic; and if besides 
the two points, say X, on the conics through the line xx' are ordinary points on 
the surface, then the surface will include a quadric surface. In fact, if the surface 
has at each of the points X, X' an ordinary tangent plane, then the conics through 
xx\ and (as conics of the series) the ' two conics 5, G all of them touch the two 
tangent planes ; hence, constructing as before the quadiic surface 2 , this also touches 
the two tangent planes: and taking through xx' a plane meeting the conic A in the 
points L, L\ the section of the surface includes a conic which touches the section of 
the quadric surface 2 at the points X, X', and besides meets it in the points Z, Z'; 
such conic coincides therefore with the section of the quadric surface 2 ; that is, every 
section of the surface through the line xx' includes the conic which is the section of 
the quadric surface 2 ; and the surface thus includes as part of itself the quadric sur- 
face 2 . 


[VoL X., July to December, 1868, pp. 17 — 19.] 

2609. (Proposed by Professor Cayley.) — Given three conics passing through the 
same four points; and on the first a point A, on the second a point Z, and on the 
third a point (7. It is required to find, on the first a point A\ on the second a 
point and on the third a point G\ such that the intersections of the lines 

A^B' and AG, A'G' and AB, lie on the first conic; 

B'G' and BA, BA' and BG, lie on the second conic; 

GA' and GB, G'F and GA, lie on the third conic. 


Solution hy the Proposer. 

Let the six intersections in question be called a, a'; 7 , 7 ', respectively; 

then BG intersects second conic in third conic in 7 ; (74 intersects third conic in 7 ', 
first conic in a; AB intersects first conic in a', second conic in /3; and we have 

A' the intersection of yaf, 

B' the intersection of ^y, a/3', 

(7' the intersection of ya\ fiy; 

and it has to be shown that the points A\ B\ G' so determined lie — A' on the first 
conic, B* on the second conic, (7' on the third conic. 


75—2 
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Taking a!=0, w = 0, a =0 for the equations of the sides of the triangle ABG, the 
equations of the three conics may be taken to be U~0, 7=0, ^bere t e 

functions U, V, W axe such that identically U-+7+F = 0; and then observing that 

C 


C' 

the conics pass through the points (y = 0, z-0), (2 = 0, x = 0), (x=0, y = 0), respectively, 
we see that the equations may be taken to be 

( 0, -b, c, fu 9i, hlie, y, zy = 0, 

( a, 0, -c, ffi, y, 2)= = 0, 

(- a, b, 0, /s, ^3, ^3$®. y> = 

■^bere ^ r j i n 

/i+/s+/8 = 0, S'i + y2+ys=0, hi + h^ + ha — O. 

The coordinates of the points a, 0, 7, o', 7' are at once found to be 


a, 

( 

c , 

0, 

-2yi); 

a', 

( 6, 

261, 

0 ) 

A 

(- 


a, 

0 ); 


( 0, 

0 , 

2/2) 

% 

( 

0 , 

— 2/3, 

6 ); 

y> 

( 2 ^ 3 , 

0 , 

Cl); 


and hence the equations of 0^', 7 a, a0' are 

0y ' ; ax + 2% - 2gsZ = 0, 

7a' ; — 2 hiX + by + = 0, 

C 10 '; 2^1® -2/3?/+ C2 = 0. 

Hence for the point A', which is the intersection of yu', 00', coordinates are 

6c + ^3/3) 4 /s 5 ri + 2 cAi, 4^1/2-26^1; 
and A' will be on the first conic if only 

( 0 , - 6, c, /i, gi, hi'$bc + if, fa, if,gi + 2c^, 4^1/ - 26 ^ 0 = = 0 , 
viz. this equation is 

— 6 ( 16/8*yi“ + IQfagihiO + ihxC^) 

+ c ( 16^/3““ -16/2yA6 +45ri»6«) 

+ ^fi ( 16^161/2/3 — ^g-iffi + 8Ai^/ 2O — igjijic) 

*b (d* 1661/2^3 — 8^1/3/36 + 461/260 — igjb^c ) 

+ 26 i (+ 16^3/3/3^ + 861/2/3C + ig\ff>c + 26 i 6 c® ) = 0, 
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viz. this is easily found to be 

8 (^if 3 + olhi) — bg^ (/j +/2 — 0, 

which is satisfied in virtue of /i+/ 3+/8 = 0; that is, A' is on the first conic; and 

similai’ly, in virtue of + ^'2 + S's = 0, B' is on the second conic; and in virtue of 
hi + /ia + Aj = 0, O' is on the third conic. But the same thing appears at once by the 
remark that the equations of the three conics are 

~y{- 2/ii® + + 2/30) + .2 ( 'igix - 2/2J/ + cz) = 0, 

■^ ( ^5^1® — ay "k 0 . 2 ) + iC ( CMJ + 2^2^ — ig^z^ = 0, 

-®( aa; + 2hjg~2g.^z)+y(-2hiX+ hy + 2f^) = 0. 

It may be added that, takmg (a;,, yi, Zi), (aja, y^, z,), y„ z,), (»„ y 4 , z^ as the 
coordinates of the four points of intersection of the three conics, the first conic is 

given by means of these four points and the fifth point (y = 0, z = 0); and similarly 

for the other two conics; whence, denoting the determinants formed with any four 
columns out of the matrix 







«iyi 


yl 


y2«2, 




yi> 

«A 

yt^3, 




yA 


y*?4, 

^4^4, 



by 1234, 1235, &c., we easily find the equations of the three conics, viz. these may 
be written 

^ , y° . ^ , yz! , zx , xy 

1456 ( 0 , +3456, -2456, +2356, +2364, +2346) = 0, 

2356 (- 3456, 0 . +1456, +3156, +3164, + 3145) = 0, 

3466 ( 2456, -1456, 0 , +1256, + 1264, +1245) = 0, 

the exterior &ctors 1456, 2356, 3456 being introduced in order to bring the equations 
into the above-mentioned form, wherein the sum of the quadric functions is =0. 


[Yol. X. pp. 88, 89.] 


2743. (Proposed by M. Jenkins, M.A.) — Show that if p be a prime number and 
m and n any positive integers, the highest power of p contained in “lay 


be obtained by expressing m + n and either m or «, in the scale of p; the number of 
times that it would be necessary to borrow in subtracting the latter number from the ■ 
former being the index of the power of p required. 
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Solutim by Professor Cayley. 

1. In adding any two numbers, we cany a certain number of times; and it is 
easy to see that the sum of the digits of the two components, less the sum of the 
digits of the sum, is equal to nine times the number of carryings; moreover, that the 
number of carryings is equal to the number of borrowings, if either of the components 
be subtracted from the sum. 


2. The same thing is true in any scale of notation, only, instead of nine, we 
have the radix of the scale, less unity: say the theorem is 

S (m) + S (n) — 8(m + n) =-{p — 1) so. 


3. If p be a prime number, the number of times that the factor p occurs in 
n(m) is 

where denotes the integer part of and similarly the integer part 

7 )}/ 

of -7, &C.; the series is, of course, finite. 

pr 


Hence the number of times that the factor p occurs in 


n {m + n) 
n (m) n {n) 


is 





4. Hence, expressing m, w, w-hw in the scale to the radix p, suppose 

m = a + 6^) + cp^ + dp\ = a' 4- 6'p + c'p- + d'p* , m + n = a + /3p + 7p- + Sp®, 

we have 

^ (^) + .& (p) + &c. = 6 + cp + + c + + d = (2 (p= + p + 1 ) + c (p 4- 1 ) + 5 ; 

and similarly for E + &c., E j + &c. . . . ; 

whence 

(p-l)iV= a (p»-1) + 7(p»-1) + /3(p-1) 

~d (p»-l)-c(p*-l)-6 (p-1) 

- d' (p»- 1) - c'Cp’ - 1) - 6'(p - 1) 

= {m + n - /S (m + •»)} — {m — S (m)} — {w — 5 (w)} 

= ^f(m) + (8(»)-)Sf(m + n), =(p-l)a!, 
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if X be the number of times of carrying for the sum or of borrowing for the 

difference (m + n) — m or (m + M)-w; that is, N=x, the required theorem. I remark 
that although the foregoing expression of the number is a very elegant and 

ingenious one, yet the original form of N, as given at the end of (3), is the natural 
and proper expression of the number of times that the factor p occurs in the 

binomial coefficient . , 

n {m) n (n) 


[Vol. X. p. 98.] 

2756. (Proposed by J. Griffiths, M.A.) — Show that an infinite number of triangles 
can be described such that each has the same circumscribing, nine-point, and self- 
conjugate circles as a given triangle. 


Solution by Professor Cayley. 

It is a known theorem that if two triads of points, say A, B, G and A', B', O', 
are self-conjugate in regard to a conic S, they lie in a conic 2. Take the conic S 
and the points A, B, 0 as given; then 2 will be a conic passing through A, B, C] 
and if on this conic we take any point A', and then take F to be either of the 
intersections of the conic 2 by the polar of A in regard to 8, and finally construct 
O' as the pole of A'B in regard to 8, then, by what precedes, G’ will be on a conic 
through A, B, 0, A', B', that is, on the conic 2. Or given the conic 8, the triangle 
ABG, and the conic 2 through A, B, G, we obtain an infinity of triangles A'FG', 
self-conjugate in regard to 8 and insciibed in 2. That is, if 8, 2 are circles, we 
have an infinity of triangles self-conjugate in regard to the circle 8 and inscribed in 
the circle 2; and inasmuch as the nine-points circle can be constructed by means of 
the two circles 8, 2 alone, the triangles have all of them the same nine-points circle. 


[Vol. X. p. 108.] 

2737. (Proposed by Professor Cayley.)— Find in solido the locus of a point P, 
such that from it two given points A, G, and two given points B, B, subtend equal 
angles. 
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[Vol. XL, January to June, 1869, pp. 33 — 38.] 

2718. (Proposed by Professor Cayley.) — Find in piano the locus of a point P, 
such that from it two given points A, C, and two given points B, P, subtend equal 
angles. 


2757. (Proposed by Professor Cayley.) — If 


a'o' + yo® = 1. aiid 

+ Vi = 1> 


show that each of the equations 

a^ic-x^f + l^iy-yoy 
(axso + yyo - 1)" 


y, 1 \~L-, 

®o> yot 1 
®i> yu 1 


a:^{x-xiy + l^(y-y^y 
(®«i4-yyi-l)= 


a°(a!-a!o)° + 6^(y-iVo)°- 


a-jx-oc^^ + ^iy-y^^ 


(xy^ - x^yf -(x- x.'f ~{y- y^f (xy^ - x^yf - (x- x^f -(y- y^f ’ 


represents the right line i = 0 and a cubic curve. 


( 1 ) 

( 2 ) 


1819. (Proposed by C. Taylor, M.A.) — From two fixed points on a given conic 
pairs of tangents are drawn to a variable confocal conic, and with the fixed points 
as foci a conic is described passing through any one of the four points of intersection. 
Show that its tangent or normal at that point passes through a fixed point. 


Solution of the above Problems by Professor Cayley. 

1. It is easy to see that drawing through the points A, Q a, circle, and through 
B, D a circle, such that the radii of the two circles are proportional to the lengths 
AO, BD, then that the required locus is that of the intersections of the two variable 
circles. 

Take AG =21, MO perpendicular to it at its middle point M, and =p; a, b the 
coordinates of if, and \ the inclination of p to the axis of x ; then 

coordinates of 0 are a+^cos\, 6+jpsinX, 
coordinates of A, C are a + Z sin X, b + l cos X, 

and hence the equation of a circle, centre 0 and passing through A, 0, is 
(x-a-paosXy + (y-b-p sin X)* = l^+p^; 
or, what is the same thing, 

(x - af + (y- by -P = 2p [{x - a) cos X + (y - 6) sin X]. 
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If 2??i, q, c, df fL refer in like manner to the points jB, D, then the equation of a 
circle, centre say Q, and passing through B, D, is 

{x ~ cf + (3/ — dy — = 2y [(rc — c) cos + (y — cZ) sin yu.] ; 

and the condition as to the radii is that is, : q^^P \ m\ 

ot: p : q = ±l : m. And we thus have for the equation of the required locus 

{ x — af-{’{y’-l)f— P — + i. — 0)® + (y — dj — 

— a) cos X + ( 2 / — 6) sin X ” m (ii? — c) cos yL6 + (y — cZ) sin ’ 

viz. the locus is composed of two cubics, which are at once seen to be drcidar cubics. 

One of these will however belong (at least for some positions of the four points) to 

the case of the subtended angles being equal, the other to that of the subtended 

angles being supplementary; and we may say that the required locus is a circular 
cubic. 

2. If two of the points coincide, suppose 0 , D at T; then, taking T as the 
origin, we may write 

a = Z sin X, 6 — ~ Z cos X, 
c = — m sin ytt, d— m cos fi, 



B 


and the equation becomes 

ic® + y® + 2Z (a? sin X — y cos ^ + y® + 2m {x sin /i. — y cos ya) 

^ cos X 4“ 2 / sin X m cos ya 4 - y sin yu. ’ 

viz. this is 

+ [m(«^cos yu. + y sin yit) 4 Z(ir cos XH- y sinX)] — 2Zm {(ic sin X — y cos X) (it? cos yu 4 - 2 / sinyt^) 
4 (ia?sinyL 6 — ycosya)(^r cos X 4 y sin X)} = 0. 

Taking the lower signs, the term in { } is (a?®4y®)8in(X— ya), and the equation is 

4 yO cos ytfc 4 y sin yu,) 4 Z (a; cos X 4 y sin X) — 2Zm sin (X — yu»)} = 0, 

viz. this is ic®4y^ = 0, and a line which is readily seen to be the line AB\ and 
fact from any point whatever of this line the points A, T and the points B, 
subtend supplementary angles. 

0. VII. 


76 


B’ 
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Taking the upper signs, the equation is 


{a? + y^) [m (« cos /* + y sin /i) — Z (« cos X + y sin X)] 

— 2Zm {(a;® — y®) sin (X + /it) — xy cos (X + y.)} = 0, 

which is the locus for equal angles, a cii’cular cubic as in the ease of the four distinct 
points. 


3, The question is connected with Question 1819, which is given above. In fact, 
taking A, B for the fixed points on the given conic, and P for the intersection of 
any two of the tangents, if in the conic (foci A, B) which passes through P, the 
tangent or normal at P passes through a fixed point T, then it is clear that at P 
the points A, T and B, T subtend equal angles, and consequently the locus of P 
should be a circular cubic as above. The theorem will therefore be proved if it be 
shown that the locus of P considered as the intersection of tangents from A, B 
the variable confocal conic is in fact the foregoing circular cubic. I remark that the 
fised point P is in fact the intersection of the tangents AT, BT to the given conic 
at the points A, B respectively. 


4 Consider the points A, B, (which we may in the first instance take to be 
arbitrary points, but we shall afterwards suppose them to be situate on the conic 

— 4-p = l,) and from each of them draw a pair of tangents to the confocal conic 

a^ + A '^P+A~l' Take y^ for the coordinates of J[, and {xi, y^ for those of B\ 
then the equation of the pair of tangents from A is 



■ a? 

"1“ A 


¥ + h } W+A 


+ 





= 0 , 


dr, what is the same thing, 

(xy,-x,yy ix-x,f (y-y^y 
(a®+A)(6“ + A) a“ + A ¥ + h ’ 

that is 

(xyo - x^f - {¥ + h){x- - {a? + A) (y - y^ = 0, 

or as this may also be written 


{xy^ - x^yf ~V^{x~ x^y - a^y - = A [(« - x^y + (y - y^y] ; 

and similarly for the tangents from B we have 

(«yi - n^Tl/y -l^(x- x^y -a^{y- yyy = h[{x-xyf + {y- yi)“] ; 
in which equations the points {x„, y^, {x^, yj) are in fact any two points whatever. 


5. Eliminating A, we have as the locus of the intersection of the tangents 


{xy, - x,yy -¥{x- x,y - a? {y- y,y ^ {xy^ - x,yy -l^(x- x,y - a? {y- y^y 
(®~®o)®+(y-yo)* («-®iy+(y-yi)® 
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which is apparently a quai-tic curve; but it Ls obvious d prim'i that the locus includes 
as part of itself the line AB which joins the two given points. In fact, there is in 
the series of confocal conics one conic which touches the line in question, and since 
for this conic one of the tangents from A and also one of the tangents from B is 
the line AB, we see that every point of the line AB belongs to the required locus. 
The locus is thus made up of the line in question and of the cubic curve. 

6. To effect the reduction it will be convenient to write ax, by in the place of 
X, y, (a«0) %oj byi in place of ajo, y^, Xi, yi,) and thus consider the equation under 
the form 

(x - x^y + h‘‘{y- y^J _ (x - + y^f , 

{xy, - x.y'f -{x- x.'f -(y- y.f (xy^ - x^yf -{x- - (y - y^y ’ 

it is to be shown that this equation represents the line L = 0 , and a cubic curve. 

Writing for a moment Xo=x+^a, 2/o = y + '>7o, and = + yi = y + %, the equation 
becomes 

a-|o° + b\- _ 

{x7]„ - y^oT - ^0 - Vi? («»2 i - - Vi ’ 

and hence, multiplying out, the equation is at once seen to contain the factor 
lo’7i— (which is in fact the determinant just mentioned), and when divested of 
this factor the equation is 

a? [(aj“ — 1) ~ == ^ “ 1) + fi^o) “ 

Writing herein for ?ij % tlieir values, and consequently 

^0^1 — ■" (,Xq “h iUi) H“ Xf^i, 

voVi=f-y{yo+yi) + yoyi, 
hvi + = 'i«iy-x (i/o -\-y^-y (a?, + aJi) + x^y^ 

and arranging the terms, the equation is found to be 

(ffiV + 6y) [- X (yi + yo) - y (®i + ®o)] + (a^ + W) («oyi + iUiyo) -2xy{a^{l+ x^) - 6^1 +• y^y,)] 

+ (a® - ¥) {x (yi + yo) + y + «o) - (®oyi + ^^o)] = 0, 

which is the required cubic curve. 

7. Kestoring the original coordinates, or writing - , | in place of x, y, x^, &c., 
we have 

+ y®) [- X (yi + yo) + y + ®o)] + - yO (^oyi + ‘^<>) - 2«y (a® o^oXi - yoyi) 

+ («' - [® (yi + yo) + y (oa + «o) - («5oyi + »iy*)] = o, 

which is a circular cubic the locus of the intersections of the tangents from the 
arbitrary points (®o, yo), (®i. yO fo series of confocal conics ^5 "-^ + ^2^^ = 1; the 
origin of the coordinates is at the centre of the conics. 


76—2 
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(X/ 'iJr 

8. Supposing that the points (i»o, y^> (^u Vi) are on the conic + = and that 

we have consequently ^ + equations of the tangents at these 

points respectively are + ^ = hence, writing for shortness 

«=^o— yij )8s=iBi — ®|), 7 = ®oyi “ ■we find ® = = ^ coordinates of 

the point of intersection T, of the two tangents; and in order to transform to this 
point as origin, we must in place of x, y write x — ^, 2/ — — respectively. Or what 

is more convenient, we may in the equation at the end of (6), in which it is to he 

OL B 

now assumed that ®o®+yo® = l, «i^+2/i*=l, write x — ,y — for x, y, and then restore 

7 7 

the original coordinates by writing &c., for x, y, x^, &c., and gj ^ 

a, y3, 7 , these quantities throughout signifying ot. = yo~yi, ^ — x^ — x„, 7 = «o2/i“®iyo. 
I however obtained the equation referred to the point T as origin by a different 
process, as follows: 

9. Starting from the equation at the commencement of (5), I found that the 

points (®o, yo), («^, y^) being on the conic -^+^ = 1, the equation could be transformed 
into the form 

{{c-xof + iy-y^f (iB-®i)‘ + (y-yi)=’ 

an equation which (not, as the original one, for all values of (®o, yo), (xi, y^, but) for 

values of («„, y«), (®i, such that ^ + ^=1, = breaks up into the tme AB 

and a cubic curve. 

10. To simplify the transformation, write as before ax, hy, ax^, &c., for x, y, x^, &c. 
We have thus to consider the equation 

{x - x^ + ~ (y ~ 

(asBo + yyo - 1)' (®®1 + yyi - 1)= 

where x^-^ry^=\, xi^y^ = \, and which equation, I say, breaks up into the line i = 0, 
and into a cubic. 

Write for shortness a=yo-yi, )8 = ®j-®o, y^x^y^-ahy^, so that the equation of 
the last-mentioned line is a® + %-h 7 = 0 . Then it may be verified that, in virtue of 
the relations between (®o, y^), (®i, yj, we have identically 

(® - ®.) (®®1 + yyi - 1) + (® - a^) {xx, + yy, - 1) = (aa; -f ;8y + 7) (yx -h a), 

(® - ®o) (®®1 + yyi - 1) - (® - ®i) (®®„ + yy, - 1 ) = _ OKcy _ yy _ ^ ; 
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and, similarly, 

(y - yo) + yyi - 1 ) + (y - yO + yy# - 1 ) = («« + /9y + 7 ) (yy + |S), 

(y - yo) («®i + yyi - 1) - (y - yO (®»o + yyo - 1) = /Sa;?/ - + 735 + a. 

11. The equation in question may be written a^P + 6“Q = 0, where 

P = (« - a7o)® (ajaJi + t/yi - 1)^ - (aj - a!i)2 (aioio + yyo - 1)^ 

Q={y- yoY («®i + yyi - IT - (y - yO" (ajiCo + yyo - ly, 

values which are given by means of the formulae just obtained; there is a common 
factor ixx + 0 y + y which is to be thrown out; and we have also, as is at once 

verified, ^ > so that these equal factors may be thrown out. We thus 

obtain the cubic equation 

a?(yx + oL)(^af‘ — axy — yy — ^) + lr^(yy + ^) (0oiiy — ay^ + yx + a) = 0 . 

OL B 

This is simplified by writing x-~ for x, y — ^ for y. It thus becomes 

a^iB [(7a3 - a) (iSaj - ay) - 7^] + [{yy - $) {^x - ay) + T^is] = 0 ; 

or, what is the same thing, 

a-x [7aj (fix - ay) — afix + (a® - 7®) y] + 5®y [7y “ «y) -{^-'f)x+ afiy] « 0 ; 

that is 

7 (aV + 6y) (fix - ay) + a? [- afia^ + («’“ — y-) xy] + 6® [- (^ - 7“) ®y + - 0- 

12. Restoring -, -, - for x, Xo, x,, and ^ for y, y„ y^; writing 

d Cb d d d U/ 

consequently j ^ ^ place of a, fi, 7, if a, fi, 7 are still used to denote a = y^— yi, 
fi = Xi-x^, 7 = «oyi-«iyo, equation becomes 

7 («“ + f) - ®”«y] + [- " t') ^ ~ 'y') ^ 

where now, as originally, ^ + = § + ^" = ^5 ^ equation, referred to 

the point T as origin, of the locus of the point P considered as the intersection 
of tangents from A, B to the variable confocal conic; and it is consequently the 
equation which would be obtained as indicated in (8). The locus is thus a circular 
cubic; the equation is identical in form with that obtained (2) for the locus of the 
point at which A, T md B, T subtend equal angles, and the complete identification 
of the two equations may be effected without difficulty. 

13. I may remark that M. Ohasles has given (Comptes Bendus, tom. 58, February. 
1864) the theorem that the locus of the intersections of the tangents drawn from a 
fixed conic to the conics of a system (fi, v) is a curve of the order Sv. The confocal 
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conics, qua conics touching four fixed lines, are a system (0, 1); hence, taking for the 
fixed conic the two points A, B, we have, as a very particular case, the foregoing 
theorem, that the locus of the intersections of the tangents drawn fi'om two fixed 
points to a variable confocal conic is a cubic curve. 


[Vol. XL p. 49.] 

Note on Question 2740. By Professor Cayley. 


The envelope of the curve 

j4 cos 2^ + 5 sin 20 + (7 cos ^ + jD sin 0 + = 0, 

(where A, B, G, JD, N are any functions of the coordinates, and 0 is a variable 
parameter,) is obtained in the particular case B=0 (Salmon’s Higher Flam Curves, 
p. 116), and the same process is applicable in the general case where E is not =0. 
From the great variety of the problems which depend upon the determination of such 
an envelope, the result is an important one, and ought to he familiarly knovm to 
students of analytical geometry. We have only to write a = cos 0 + i sin 0, the trigo- 
nometrical functions are then given as rational functions of z, and the equation is 
converted into a quartic equation in z; the result is therefore obtained by equating 
to zero the discriminant of a quartic function. The equation, in fact, becomes 


that is 



+ E=0, 


A (z^ +1) — Bi{z^ — i) + G{2^ + z) — Di{z^ — z) + 2EiP = 0; 


or, multiplying by 12 to avoid fractions, this is 


(a, b, 0 , d, e'^z, 1)* = 0, 

where 

a = 12(A-Bi), b^3(G-Ihl c = 4^, 
e=12(A+Bi), d^SiO + JDi); 

and substituting in 

(ae - 4ibd 4- 3c“)® — 27 (ace — ad^ — b^e -t- 2bcd — c*)® = 0, 
the equation divides by 1728, and the final result is 
{12 (A^ + B^)-3(G^ + I)^) + 4E^}^ 

- {271 (G^ - D») + 54BGE - [72 (1^ + 5») + 9 (O + E‘)] E -l- 8.®^}= = 0. 

It is to be noticed, that in developing the equation according to the powers of E, 
the terms in E^, E* each disappear, so that the highest power is the degree in 
the coordinates, or order of the curve, is on this account sometimes lower than it 
would otherwise have been. 
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[Vol. xil., July to December, 1869, p. 69.] 

2920. (Proposed by Professor Cayley.) — Imagine a tetrahedron BB'GO' in which 
the opposite sides BE, GG' are at right angles to each other and to the line joining 
their middle points M, N ; and in which moreover GN^ + + M& = 0, (or, what is 

the same thing, the sides GB, GE, G'B, G'E are each = 0 ; the tetrahedron is of 
course imaginary ; viz. the lines GG', BE and points M, N may he real ; but the 
distances MB = MB' and NG = NG' may be one real and the other imaginary, or 
both imaginary, but they cannot be both real) the points B, B' and G, G' are said to be 
“skew antipoints.” Then it is required to prove that 

1 . A given system of skew antipoints may be taken to be the nodes (conical 
points) of a tetranodal cubic surface, passing through the circle at infinity, and which 
is in fact a Parabolic Cyclide. 

2. The equation of the surface may be expressed in the form 

x{x + /S) (a? + 7) + (x + jS) 2/“+ (» + = 0 . 

.3. The section through either of the lines (y = 0, a ; +7 = 0) and (z—0, x+B = 0) 

is made up of this line and a circle ; the two systems of circles being the curves of 

curvature of the surface; it is required to verify this d posteriori; viz. by means of 

the equation of the surface to transform the differential equation of the curves of 

curvatui'e in such manner that the transformed equation shall have the integrals 

y=C(a! + 7 ), z = G'(x + B)- 
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NOTES AND EEEEEENCES. 

445, 451, 454. We have the two papers by K. Rohn, '‘Die Flachen vierter Ordnung 
hinsichtlich ihrer Knotenpunkte und ihrer Gestalten,’' Preisschr. der F, J, GeselL zu 
Leipzig (Leipzig, 1886, pp. 1—58), and same title Math Ann, t. xxix. (1887), pp. 81 — 97. 
I have not been able to examine the conclusions arrived at in these papers with as 
much care as would have been desii'able. 

I call to mind that for a A-nodal quartic surface the tangent cone from any node 

is a sextic cone with (^—1) nodal lines, breaking up it may be into cones of lower 

orders — see table p. 265 : and that we distinguish the quartic surfaces according to 
the forms of the sextic cones corresponding to the k nodes respectively. It will be 
recollected that (6) denotes a sextic cone, (6i) a sextic cone with one nodal line, 

(5i, 1) a sextic cone breaking up into a quintic cone with one nodal line and a plane; 

and so in other cases. 

There is a sort of break in the theory; in fact when the number of nodes is 

not greater than 7 these may be any given points whatever, and taking the 7 points 

at pleasure we have surfaces with 8 nodes, and 9 nodes, but not with any greater 
number of nodes, viz. for a surface with 10 or more nodes, it is not permissible to 

take 7 of these as points at pleasure, so that the theory of the surfaces with 10 

or more nodes is so to speak separated off from that of the surfaces with a smaller 
number of nodes. For the case of 10 nodes we have the symmetroid 10(3, 3) and 
other forms, for 11 nodes Rohn finds 3 or ?4 forms; for 12 nodes he has four forms, 
viz. my 3 forms and a fourth form 12^^; for 13 nodes he has two forms, 13& agreeing 
with my 13tt, and 13^ which replaces my non-existent form 13/3 ; for 14 nodes, 15 nodes 
and 16 nodes he has in each case a single form, agreeing with my results. Without 
endeavouring to complete the theory, I write down a table as follows: 


No. of 
Nodes 


Porm of Cones 

Bemarks 

16 


16 (1, 1. 1, 1, 1, 1) 


16 


16 (2, 1, 1, 1, 1) 


14 


8(3„ 1, 1, l) + 6(2, 2, 1, 1) 


13 

■ 13^=13. 

3(4„ 1. 1) + 1(3, 1, 1, l) + 9(3i, 2, 1) 



13. 

1(2, 2, 2) +12(43, 1, 1) 

13 ft replaces my non-existent 

12 

12^ = 12. 

12(43, 2) 

13,, =13(2, 2, 2) 

}J 

12.= 12, 

2(6„ 1) + 6(S„ 3x) + 4(3, 2, 1) 
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Table continued. 


No. of 1 
Nodes 


Form of Cones 

Remarks 

12 

12. = 12y 

12 (4„ 1, 1) 

12<, = 12^ is a peculiarly simple 


12« 

and elegant form ; the equa- 


^ (^2J 1) + 8 (bg, 1) + 2 (4g5 2) 

tion is A^-x^zw = 0j where 

11 

11. = 11a 

l(6io) + 10(3„ 3,) 

A is a quadnc function of 
the coordinates. 

tt 1 

Ih 

8(6,o)+ 3(4„ 2) 


33 

11c 

6(55, l) + 6(6io) 


33 

Ih 

t 


10 


10 (3, 3) 

The quartic surface is here the 

9 



synunetroid. 

■ 8 




7 




6 




5 


5(6,) 


4 


4(6,) 


3 


3(6,) 


2 


2(6,) 


1 


1(6) 



The suffixes a, b, c, d refer to Rohns forms, the suffixes a, y to my forms. The 

form ll(j is given in the first but not in the second of Rohn’s two memoirs, and I am 

not sure as to the intended character of the sextic cones. I have not attempted to 
fiU up the third column of the table for the Nos. of nodes 9, 8, 1, 6, as there may 

be particiJar cases which I have not considered. For the Nos. 5, 4, 3, 2, 1, the cone 

is a sextic cone with at most 4 nodal lines, and consequently in each case a proper 
sextic cone not breaking up into cones of inferior orders. 
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